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Conventions

• We work in natural units ℏ, c, k = 1 and our metric convention is the mostly
plus convention of e.g. Gravitation [1] and Spacetime and Geometry [2].

• When working in matrix notation, row and column matrices are respectively
represented by subscript and superscript indices.

• ∇µ denotes the spacetime covariant derivative i.e. ∇µAν = ∂µAν − Γκ
µνAκ

• When working in D dimensions: dV = ∏
i∈D dx

i√−g i.e. the volume form
and dAj = ∏

i∈D/j dx
i
√
h i.e. the volume form of the hypersurface that is

orthogonal to ∂i.

• Quantities in Minkowski and Rindler space are respectively represented by
uppercase and lowercase characters. One exception is made for creation
and annihilation operators that will always be denoted by lower case, their
relevant frame of reference can be read by their arguments.

• Temporal and radial fields are respectively labeled with calligraphic t , T and
r ,R that are not to be confused with spacetime indices t, T and r, R.
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Nederlandse samenvatting

Het doel van deze thesis is de covariante canonische Feynman ijk kwantisatie van
ijkvelden in een 1+1 dimensionale Rindler ruimte. Dit is een populair onderwerp
geweest binnen de hoge-energiefysica en kwantumkosmologie de voorbije jaren.
[3][4][5][6][7]

Deze Rindler ruimte beschrijft de ruimtetijd zoals die wordt waargenomen door
iemand die zich versnellend door de vlakke Minkowski ruimte voortbeweegt. Een
van de belangrijkste kenmerken van deze Rindler ruimte is dat deze geen volledige
atlas vormt voor de Minkowski ruimte. Er zijn namelijk vier Rindler ruimtes
gescheiden door een waarnemingshorizon, nodig om de volledige vlakke ruimte te
beschrijven.[2][8]

Aangezien de vlakke ruimte geschreven moet worden als de unie van vier Rindler
ruimten, verwachten we dat een kwantumveldentheorie in de vlakke ruimte ook
te beschrijven moet zijn als de combinatie van een kwantumveldentheorie in elk
van die vier Rindler ruimtes. Gezien elke kwantumveldentheorie een uniek vacuum
heeft, roept dit de vraag op of de Minkwoski en Rindler vacua equivalent zijn.

Voor scalaire veldentheorieëen was deze vraag reeds beantwoord door George Un-
ruh (1976). Hij toonde aan dat het Minkowski vacuum een thermisch spectrum
aan Rindler deeltjes bevat en dus niet samen valt met het Rindler vacuum.[9][8][6]
Voor scalaire velden is dit een “vreemd” maar acceptabel resultaat. Voor ijkvelden,
waarbij er ook onfysische excitaties zijn, ligt dit anders.

Inderdaad, de fysisch relevante configuraties van ijkvelden zijn diegene waarbij de
bijdragen komende van de onfysische polarizaties elkaar steeds opheffen. Wan-
neer deze polarizaties echter geëxiteerd zijn tot een thermisch spectrum, zal deze
opheffing niet langer plaatsvinden zodat Rindler waarnemers een niet nul energie
zouden kunnen meten ten gevolge van de onfysische polarisaties. Dit effect werd
reeds onderzocht, en gedeeltelijk begrepen in de context van het Kogut Susskind
model1 door Ariel Zhitnitsky (2010).[3]

Deze niet nul energie is een problematische conclusie aangezien alternatieve kwanti-
satiemethoden zoals de Weyl ijk alle onfysische polarisaties elimineren voor quanti-
satie. Voor 1+1 dimensionale ijktheorieën houdt dit in dat er geen vrijheidsgraden
meer over blijven om te kwantiseren. Aangezien het Unruh effect louter kwan-
tummechanisch is2 kan er dus zeker geen niet nul energie aanwezig zijn in deze

1Het Kogut Susskind model werd in (1975) door Kogut en Susskind geïntroduceerd als een
eenvoudig scalair model dat zich gedraagt als een twee dimensionale ijktheorie. [10]

2De invloed van het Unruh effect schaalt als ℏ en valt dus weg in de klassieke limiet.



theorieën ongeacht de structuur de onderliggende ruimtetijd. We vinden dus dat
Weyl kwantisatie de algemeen relativistische canonische kwantisatie tegenspreekt.

In deze thesis zullen we eerst kijken of “het probleem van de niet nul energie”
standhoudt wanneer we kijken naar de Faddeev-Popov U(1) ijktheorie in plaats van
het Kogut Susskind model. Deze check is cruciaal aangezien het niet is uitgesloten
dat het vector gedrag van de Faddeev-Popov Lagrangiaan in kromme ruimtes niet
langer duaal is aan het scalair gedrag van het Susskind Kogut model. We zullen
echter zien dat, zelfs in kromme ruimten, beide theorieën duaal blijven zodat ook
de Faddeev-Popov theorie niet compatibel is met zijn Weyl ijk equivalent.

Finaal vinden we de oplossing voor dit probleem in de spook sector die aanwezig
is in beide theorieën. Deze spook sector is in de vlakke ruimte compleet irrelevant
aangezien hij niet interaggeert met de ijksector en dus gewoon in zijn grondtoes-
tand zit. Een Rindler waarnemer zal echter, ten gevolge van het Unruh effect, een
thermisch spectrum van deze spook deeltjes observeren. Dit thermisch spectrum
levert een bijdrage aan observabelen die diegene van de ijkvelden exact opheft.
Het resultaat is een theorie die compatibel is met Weyl ijk kwantisatie. [3][4]



English resume

The main goal of this thesis will be the covariant canonical Feynman gauge quan-
tization of gauge fields in a 1+1 dimensional Rindler space. This has been a
hot topic in quantum cosmology and hight energy physics for the last few years.
[3][4][5][6][7]

Rindler space is a coordinate system that is accelerating through flat Minkowski
space. One crucial property of Rindler space is that it does not provide a com-
plete atlas for flat Minkowski space. We will see that Minkowski space can only
be described as the union of four such Rindler patches separated by an event
horizon.[2][8]

Since Minkowski space must be described the union of four Rindler spaces, it is also
expected that a Minkowski quantum field theory can be described as the union
of the quantum field theories that are living on those separate Rindler spaces.
This raises the crucial question whether the Minkowski and Rindler vacua are
equivalent.

For scalar field theories, this question had already been answered by George Unruh
(1976). He proved that the Minkowski vacuum contains a thermal spectrum of
Rindler particles so that it does not coincide with the Rindler vacuum. For scalar
fields this is merely an interesting fact, but for gauge theories there is much more
to be said.

Indeed, the physically relevant configurations of gauge fields are those for which the
contributions of unphysical fields towards observations cancel each other. However,
when unphysical fields are excited by the Unruh effect this cancellation fails so
that Rindler observers may find that these unphysical fields contribute towards
the energy. This effect has already been studied and partially understood in the
context of the Kogut Susskind model3 by Ariel Zhitnitsky (2010).[3]

This result is very problematic since other gauge choices such as the Weyl gauge
eliminate all unphysical polarizations before quantization so that 1+1 dimensional
gauge theories have no quantizable degrees of freedom left. Since the Unruh effect
is solely quantum mechanical4, we find that the energy of the Rindler vacuum
must be zero disregarding the structure of the underlying spacetime. The result is
that Weyl gauge quantization appears to contradict the relativistic treatment of
covariant quantization.

3The Kogut Susskind model was introduced in (1975) by Kogut and Susskind as a scalar
toymodel for two 1+1 dimensional gauge theories. [10]

4We will find that the Unruh effect scales as ℏ so that it vanishes in the classical limit.



In this thesis we will explicitly check whether “the non-zero energy problem” holds
for the Faddeev-Popov U(1) gauge theory. This check is crucial since it may well
be that, in curved spaces, the vector behavior of the Faddeev-Popov Lagrangian is
no longer dual to the scalar behavior of the Kogut Susskind model. However, we
will see that both theories remain dual even in curved spaces so that the Faddeev-
Popov theory also fails to be compatible with its Weyl gauge equivalent.

Finally we will find the solution for this incompatibility in the ghost sector that
is present in both theories. This ghost sector, that is irrelevant in flat space, will
still contribute towards the Rindler energy since it will be in an excited thermal
state due to the Unruh effect. The final result will be that the ghost and gauge
energies cancel so that canonical quantization is, once again, consistent with Weyl
gauge quantization.[3][4]



Outline of the thesis “a roadmap for the reader”

In this final part of the introduction we will outline the contents of the various
sections and sketch the overall flow of this work.

• As usual in any work on quantum field theory, we will start with a small
review of classical field theories in both the Lagrangian and Hamiltonian
framework. This will be done for both scalar and vector theories on a general
manifold M.[11] To achieve this goal we will give a short introduction to
vector analysis on manifolds and gain some intuition on that topic.[12]

• Our next step will be the study of the scalar and vector (i.e. gauge) quantum
field theories in Minkowski space.[13][14]

• We will introduce the Rindler coordinate system and prove the crucial state-
ment that flat space can be described as the union of four Rindler patches
.[2][8]

• We will study the scalar quantum field in Rindler. We will perform canonical
quantization and expand the Minkowski vacuum as a thermal state of Rindler
particles.[9][7][6]

• We will review canonical quantization of the Kogut Susskind model in Rindler
space as was first done by Zhitnitsky [3]. We will also present new research
in which we have checked the validity of the Kogut Susskind model in curved
spaces. While doing so, we will encounter an inconsistency with Weyl gauge
quantization.

• We will quantize the ghost sector of the Kogut Susskind and U(1) gauge
theories in Rindler space.We will find find that their presence reestablishes
the consistency of Feynman gauge quantization of the Kogut Susskind and
U(1) gauge theories with their respective Weyl quantizations. [4]

• Finally, we will present original research in which we expand the Kogut
Susskind and U(1) vacua as a thermal state of Rindler excitations (including
ghosts.)
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1 Introduction to differential geometry

The work in this section is based on Edmund Bertschinger’s notes on tensor calculus
for general relativity.[12]

The natural language to describe problems in curved spaces is given by differential
geometry. In this section we will give a brief and intuitive introduction to this rich
topic, we will focus on the topics that are most relevant for this thesis: covariant
differentiation and integration. To do this we will follow Edmund Bertschinger’s
notes[12].

Let us start by expanding a general vector A onto a set of basis vectors {gκ} that
defines a local tangent space to the manifold. We find that:

A = Aκgκ (1.1)

with : gκ = ∂A
∂rκ

Let us also introduce the set of dual contravariant basis vectors {gκ} so that
gκgρ = δκ

ρ. Neither of these bases is orthonormal and this allows us to find an
expression for the metric tensor as the scalar product of the basis vectors. Indeed:

AB = (Aµgµ)(Bνgν) = AµBν(gµgν) = AµBνgµν (1.2)

so that gµν = gµgν . gµν can be obtained in a similar fashion. One particularly
interesting scalar product, that we will use later, is that of the infinitesimal dis-
placement dr with itself:

ds2 = drdr = drµdrνgµν (1.3)

For example, in Cartesian coordinates we would find ds2 = ∑
i(dxi)2 ↔ gµν = 1µν

1.1 Differentiation on a manifold

In many cases we are interested in the derivatives of a vector. However, general
basis vectors may depend on space and time so that their derivatives may not even

1



lie in the local tangent space and are therefore no longer of the form in (1.1). The
solution is given by the covariant derivative ∂∥µ that is defined as the projection of
the usual derivative onto the local tangent space, writing this out in indices yields:

∂∥µA = ∂∥µ(Aκgκ) = ∂µ(Aκ)gκ + Aκ∂∥µ(gκ) = ∂µ(Aκ)gκ + AκΓρ
µκgρ = ∇µ(Aκ)gκ

↕ (1.4)
[∂∥µA]κ = ∇µAκ

Where the Christoffel symbols Γρ
µν have been defined as the unique coefficients for

which the following equation holds:

∂∥µgκ = Γρ
µκgρ ↔ Γρ

µκ = gρ∂∥µ(gκ) (1.5)

Using gµν = gµgν it is easy to prove the the Christoffel symbols may be represented
a function of the metric and its partial derivatives:

Γρ
µκ = 1

2
gρω

(
∂µgωκ + ∂κgµω − ∂ωgµκ

)
(1.6)

This important relation allows us to compute the Christoffel symbols without
having to worry about the gκ basis vectors and will be very useful later.

1.2 Integration on a manifold

In this section we will present a coordinate independent notion of integration. For
every infinitesimally small patch on the manifold we may introduce a unique set5

of locally flat coordinates ya: a = 1, 2 · · ·D and use those to define a unique local
notion of integration:

dVlocal =
∫

local patch
dy0 · · · dyn (1.7)

In general, the global coordinates xµ used to describe the manifold will be different
from the locally flat coordinates ya. However, we can always map one onto the

5Up to basis mixing in this set
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other via a coordinate transformation: ya(xµ) and re-express the above integral in
the global coordinates by virtue of the Jacobian Ja

µ = ∂ya

∂xµ :

dVlocal =
∫

local patch
dy0 · · · dyn =

∫
local patch

dx0 · · · dxn det(Ja
µ) (1.8)

Finally, we realize that the transformation of the metric under such coordinate
transformations is given by: gµν = gab

∂ya

∂xµ
∂yb

∂xν = Ja
µJaµ so that det(g(xµ)) =

det(Ja
µ)2. This allows us to rewrite the integration as:

dVlocal =
∫

local patch
dy0 · · · dyn =

∫
local patch

dx0 · · · dxn√
−g (1.9)

Application of this procedure for all local patches on the manifold tells us that the
correct (and unique) integration measure on a manifold is given by:

dV =
∫

Ω
dx0 · · · dxn√

−g (1.10)

1.3 Conclusion on vector analysis

We saw that there are two possible and equivalent representations for a vector: we
can either provide the vector itself (which is coordinate independent by construc-
tion) or its projection onto some basis (which may not be coordinate independent
if we are not careful enough). In the rest of this thesis we will opt for the second
option. Coordinate invariance is ensured if and only if every differentiation is pro-
jected onto the local tangent space i.e. (1.4) and all integrations are related to the
unique locally flat coordinates i.e. (1.10).

2 Classical fields on a manifold

The work in this section is based on Calin and Der-Chen their book on geometric
mechanics on Riemannian manifolds. [11]

A (classical) field theory studies the behavior of one or more dynamical fields.
From a mathematical point of view, such fields are maps from a manifold M to

3



Rn(n ∈ Z+). In physics, fields describe some quantity that “lives” on the manifold,
some examples are: the gravitational potential and the E⃗ and B⃗ fields that appear
in Maxwell’s theory of electromagnetism (=U(1) gauge theory).

The most natural framework to describe such fields was given by Joseph Lagrange
in the 18th century and later, in the 19th century, extended by Sir Hamilton.

In this section we will introduce the Lagrangian and Hamiltonian formalisms
(for both scalar and vector theories). We will see that strict application of the
two constraints from the previous section6 forces us to introduce many covariant
derivatives.[11]7 We should note that the presented derivations are not conven-
tional8 but we will argue that our treatment is necessary to obtain a coordinate
independent description of the problem.

2.1 The classical scalar field

From a mathematical point of view, a scalar field is a map: ϕ : M → R. Physically
it describes classical phenomena such as Newtons potential or more interestingly
(for this thesis) quantum phenomena such as the Brout-Englert-Higgs or Π0 parti-
cles.

For every scalar field we can define the Lagrangian L as a functional of the field
and its derivatives. Integration of this Lagrangian density gives us the action:

S[ϕ(x), ∂µϕ(x)] =
∫
dDx

√
−gL[ϕ(x), ∂µϕ(x)] (2.1)

Another convention often used is S =
∫
dDxL̃ where L̃ =

√
−gL. The downside to

this approach is that L̃ is a density which obscures the coordinate independence of
the theory.

The action functional (2.1) takes in some possible field configuration and maps it
to a scalar. The dynamical properties of the fields are obtained by demanding that
the action attains an extreme value. Under the assumption that M is closed we
find that:

6All derivatives must be covariant and all integration measures must be related to the locally
flat coordinates

7Calin and Der-Chen present the Weyl-De Donder theory which differs from our treatment in
the sense that it does not single out a time direction to construct a Hamiltonian like framework.

8Most previous works on gauge fields in Rindler have not used covariant derivatives in their
the definition of the conjugate momentum.[6][15][16]
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δS =
∫
dDx

√
−g

(
δL
δϕ
δϕ+ δL

δ∂µϕ
∂µδϕ

)
(2.2)

=
∫
dDx

√
−g

(
δL
δϕ
δϕ

)
−
∫
dDx∂µ

(
√
g
δL
δ∂µϕ

)
δϕ

=
∫
dDx

√
−g

δL
δϕ

+ ∇µ

(
δL
δ∂µϕ

) δϕ
Where we have used Γρ

µρ = 1√
−g
∂µ

√
−g to introduce the covariant derivative and

obtain an expression that is manifestly coordinate independent. This expression is
now in the form required to apply the fundamental theorem of variational calculus
(cfr. Appendix A) and we find that the action is extremized (δS = 0 ∀δϕ) if the
field obeys the following equation of motion:

δL
δϕ

+ ∇µ

(
δL
δ∂µϕ

)
︸ ︷︷ ︸

Πµ

= 0 (2.3)

This is the Euler-Lagrange equation for scalar fields. It is a second order differential
equation that fixes the dynamical behavior of the field ϕ. The reader may argue
that the covariant derivative is not always present in other treatments[6][15][16],
this is true but we argued that it is necessary for the equation to be invariant
under coordinate transformations(cfr. the discussion in section 1.3). Indeed ∂µΠµ

does not transform as a scalar ! Note that the Euler-Lagrange equation can be
interpreted as a continuity equation for Πµ with source term ∂L/∂ϕ.

At this point the reader may ask whether it is possible to reformulate the problem
as a set of two first order differential equations instead of one second order equation.
To achieve this goal we introduce the conjugate momenta Πµ = δL

δ∂µϕ
9 and use it

to define the energy momentum tensor:

T µν = Πµ∂νϕ− gµνL (2.4)

that is covariantly constant by virtue of the equations of motion. Indeed:
9It can be proven that Πµ transforms as a vector. [11] Also, in what follows we will assume

that Πµ does not depend on ∂iϕ.

5



∇µT
µν = ∇µΠµ · ∂νϕ+ Πµ∇µ∂

νϕ− gµν ∂L
∂ϕ

∂µϕ− gµν ∂L
∂∂κϕ

∇µ∂κϕ = 0 (2.5)

where we have used the Euler-Lagrange equations ∂L/∂ϕ = ∇µΠµ and the fact
that ∇µ∂κϕ = ∇κ∂µϕ. To continue we must impose some additional constraints
onto our theory. We must require that there is a timelike killing vector kµ that
obeys ∇νkµ + ∇µkν = 0 (without loss of generality we can than assume that
the metric is adapted to the timelike killing vector so that: kν = δν

t [2]) and we
must require that T µν is symmetric.10 Under these assumptions, we find that a
conserved current Eµ = T µνkν exists. Indeed:

∇µE
µ = T µν∇µkν = 1

2
T µν

(
∇µkν + ∇µkν

)
= 0 (2.6)

which tells us that

H =
∫
dD−1x

√
h H =

∫
dD−1x

√
h T tνkν (2.7)

=
∫
dD−1x

√
h T t

t =
∫
dD−1x

√
h
(
πt∂tϕ− L

)

is a conserved quantity. Note that H is no scalar (i.e. not coordinate independent)
since it is the temporal component of a vector. This breakdown of manifest coordi-
nate independence makes sense since we singled out a time direction by choosing
the timelike killing vector ∂t.

We will now consider the variation of the Hamiltonian in two distinct ways, this
will lead us to the desired reformulation of (2.3) that is first order in time:

First approach: take the direct variation of (2.7). We find that:

δH =
∫
dD−1x

√
h

(
δ∂tϕ Πt + ∂tϕ δΠt − ∂L

∂ϕ
δϕ− ∂L

∂∂tϕ
δ∂tϕ− ∂L

∂∂iϕ
δ∂iϕ

)
(2.8)

=
∫
dD−1x

√
h

(
∂tϕ δΠt − ∂L

∂ϕ
δϕ− ∂L

∂∂iϕ
δ∂iϕ

)
10We will later see that both constraints are satisfied for scalar and vector (=gauge) fields in

Rindler space.
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Where the first and third terms cancel due to the definition of Πµ.

Second approach: eliminate ∂t from the Hamiltonian in favor of Πt so that H =
H[ϕ,Πt, ∂iϕ]. Variation yields:

δH =
∫
dD−1x

√
h

(
∂H
∂Πt

δΠt + ∂H
∂∂iϕ

δ∂iϕ+ ∂H
∂ϕ

δϕ

)
(2.9)

Subtracting these two equations and applying the fundamental theorem of varia-
tional calculus (Appendix A) gives us the Hamilton equations:

∂tϕ = δH
δΠt = {ϕ,H}

∇µΠµ = − δH
δϕ

= {Πt,H}
(2.10)

Poisson bracket: {A,B} =
∫
dDx

√
−g

(
δA

δϕ(x)
δB

δΠt(x)
− δA

δΠt(x)
δB

δϕ(x)

)

These Hamilton equations, that are first order in time derivatives, tell us that the
time evolution of ϕ and flux of Πµ are equal to their respective Poisson brackets
with the Hamiltonian. Note that the second equation is very similar the the Euler-
Lagrange equation. In fact it is identical (as it should be) if δH

∂ϕ
= − δL

∂ϕ
. This

should be interpreted as a consistency check on the theory.

2.2 The classical vector field

In this section we will review the classical mechanics of vector fields on curved
manifolds which is something that is not treated in most references since it is
very similar to the scalar case. There are however some crucial differences and
subtleties that we wish to address below.

From a mathematical point of view, a vector field is a map A = Aµgµ: M → RD.
From a physical point of view, it describes spin 1 particles such as the photon or
J/Ψ-meson. In treating these vector fields we must take great care to ensure that
our theory remains coordinate independent.(cfr. section 1.3) In particular we will
define the action as a functional of ∇ρAκ ∼ ∂∥A[11] and not ∂ρAκ as is done in
other works.[6][15][16] Hence, the action functional is given by:

S =
∫
dDx

√
−g L[Aµ,∇κAµ] (2.11)

7



Variation of this action yields:

δS =
∫
dDx

√
−g

(
δL
δAµ

δAµ + δL
δ∇κAµ

∇κδAµ

)
(2.12)

=
∫
dDx

√
−g

 δL
δAµ

δAµ − ∇κ

(
δL

δ∇κAµ

)
δAµ


Where we have used the lemma on partial integration(appendix B), further appli-
cation of the main lemma of variational calculus (appendix A) learns us that the
equations of motion are given by:

δL
δAµ

− ∇κ

(
δL

δ∇κAµ

)
︸ ︷︷ ︸

Πκν

= 0 (2.13)

This is the Euler-Lagrange equation for a vector fields on a compact manifold.
Once again, the reader may argue that the covariant derivatives are not always
present in other treatments. This is true but we chose to work with covariant
derivatives since they ensure that our equations are independent under a change
of coordinate system.

We will now reformulate the theory as a set of two differential equations that are
first order in time. Our treatment will be similar to that of the scalar field and we
will only outline the relevant results. We start by defining the conjugate momenta
Πµν = δL

δ∇µAν

11 and use them to define the energy momentum tensor:

T µν = Πµρ∇νAρ − gµνL (2.14)

Using the equations of motion and the additional assumption that Rµν = 0, it is
easy to show that ∇µT

µν = 0. If we then assume that there is timelike killing
vector ∂t and that T µν is symmetric we find that T 0

0 defines a conserved quantity:

H =
∫
dD−1x

√
hH =

∫
dD−1x

√
h
(
Πtµ∇tAµ − L

)
(2.15)

11It can be proven that Πµν transforms as a vector.[11] We will also assume that Πµν does
not depend on ∇µAν which is similar to what we did in the scalar case.
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Once again, we calculate the variation of H in two distinct ways and recover the
Hamilton equations. The manipulations are identical to the ones for the scalar
and the end-result is given by:

∇tAµ = δH
δΠtµ = {Aµ,H}

∇νΠνµ = − δH
δAµ

= {Πtµ,H}
(2.16)

Where: {A,B} =
∫
dDx

√
−g

(
δA

δAµ(x)
δB

δΠtµ(x)
− δA

δΠtµ(x)
δB

δAµ(x)

)

These are indeed first order in time derivatives. We find that the the covariant time
evolution of Aµ and flux of Πµν are equal to their respective Poisson brackets with
the Hamiltonian. Equations (2.16) and (1.4) allow us to rewrite the first equation
as: ∂∥tA = {A,H} which tells us that the vector itself (and not its components)
evolves in time from t to t+ δt where it is then reprojected onto the tangent space.

In the case that the Hamiltonian is identically zero there should be no time evo-
lution on the physically relevant level i.e. the vectors and not their components.
Indeed, in this case we find that ∇tAρ = 0 so that time evolution moves A to
a later point whilst performing parallel transportation i.e. keeping the changing
basis vectors into account.

3 Quantum fields in flat spaces

The work in this section is based on the books by Peskin and Schröder[14] and
Mandl and Shaw[13].

In the previous sections we have studied classical field theories. In this section we
will generalize this to quantum field theories for both the scalar and vector field
in flat Minkowski space12. The essential step in going from classical to quantum
field theory is that we interpret the fields to be operators in a Hilbert space and
replace the Poisson brackets from equations (2.10) and (2.16) with commutation
brackets i.e. {A,B} T o quantum−−−−−−−→ i

ℏ [A,B]. The Poisson are recovered in the classical
limit where ℏ → 0 since limℏ→0

i
ℏ [A,B] = {A,B} [17]. The direct result of this

procedure is that [ϕ(x),Πt(y)] = iδ(x − y) and [Aµ(x),Πtν ] = igµνδ(x − y) which
represents the well known fact that it is not possible to exactly measure both
position and momentum at the same time and place.

12In this section we will denote all derivatives as ∂ which is allowed as all Christoffel symbols
vanish in flat space.
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3.1 The scalar quantum field

Let us start with the easiest quantum field theory, the free scalar field in a flat
Minkowski 1+1 dimensional background. The action for such a field is given by:

S =
∫
dRdT︸ ︷︷ ︸
dDx

√
−g

(
−1

2
∂µϕ∂

µϕ

)
(3.1)

which can be interpreted as the coordinate invariant generalization of the classical
expression for the free Lagrangian: L = T − V = 1

2(∂Tϕ)2 − 1
2(∂Xϕ)2. The overall

minus sign ensures that the kinetic energy is positive and would not be present in
the mostly minus metric convention that may be more familiar to readers with a
background in particle physics.

We will now obtain the equations of motion. Strictly speaking we may not apply
the Euler-Lagrange equations to the action (3.1) since Minkowski space is not
closed. However, the boundary of Minkowski space lies at an infinite distance
from any observer so that we might just al well set the variation of the fields to
zero at this boundary. This brings us back to the case where there is no boundary.
With this in mind, we find that the equation of motion is given by:

−∂µΠµ = ∂µ∂
µϕ = □ϕ = (−∂2

T + ∂2
R)ϕ = 0 (3.2)

Given a scalar product (ϕ, ψ) (that we will define in the following section) we can
write any solution ϕ(R, T ) to these equations as an expansion in a basis of plane
waves that is given by:

ϕK(R, T ) = 1√
4πΩ

e−iΩT +iKR (3.3)

where Ω2 = K2

3.1.1 The scalar Klein-Gordon product

A typical scalar product13 in quantum field theory would be (ϕ, ψ) ∼
∫

Σ dR ϕψ∗

evaluated at some arbitrary spatial hypersurface Σ. However, this definition does
13Other frequently used names are inner or dot product.
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not generalize to curved spaces as there is no guarantee that it is invariant under the
choice of Σ so that it may not be invariant under time evolution. A more general
scalar product can be constructed from the conserved current Jµ = ϕ∗(k)Πµ(k′) −
ϕ(k′)Πµ∗(k). Indeed, the continuity equation ∂µJ

µ = 0 (which is easy to prove for
solutions of (3.2)) guarantees that the flux trough Σ i.e.

∫
Σ dAt n

µJµ is independent
of Σ so that:

(ϕ, ψ) = −i
∫

Σ
dAt n

µJµ (3.4)

defines a suitable scalar product. The normalization factor −i ensures that (ϕ, ψ)∗ =
(ψ, ϕ) = −(ϕ∗, ψ∗) which is one of the defining properties for every appropriate
scalar product (the others are bi-linearity and positive definiteness). Finally, choos-
ing Σ to be the hypersurface T = 0 with normal nµ = δµ

T results in the following
scalar product:

(ϕ, ψ)KG = −i
∫
dR(ϕ∂Tψ

∗ − ψ∗∂Tϕ)|T =0 (3.5)

Now that we have a suitable scalar product it is a trivial task to show that the
Fourier modes are normalized:

(ϕ(K), ϕ(K ′)) = − i

4πΩΩ′

∫
dR

(
e−i(ΩT −KR)∂T e

i(Ω′T −iK′R) − ei(Ω′T −iK′R)∂T e
−i(ΩT −KR)

)
|T =0

(3.6)

= −i(iΩ′ + iΩ)
4πΩΩ′

∫
dRei(K−K′)R

= δ(K −K ′)

so that expansion of ϕ(R, T ) in the basis of plane waves is given by:

ϕ =
∫
dK

(
a(K)Φ(K) + a(K)†Φ(k)†

)
(3.7)

where a(K) = (ϕ, ϕ(K))

The second term in this Fourier expansion ensures that the field ϕ is real. This is
crucial since it is an observable quantity and those should always be real.
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3.1.2 The Hamiltonian and quantization

Before we quantize this theory, let us first calculate its Hamiltonian. If we combine
the general expression for the scalar energy momentum tensor (2.4) with our cur-
rent Lagrangian (3.1) we find that the energy momentum tensor for a free scalar
is given by:

T µν = −∂µϕ∂νϕ− gµνL (3.8)

This energy momentum tensor is symmetric, covariantly constant14 and flat space
has a trivial timelike killing vector ∂T ↔ δµ

T so that T µν(∂T )ν defines a conserved
current. The t

t-component from this current will be a conserved quantity that we
may use to construct the Hamiltonian as the generator of time translations:

H =
∫
dR

(
−∂Tϕ∂Tϕ− L

)
(3.9)

Plugging in the Fourier expansion (3.7) allows us to express this result in momen-
tum space:

: H :=
∫
dKωa†(K)a(K) (3.10)

Note that this Hamiltonian is positive and hence bounded from below so that
the system has a ground state. Now that we have found suitable solutions, a
scalar product and the Hamiltonian we can quantize the theory by enforcing the
canonical commutation relation:

[ϕ(R),ΠT (R′)] = [ϕ(R), ∂Tϕ(R′)] = iδ(R −R′) (3.11)

The Fourier space equivalent is given by [a(K), a(K ′)†] = δ(K − K ′) so that:
[H, a(K)†] = Ωa(K)†. The latter equation tells us that: Ha(K)† |E⟩ = (E +

14This follows from its definition. However, the more zealous reader may want to prove this
using the equations of motion ∂µ∂

µAν = 0 and the fact that ∂L
∂∂ν ϕ = −∂νϕ. Indeed, we find that

∇µT
µν = −∂µϕ∇µ∂

νϕ− gµν ∂L
∂∂κϕ ∇µ∂κϕ = 0
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Ω)a(K)† |E⟩ so that a(K)† creates excitations of the field (i.e. particles) that have
energy Ω. Similarly a(K) destroys such particles.

If we define the scalar Minkowski vacuum as the state |0M⟩ for which a(K) |0M⟩ =
0∀K so that it contains no particles (from the Minkowski point of view). We
can express a general state as a product of creators acting on the vacuum e.g. a
particle with momentum K can be constructed as follows: |K⃗⟩ = a†(K) |0M⟩. The
collection of all states that can be constructed like this is called the Fock space of
the theory.

3.2 The vector quantum field i.e. U(1) gauge theory

Let us now shift focus to a free U(1) gauge field in a flat Minkowski 1+1 dimensional
background. The defining property of this action is that it must be invariant under
U(1) gauge transformations of Aµ: Aµ → Aµ+∂µχ so that only Fµν = ∂µAν −∂νAµ

may appear in the action. Contraction to a Lorentz scalar yields:

S =
∫
dRdT︸ ︷︷ ︸

dnX
√

−g

(
−1

4
FµνF

µν

)
(3.12)

This action is unsuitable for quantization since the antisymmetry in Fµν sets
ΠT T = ∂L/∂∂TAT = 0 which cannot be consistent with the canonical commu-
tation relations [AT (R),ΠT T (R)] ≠ 0. To solve this problem we will break the
gauge invariance by making a particular gauge choice and quantize the theory in
this gauge. The process of choosing a gauge is best understood in the path integral
formalism where it amounts to separating the path integral into (1)physically dis-
tinct and (2)gauge related contributions as is explained in appendix C. The final,
gauge fixed action is given by:

S =
∫
dRdT︸ ︷︷ ︸
dDx

√
−g

(
−1

2
∂µAν∂

µAν + ∂µc̄∂
µc

)
(3.13)

Effectively the gauge fixing procedure did two things: (1)it added a term −1
2(∂µA

µ)2

to the action15 and(2) introduced two ghost fields c̄ and c with fermionic commu-
tation relations that do not obey the spin statistics theorem so that they are not

15Indeed, it is straightforward to show that − 1
4F

µνFµν − 1
2 (∂µA

µ)2 = − 1
2∂µAν∂

µAν
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observable. It is a well known fact that the flat space ghost fields will remain
in their vacuum state since they do not couple16 to any observable field. In the
following section we will use this knowledge to our advantage and ignore the ghost
fields in our description17.

The term “gauge fixing” comes from the fact that we restore the original action
when we “fix the gauge” by enforcing ∂µA

µ = 0. Upon writing out the contractions
in the new Lagrangian we find that L = −1

2(∂TAT )2 + 1
2(∂TAR)2 + · · · . Note that

the temporal-component of the field comes with the wrong sign. We will see that
this makes it so that it has a negative norm so that we can no longer speak of a
Hilbert space. The Hilbert space structure of the theory will be restored for those
states in which an observer can never measure a nonzero ∂µA

µ i.e. states for which
the gauge has been fixed and are therefore solutions to the original problem (3.12).

If we, once again, set the variations at spatial infinity to zero, we find that the
equations of motion (i.e. Euler-Lagrange equations) are:

∂µ∂
µAν = (−∂2

T + ∂2
R)Aν = 0 (3.14)

A basis of solutions is given by:


Ai

ν(K,R, T ) = 1√
4πΩe

−iΩT +iKRui
µ

uT
µ =

1
0

 , uR
µ =

0
1

 (3.15)

where Ω2 = K2

Note that there are two independent solutions labeled T and R which makes
sense since a two dimensional vector field has two independent components. We
will later see that one of these solutions has negative norm so that it corresponds
to the “wrong sign” field component that we discussed earlier.

3.2.1 The vector Klein-Gordon product

Once again, we need a scalar product that is invariant under our choice of Σ, the
spatial hypersurface on which we choose to evaluate it. Inspired by the scalar Klein-

16At least not in U(1) gauge theory as is being studied here.
17We will later give a complete treatment of the ghost fields in Rindler space where they will

be in an exited thermal state due to the Unruh effect.
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Gordon product we find that it can be constructed from the following conserved
current Jµ = Aρ(K)Πµρ∗(K ′) −Aρ(K ′)Πµρ∗(K), integration over a suitable hyper-
surface(i.e. T = 0) and plugging in Πµρ = −∂µAρ yields the following definition
for our scalar product:

(Aρ, B
ρ) = −i

∫
dR(Aρ∂TB

∗ρ −B∗ρ∂TAρ) (3.16)

that is invariant under our choice of Σ. It is now straightforward to show that
(AT

µ(K), AT µ(K ′)) = −δ(K − K ′) and (AR
µ (K), AR µ(K ′)) = δ(K − K ′) which

allows us to write down the following series expansion for the vector field:

Aµ =
∫
dK

∑
i


A−

µ︷ ︸︸ ︷
ai(K)Ai

µ(K) +

A+
µ︷ ︸︸ ︷

ai†(K)Ai∗
µ (K)

 (3.17)

where aT (K) = −(Aµ, A
T µ(K)) and aR (K) = (Aµ, A

R µ(K))

The second term ensures that the field A (which is observable since it represents
photons) is real. Note that we have introduced the notation A+

µ /A
−
µ which stands

for the negative/positive (=annihilating/creating) contribution to the Aµ field.

3.2.2 The Hamiltonian and quantization

Combining (2.14) with our current Lagrangian (3.13) tells us that the energy mo-
mentum tensor for the U(1) gauge field in flat space is given by:

T µν = −∂µAρ∂
νAρ − gµνL (3.18)

Once again we find that this energy momentum tensor is covariantly constant and
symmetric so that its T

T -component may be used to construct a Hamiltonian:

H =
∫
dR

(
−∂TAρ∂

TAρ − L
)

(3.19)

Which in Fourier space becomes
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: H :=
∫
dK Ω

(
−aT †(K)aT (K) + aR †(K)aR (K)

)
(3.20)

Note that this is not positive so that the ground state is ill defined. Let us ignore
this unwanted feature (until the next section) and move on with the quantization
procedure that is very similar to what we did for the scalar in Minkowski. If we
replace the Poisson brackets with commutation brackets we find that the fields
must obey the following commutation relations:

[Aµ(R),ΠTν(R′)] = [Aµ(R), ∂TAν(R′)] = igµνδ(R −R′) (3.21)

Which, in Fourier space, translates to: [aT (K), aT †(K ′)] = −δ(K − K ′) and
[aR (K), aR †(K ′)] = δ(K − K ′). The commutation relations for the R particle
are identical to those we saw for the scalar so that we may identify aR (K), aR †(K)
as respectively annihilators and creators for particles with energy Ω. The T sec-
tor picked up an additional minus sign so that [aT †

K , H] = −ΩaT †
K i.e. aT †

K creates
particles with negative energy.

3.2.3 The physical Hilbert space

Let us now take a step back and have a careful look at the above commutation re-
lations and Hamiltonian, both of which pose some serious problems. The problem
with the commutation relations is that [aT (K), aT †(K ′)] = −δ(K−K ′) so that the
timelike modes have a negative norm indeed: ⟨0|aT (K)aT †(K ′)|0⟩ ≤ 0. We also
saw that the T particles have negative energy so that the ground state would have
an infinite amount of them which is a very unphysical situation.

The source of this problem resides in the gauge fixing term −1
2(∂µAµ)2 that was

effectively added to the Lagrangian by the Faddeev-Popov procedure to make it
consistent with the canonical commutation relations. In doing so, we broke the
gauge invariance of the theory which allowed new unphysical solutions to enter our
description. The unphysical solutions are eliminated if we enforce ∂µA

µ = 0 since
this brings us back to the original theory.

We will enforce this constraint by demanding that its matrix elements are zero i.e.
⟨ψ|∂µA

µ|ϕ⟩ = 0 for all ψ, ϕ that are in the physical Hilbert space. Physically this
means that every possible measurement of ∂µA

µ will return zero. It is now easy
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to check18 that an alternative condition is given by ∂µA
µ− |ϕ⟩ ∀ϕ in the physical

Hilbert space. Remembering that A−
µ =

∫
dK

(
aT (K)AT

µ(K) + aR (K)AR
µ (K)

)
we

find that physical solutions of the problem are determined by:

∂µ
∫
dk
(
aT (K)AT

µ(K) + aR (K)AR
µ (K)

)
|ϕ⟩phys = 0 (3.22)

After some work we find that this is equivalent to:

aT (K) − aR (K) |ϕ⟩psys = 0 (3.23)

Which implies that:

⟨ψ| (−aT †(K)aT (K) + aR †(K)aR (K)) |ϕ⟩phys = 0 (3.24)

Comparing this with (3.20) tells us that the expectation value of H in the physical
subspace is positive and hence bounded from below. The constraint also makes it
so that only states of the form (aT †(K)−aR †(K))n |0⟩ (that have nonnegative norm)
are allowed into the physical Fock space. Together, these two remarks ensure that
the physical(!) Hilbert space is endowed with a positive Hamiltonian and scalar
product.

It should be noted that the energy is not only positive, it is also identically zero
! This is consistent with our classical intuition for Q.E.D. in which photons must
be polarized in the spacelike plane orthogonal to their momentum. The number of
polarizations is then equal to the dimension of this hyperplane. In 1+1 dimensions
we find that there is no such plane so that there are no physical excitations that
may contribute towards the energy. It should be noted that constant electric fields
are still allowed but we will not consider those.

4 The Rindler coordinate system

The work in this section is based on Spacetime and Geometry [2] and Lenz’s
paper[8].

18Indeed if ∂µA
µ− |ψ⟩ = 0∀ψ than ⟨ϕ| ∂µA

µ+ = 0∀ϕ so that ⟨ϕ|∂µA
µ|ψ⟩ = 0∀ϕ, ψ.
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Until now we have only considered quantum field theories in flat Minkowski space
but, as was already mentioned in the introduction, we are most interested in
quantum fields in curved spaces. One particularly interesting and simple spacetime
is that of an observer that is uniformly accelerating with respect to some stationary
Minkowski observer. This so called Rindler space bears many similarities to the
better known Schwarzschild (=black hole) space of which it is a near horizon
approximation. Intuitively this makes sense since an observer hovering close to
the event horizon of a black hole should indeed be accelerating to avoid begin
sucked into the black hole. For a mathematical treatment of this statement we
refer the reader to Susskind his book on black holes[18].

4.1 The basics

The transformation that links Minkowski (=uppercase) and Rindler (=lowercase)
coordinates is given by:

T = er sinh(t)
R = er cosh(t)

↔

t = arctanh(T/R)
r = ln(R2 − T 2)

(4.1)

We will now back up this claim by showing that (4.1) describes the worldline of
observer that is accelerating through Minkowski space. To do so, we set up a
thought experiment (at time τ) involving two observers and a spaceship: Alice is
at rest (Minkowski) and observing Bob’s spaceship that is moving at some constant
speed v. Inside the spaceship bob is stationary but accelerating (Rindler). The
situation is depicted in the figure below 1.

At time τ At time τ + dτ

v va dτ

Figure 1: The thought experiment that is used in deriving the Rindler coordinate
system.
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Some time dτ later Bobs speed w.r.t. the ship is adτ and the ships speed w.r.t.
Alice is still v. Bob’s new velocity as measured by Alice can be calculated using
relativistic velocity addition, we find that:

v(τ + dτ) = v(τ) + a dτ

1 + v(τ)a dτ
(4.2)

In principle our derivation is only valid at time τ since this is the only time at
which Bob is stationary with respect to his ship. This is true, but we should realize
that the spaceship was only introduced to simplify our explanation. Furthermore,
at any other time τ ′ we can introduce a new spaceship that is at rest with respect
to Bob and repeat the argument so that (4.2) remains valid at all times. Now that
all doubt has been eliminated, let us rewrite (4.2) as a differential equation for
Bobs velocity v:

dv

dτ
= a(1 − v2) → v = tanh(aτ) (4.3)

Using the facts that (1) τ is Bobs eigentime so that dτ 2 = −dT 2 + dR2 and (2)
that Bobs velocity v as expressed by Alice will be v = dR

dT
we find that:

dτ

dT
=

√√√√1 −
(
dR

dT

)2

=
√

1 − v2 = 1
cosh(aτ)

→ T (τ) = 1
a

sinh(aτ) (4.4)

And:

dR

dτ
= dR

dT

dT

dτ
= v(τ) cosh(aτ) → X(τ) = 1

a
cosh(aτ) (4.5)

A change of variables 1
a

= er and aτ = t than gives (4.1) as the expression for
the worldline of Bob as observed by Alice, which is exactly what we had set out
to prove. We may now use (4.1) to rewrite the infinitesimal displacement ds2 in
Rindler coordinates and then use (1.3) to extract the metric tensor from this:

ds2 = −dT 2 + dR2 = e2ar(−dt2 + dr2) ↔ gµν = e2rηµν (4.6)
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Further inspection of (4.6) learns us that the Rindler metric does not depend on
Rindler time so that k = ∂t ↔ kν = δν

t generates an isometrie i.e. is a killing
vector19. Now that we have the metric we may use formula (1.6) to obtain the
Christoffel symbols:

Γκ
µν = 1

2
e−2rηκω

(
∂ν(e2rηωµ) + ∂µ(e2rηων) − ∂ω(e2rηνµ)

)
=
(
δκ

µδ
r
ν + δκ

ν δ
r
µ − ηµνη

κωδr
ω

)
=
(
δκ

µδ
r
ν + δκ

ν δ
r
µ + ηµνδ

κ
r

)
(4.7)

Note that the only nonzero Γ symbols are those that have an uneven amount of r
indices:

Γt
rt = Γt

tr = Γr
tt = Γr

rr = 1 (4.8)

A similar calculation learns us that the Riemann tensor Rµν is zero everywhere.
This will allow us to commute covariant derivatives in all further calculations.

4.2 Lightcone coordinates

We have already seen that the basis of plane waves in Minkowski space are functions
of T −R (right movers) or T +R (left movers) so that it is very natural to define
the light cone coordinate system:

U = T −R = −e−u = −e−(t−r)

V = T +R = e v = e (t+r) (4.9)

The advantage of this coordinate system is that the right(left) movers have their
respective U(V ) coordinate fixed. For any point in spacetime we find that its lines
of constant U, V define a cone, this cones defines the region of spacetime that can
be reached from that point by means of physical (i.e. ”slower than light“) traveling,
hence the name lightcone coordinates.

19It is easy to prove that ∇µkν + ∇νkµ = 0
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If we consider a Lorentz boost with rapidity ϕ we find that U → Ue−ϕ and V →
V eϕ which coincides with a Rindler time translation t → t+ ϕ. This makes sense
since the Rindler observer is experiencing uniform acceleration i.e. a constant
stream of Lorentz boosts.

4.3 The Rindler patches

There is however something odd about (4.1). Indeed, the presented Rindler coor-
dinates can only describe that part of Minkowski space for which |T | < R , the
so called right Rindler wedge. A full atlas for Minkowski space requires three ad-
ditional Rindler (like)20 coordinate systems patches. However, for our purposes it
is sufficient to introduce only one additional wedge for |T | < −R, the left Rindler
wedge.

To construct the left wedge coordinate system we must change the signs in (4.1),
we choose to do this in a way that does not affect the exponents in (4.9) so that
Rindler time translations remain consistent with Lorentz boosts. In practice we
map T → −T and R → −R in both (4.9) and (4.1). This adaptation makes
it so that ∂T

∂t
< 0 in the left Rindler wedge meaning that coordinate time ticks

backwards. Common sense tells us that the left wedge eigentime τ must not tick
backwards so that τ = −T in the left wedge.

Another important feature is the fact that the hypersurfaces T = R and T =
−R can only be reached for t → ∞ and t → −∞ respectively. Therefore, it is
impossible for a Rindler observer to reach these hypersurfaces in a finite amount
of time so that we call them the future and past Rindler horizons.

5 The massless scalar in Rindler

The work in this section is mainly based on Unruh’s original paper [9] and a more
recent review paper [7].

The first study of quantum field theories in Rindler space was performed by Unruh
[9] in 1976. He performed covariant canonical quantization of scalar fields in curved
spaces (i.e. finding a Fourier expansion for the equation of motion, calculating
the Hamiltonian and enforcing the commutation relations). Unruh then noticed

20This refers to the fact that the future and past Rindler wedges do not have a timelike killing
vector and are often referred to as the expanding and contracting Kasner universes.
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that the Rindler negative21 frequency modes contain both negative and positive
Minkowski frequencies so that their corresponding operators do not annihilate the
Minkowski vacuum. However, there exist linear combinations of the right and left
wedge Rindler modes exist so that they contain only negative frequency modes end
hence annihilate the Minkowski vacuum. These modes (that are called Unruh or
boost modes) allowed him to write down the Minkowski vacuum as an entangled
state of right and left wedge Rindler excitations. The right wedge reduced density
matrix that corresponds to this entangled state turned out to be an ensemble that
is thermally excited at the Hawking temperature.

The goal of this section is to present a detailed review of the aforementioned
derivations, so that we may use it as a foundation for the quantization of more
difficult fields in Rindler. The action for a scalar field can be obtained from (3.1) by
adapting the integrations and differentiations to the new curved space (cfr. section
1.3):

S =
∫

bulk
drdt

√
−g︸ ︷︷ ︸

dV

−1
2
∂µϕ∂

µϕ︸ ︷︷ ︸
L

 (5.1)

Variation of this action is somewhat subtle since the r = −∞ boundary of Rindler
space is not an infinite distance from any observer so that we may not set the
variations of the field to zero as was the case in Minkowski space (cfr. the discussion
below (3.1)). If we take this into account we find that the variation of the action22

contains an extra boundary term that was not present in Minkowski space:

δS =
∫

bulk
dV □ϕ δϕ+

∫
boundary

dA nµΠµδϕ (5.2)

where nµ is the outward pointing normal to the killing horizon

The first term generates the usual equations of motion for a scalar field □ϕ = 0.
The second term is a boundary condition that sets nµΠµ ∼ πr ∼ ∂rϕ to zero at
the horizon. Solutions to the equations of motion are easily found if we write out
the ’D Alambert operator in Rindler:

21We remind the reader that negative/positive frequency modes are those that correspond to
particle creation/annihilation operators.

22We could have used the Euler-Lagrange equation with an additional term due to the edges,
but it is easier to simply vary the action.
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□ϕ = ∇µ∂
µϕ = e−2ar(−∂2

t + ∂2
r )ϕ = 0 (5.3)

As usual, we find that a basis of solutions is given by standing waves:

ϕ(k, r, t) = 1
4πω

e−iωt+ikr (5.4)

where ω2 = k2 and R > |T |

A graphical representation of these modes can be found in figure 2.
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Figure 2: The real part of a scalar field in the Right Rindler wedge for various values
of k. Note that the oscillations become increasingly frequent(from the Minkowski
point of view) as we move closer to the horizon.

Let us now think about the constraint that should set ∂rϕ = 0 at r = −∞. 23 To
deal with this constraint will introduce a “brick wall” at some r0 that is arbitrary
close to the horizon i.e. r0 → −∞ and change to a basis that is equivalent to that
in (5.4): ϕ(k, r, t) ∼ sin(−ωt + kr). The constraint then sets cos(−ωt + kr0) = 0
which is satisfied for k ∼ n/r0 so that only discrete values of k are allowed. Finally,
the continuum where all wavenumbers k are allowed, is restored in the limit that
the brick wall coincides with the horizon i.e.: r0 → −∞ .

5.1 The scalar Klein-Gordon product

To obtain a suitable scalar product we should adapt (3.4) to our new coordinate
system. To do so we must express the conserved current in Rindler coordinates

23We will only sketch the ideas, a more thorough treatment is out of the scope of this work.
The interested reader can find it in Susskind’s book on black holes[18] or this paper by A.
Saharian[19].
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and then integrate over a spatial hypersurface for the Rindler observer. We must
also think about the meaning of a conserved current on a manifold with edges: if
we have two spatial hypersurfaces we find that the flux of Jµ through them may
not be equal due to some “leakage” through the edge.

r
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e
ev
en
t
h
o
ri
zo
n

Figure 3: The three hypersurfaces with equal flux going trough them. Note that
the green and red hypersurfaces are connected to the reference point T = R = 0 on
the horizon so that the flux trough the horizon is taken into consideration. From
top to bottom the lines are colored: red, blue, green.

In figure 3 we present two possible solutions for this problem. The first solution (in
blue) defines the scalar product as the flux trough the subset of hypersurfaces that
contain a certain reference point on the horizon e.g. T = R = 0. The second (red
and green) solution defines the scalar product as the sum of the fluxes trough some
arbitrary spatial hypersurface Σ and the flux trough that portion of the horizon
that connects this Σ to a reference point e.g. T = R = 0. Both approaches are
equivalent24 if we choose the same reference point. Let us choose the simplest, first
method and set the reference point to be T = R = 0 so that:

(ϕ, ψ) = −i
∫

Σ
dD−1x

√
h nµJµ (5.5)

where (R, T ) = (0, 0) ∈ Σ

More specifically, choosing Σ to be the hypersurface t = 0 (which does indeed
contain T = R = 0) with normal nµ = e−rδµ

t and
√
h = er gives us:

(ϕ, ψ)KG = −i
∫
dr(ϕ∂tψ

∗ − ψ∗∂tϕ) (5.6)

24In the end both methods reduce to the choice of some reference point on the horizon. In
fact, the 1st solution may be interpreted as a special case of the 2nd one.
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Calculation of this scalar product for the modes in (5.4) is similar to what we did
in (3.6), we find that the modes are correctly normalized under this scalar product
i.e. (ϕ(k), ϕ(k′))KG = δ(k − k′) so that we may use them to expand any solution
of (5.3) in the basis (5.4). This yields:

ϕ =
∫
dk
(
a(k)ϕ(k) + a†(k)ϕ†(k)

)
(5.7)

where ak = (ϕ, ϕ(k))

5.2 The Hamiltonian and quantization

The energy momentum tensor for the scalar field theory is given by (2.4), insertion
of the free Lagrangian that is defined in equation (5.1) gives us:

T µν = −∂µϕ∂νϕ− gµνL (5.8)

This tensor is symmetric and covariantly constant. Rindler space also has a killing
vector ∂t so that the t

t-component of this tensor corresponds to a conserved current
that we may identify with the Hamiltonian. One additional subtlety sits in the
fact that there may be a nonzero energy flux trough the surface so that H is
only conserved up to that flux. The solution to this problem is identical to what
we did for the scalar product i.e. we fix a reference point (again R = T = 0)
on the horizon. With this in mind we find that the Hamiltonian is given by:
H =

∫
dr

√
h
(
−∂tϕ∂tϕ− L

)
that has the following equivalent expression in Fourier

space:

: H :=
∫
dk ωak

†ak (5.9)

As usual, quantization is performed by promoting the Poisson brackets to commu-
tation brackets so that:

[ϕ(r),Πt(r′)] = iδ(r − r′) (5.10)

Application of this procedure yields: [a(k), a(k′)†] = δ(k − k′) and [a†(k), H] =
ωa†(k). This tells us that a†(k) is still the creator of excitations with energy ω as
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was the case in flat space. Note that the existence of the Hamiltonian and hence
particle interpretation was only possible due to the fact that Rindler space has a
timelike killing vector (cfr. section 2.2), in more general spaces without timelike
killing vectors, energy an hence particles become much harder to define.

The right wedge Fock space is constructed by acting on the vacuum with the a†(k)
i.e. |k⟩ = a†(k) |0⟩. Where the vacuum has been defined as the state that is
annihilated by all right wedge Rindler observers

5.3 The Unruh effect

Now that we have a quantized theory in the right Rindler wedge we must think
about what will happen in the left wedge. We have already mentioned that the
coordinate time ticks backwards in the left Rindler wedge so that it must have
a relative minus sign with respect to the Rindler observer his eigentime. Since
it is this eigentime that should be used to define positive and negative frequency
solutions25 we find that the left wedge vacuum annihilating modes are those of the
form eiωt.

Our next goal is to find linear combinations of the right and left wedge Rindler
modes so that they contain only Minkowski annihilators and are therefore of the
following form: B(r, t) ∼

∫
R+ dK f(K)e−iΩT +iKR =

∫
dΩ f(Ω)e−iΩU where we

have assumed K > 0 for definiteness. An interesting and defining(!) property of
this general combination of K > 0 Minkowski annihilators is its analyticity in the
entire lower complex U plane. Any other mode sharing this feature must also be
a linear combination of K > 0 Minkowski annihilators.

Let us now expand the Rindler scalar modes in Minkowski coordinates and check
whether they are convergent in the lower complex U plane:

ϕR(k > 0) = 1√
4πω

e−iωt+iωrθ(U) = 1√
4πω

e−iωuθ(U) (5.11)

= 1√
4πω

(−U)iωθ(U)

The Heavyside function was introduced so that the function is constrained to that
region of Minkowski space for which R > |T |. It is also exactly this Heavyside

25Indeed, the Hamiltonian should generate time translations in the “forward” directions such
that they correspond with eigentime and not coordinate time.
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function that prevents the mode from being convergent in the lower U plane. Fur-
thermore, since every right wedge mode will contain either θ(U) or θ(−V ) we find
that we must also use left wedge modes to obtain a convergent linear combination.
Let us now calculate a (well chosen) mode in the left wedge:

ϕ∗
L(k < 0) = 1√

4πω

(
eiωt−iωr

)∗
θ(−U) = 1√

4πω
eiωuθ(−U) (5.12)

= 1√
4πω

U iωθ(−U)

= 1√
4πω

(−1︸︷︷︸
e−iπ

)iω(−U)iωθ(−U)

= 1√
4πω

eπω(−U)iωθ(−U)

Once again, we find that this is not convergent due to the θ function. However,
we can now take a suitable linear combination of these two functions that contains
θ(U) + θ(−U) = 1 which eliminates the unwanted θ function and is convergent in
the entire lower U plane. Such a normalized linear combination is:

BR(k) = 1√
2 sinh(πω)

(
eπω/2ϕR(k) + e−πω/2ϕ∗

L(−k)
)

(5.13)

In a similar fashion, if we had started from ϕL(k > 0) and ϕ∗
R(k < 0) we would have

found the following linear combination of Rindler modes that is also convergent in
the entire lower U plane:

BL(k) = 1√
2 sinh(πω)

(
eπω/2ϕL(k) + e−πω/2ϕ∗

R(−k)
)

(5.14)

Note that we gave these Unruh modes R,L indices indicating the wedge in which
the boost mode is exponentially enhanced. Now that we have found two complete
bases for a general scalar field in Minkowski (these are(1)the Union of right and
left wedge Rindler modes (5.4) and (2)the set of boost modes as given in (5.13) and
(5.14)) we will show that their corresponding creation and annihilation operators
can also be expressed of linear combinations of one another. To do so we must
expand a general Minkowski field in both bases:
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ϕM =
∫
dk
(
aR(k)ϕR(k) + aL(k)ϕL(k) + h.c.

)
(5.15)

ϕM =
∫
dk
(
bR(k)BR(k) + bL(k)BL(k) + h.c.

)
and act on it with the scalar Klein-Gordon product (5.6). We find that:

(ϕM , ϕR(k)) = aR(k) = 1√
2 sinh(πω)

(
eπω/2bR(k) + e−πω/2bL

†(−k)
)

(5.16)

(ϕM , ϕL(k)) = aL(k) = 1√
2 sinh(πω)

(
e−πω/2bR

†(−k) + eπω/2bL(k)
)

These important equations relate the boost modes26 bR,L which annihilate the
Minkowski vacuum to the Rindler modes aR,L which respectively annihilate the
right or left Rindler vacuum. It should be stressed that the boost modes contain
only negative frequency Minkowski modes so that bR,L |0⟩M = 0. This allows us
to calculate the Rindler particle expectation value in the Minkowski vacuum as
follows:

⟨0M |nR(k) |0M⟩ = ⟨0M | aR
†(k)aR(k) |0M⟩ (5.17)

= e−πω

2 sinh πω
⟨0M | bR(−k)bR

†(−k) |0M⟩

= e−πω

2 sinh(πω)
⟨0M | 1 − bR

†(−k)bR(−k) |0M⟩

= 1
eβU ω − 1

We notice that the expectation value of Rindler particles in the Minkowski vacuum
is nonzero. Indeed, it is a thermal Bose-Einstein spectrum at the Unruh tempera-
ture T = TU = β−1

U . This was one of the main results in Unruh’s paper[9]. With
it he showed that particle content is observer dependent! A similar result had
already been obtained by S. Hawking in the Schwarzschild geometry. This should
not come as a surprise since we have already mentioned that Rindler can be un-
derstood as a near horizon approximation for Schwarzschild. To get some notion

26There is some “abuse of notation” present in this section since bR,L are the annihilation
operators that correspond to the boost mode BR,L and not the boost modes themselves.
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of the magnitude of the effect, we must express TU in S.I. units: kTU = ℏa
2πc

which
is tiny! We also observe that the expression contains the fundamental quantities
from : quantum mechanics, general relativity and statistical mechanics so that it
encompasses many different branches of physics.

Now that we know the number densities in the left and right wedges we can
calculate the energy density per frequency in the Minkowski vacuum as measured
by the Rindler observer, we find:

E(ω) = ⟨0M |ωnR(k) |0M⟩ (5.18)

= ω

eβU ω − 1

Which is the energy distributions of a Bose-Einstein ensemble.

5.4 The squeezed state

In the previous section we found that the Minkowski vacuum contains many par-
ticles from the Rindler point of view. Let us now reinforce this statement by
expanding the Minkowski vacuum as a superposition of Rindler particles. The
starting point for this derivation is the fact that the Unruh modes annihilate the
Minkowski vacuum i.e.: bR,L |0⟩M = 0. Upon insertion of the inverse of equation
5.16 this becomes:

aR(k) |0M⟩ = e−πωbL
†(k) |0⟩M

aL(k) |0M⟩ = e−πωbR
†(k) |0⟩M

(5.19)

Application of the results in appendix D learns us that the solution to (5.19) is
given by:

|0M⟩ = C
∏
ω

exp
(
e−πωa†

R(k)a†
L(k)

)
|0R⟩ ⊗ |0L⟩ (5.20)

This can however be rewritten in a much more interesting way. To do so we will
start by expanding the exponential: exp

(
e−πωaR

†(k)aL
†(k)

)
= ∑

nω
e−πωnω (aR

†(k))nω
√

nω !
(aL

†(k))nω
√

nω !

and use the fact that (a†(k))nω
√

nω ! |0⟩ = |(nω)⟩, we find that:
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|0M⟩ = C
∏
ω

∑
nω

e−πωnω |(nω)L⟩ ⊗ |(nω)R⟩ (5.21)

= C
∑
nω1

· · ·
∑
nω∞

e−π(nω1 ω1+···+nω∞ ω∞) |(nω1 , · · · , nω∞)L⟩ ⊗ |(nω1 , · · · , nω∞)R⟩

= C
∑
{Ei}

e− βU Ei
2 |ER⟩ ⊗ |EL⟩

The constant C is fixed by the condition that ⟨0M |0M⟩ = 1 → C = Z(βU)−1/2

with Z(βU) the partition function of a Bose-Einstein distribution at temperature
TU . Our final, normalized result for the squeezed state is:

|0M⟩ = 1√
Z(βU)

∑
{Ei}

e− βU Ei
2 |E⟩R ⊗ |E⟩L (5.22)

From this, we can calculate the reduced density matrix as it is observed by the
right Rindler observer. We find that:

ρ̂R =
∑
{Ej}

⟨(Ej)L|0M⟩ ⟨0M |(Ej)L⟩ = 1
Z(βU)

∑
{Ei}

e−βU Ei |Ei⟩ ⟨Ei| = 1
Z(βU)

e−βU ĤR

(5.23)

The eigenvectors of this density matrix are states with fixed Rindler energy ER, the
eigenvalue corresponding to this eigenvector is the change to observe that energy
in a Bose-Einstein distribution at temperature TU . This is a beautiful verification
of our earlier results in (5.17).

5.5 Rindler scalar recap

As much of the later sections in this work will be heavily influenced and based upon
this introduction, we will now recapitulate what happened and more importantly
why:

• We introduced the Rindler space scalar action and found that its variation
yielded the equations of motion and a supplementary constraint that set Πr

to zero near the horizon. The source of this additional constraint is the fact
that Rindler space has an edge that is at a finite distance from the observers.

30



The constraint was implemented on a brick wall that is arbitrary close to the
horizon. We found that it only allowed discrete values of the wavenumber k.
The continuum, where all k are allowed, was restored in the limit where the
brick wall coincides with the horizon.

• We introduced the scalar Klein-Gordon product that is guaranteed to be
invariant under time translations. We saw that the possible loss of flux
trough the horizon forced us to introduce a reference point on the horizon.

We then used this K.G. scalar product to write down a Fourier expansion
for the scalar field that was similar to the one we found in flat space.

• We wrote down the energy momentum tensor and noted that T t
t is conserved

up to some flux through the boundary. This ambiguity was solved via the
introduction of a reference point on the boundary as was already done for the
scalar product. We then quantized the theory by replacing Poisson brackets
with commutator brackets and found that the particle interpretation persists
even in Rindler space as a result of the timelike killing vector ∂t.

• We created Unruh modes, these were modes that are convergent in the entire
lower complex U plane so that they are linear combinations of the Minkowski
observer’s annihilators. This allowed us to calculate the Rindler observer’s
energy in the Minkowski vacuum, which turned out to be nonzero. Further-
more, we learned that the particle densities in Rindler space are so that the
right and left Rindler wedges are in thermal equilibrium.

Finally, we wrote down the Minkowski vacuum as an entangled state of right
and left wedge Rindler states. We also found that the reduced density matrix
in one wedge is that of a thermal spectrum of particles.

6 The Kogut Susskind model

The work in this section is mainly based on A. Zhitnitsky’s work.[3]

An important step towards solving the problem of gauge fields inn Rindler was
made by Ariel Zhitnitsky. He studied a model that was first proposed by Kogut
and Susskind. This model contains four scalar fields (ϕt , ϕr , c, c̄) 27 one of which
(ϕt ) has an incorrect sign for its kinetic term and two (c, c̄) come with fermionic
commutation relations. Additionally, the physical Hilbert space of the theory is
constrained so that ⟨Hphys|ϕt − ϕr |Hphys⟩ = 0. This Kogut Susskind model is a

27We will define the gauge sector as that part of the theory that contains the ϕt and ϕr particles.
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good proxy for U(1) gauge theories (in Rindler28) since we may respectively inter-
pret ϕt , ϕr , c̄ and c as the temporal and longitudinal and (anti)ghost polarizations
of the gauge field (cfr. 3.13 and the discussion below that equation). The addi-
tional constraint is reminiscent of the gauge constraint (cfr. section 3.2.3). The
action that describes these fields is given by:

S =
∫
dV

1
2
∂µϕt∂

µϕt − 1
2
∂µϕr∂

µϕr︸ ︷︷ ︸
gauge sector

−∂µc̄∂
µc︸ ︷︷ ︸

ghost sector

 (6.1)

For now, we will ignore the ghost fields c and c̄ and quantize the ϕt and ϕr fields
only. We will then define the physical Hilbert space as the collection of states in
which an observer can never measure a nonzero ϕt − ϕr and find that such states
do not contribute towards the gauge sector part of the Hamiltonian i.e. Hgauge.
We will also study the Unruh effect and find that the Minkowski vacuum does
contribute towards Hgauge.

This is very problematic since two dimensional Q.E.D. has no propagating degrees
of freedom. The remainder of this thesis will then work towards a solution to this
problem in two steps. Firstly, we will check whether the problem persists in “real”
U(1) gauge theory since it may as well be so that the Kogut Susskind model breaks
down in curved spaces and that this is causing the problem. We will see that this
is not true and that two dimensional Q.E.D. is plagued with the same unphysical
energy. The last section of this work will then re-introduce the ghost sector show
that the ghost Unruh effect cancels out the unphysical energies of both the Kogut
Susskind and U(1) gauge theory.

6.1 The gauge sector of the Susskind Kogut model

Let us start with the gauge sector that has the following action:

Sgauge =
∫
dV

(
1
2
∂µϕt∂

µϕt − 1
2
∂µϕr∂

µϕr

)
(6.2)

28Since the Kogut Susskind and U(1) gauge theories are respectively scalar and vector theories,
it may be so that they are no longer equivalent in curved spaces. This will be investigated in a
later section.

32



that is very similar to the scalar field in Rindler (5.1). In the next section we will
use this similarity to our advantage and adapt the results from the scalar field
rather then re-deriving them. In practice we find that the only difference sits in
the minus sign that comes with the ϕt field. It should be obvious that that minus
sign does not change change the derivations that lead us to (5.2) so that (6.2)
attains an extreme value if:

Bulk: = □ϕi = ∇µ∂
µϕi = 0

Boundary: = πr
i = 0

(6.3)

with i ∈ t , r

The bulk equation of motion is solved by free waves:

ϕi(k) = 1
4πω

e−iωt+ikr (6.4)

With i ∈ t , r

The treatment of the constraint is identical to what we did in the discussion below
(5.4) i.e. we will impose it at a brick wall that is arbitrary close the horizon.

Construction of the scalar Klein-Gordon product requires some care since the
minus sign that is in front of ϕt makes it so that Πµ

t = ∂µϕt which tells us that the
temporal scalar product will also pick up an additional minus sign29. With this in
mind we find that: (ϕt (k), ϕt (k′))t = −δ(k − k′) and (ϕr (k), ϕr (k′))r = δ(k − k′).
This scalar product allows us tp expand a general solution of 6.3 in the basis of
(6.4):

ϕi =
∫
dk
(
ai(k)ϕi(k) + ai(k)†ϕi(k)†

)
(6.5)

where i ∈ {t , r}
and at (k) = −(ϕ, ϕt (k)) and at (k) = (ϕ, ϕt (k))

This minus sign in the temporal conjugate momentum will also reflect itself in the
energy momentum tensor that is now given by:

29Indeed, the scalar product is defined as the flux from Jµ
t = ϕ∗

t (k)Πµ
t (k′) − ϕt (k′)Πµ∗

t (k)
trough some spatial hypersurface that has some fixed reference point on the boundary so that it
depends on the sign that appears in Πµ

t .
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T µν
gauge = ∂µϕt∂

νϕt − ∂µϕr∂
µϕr − gµνLgauge (6.6)

Once again30 we may extract its t
t-component, integrate it over a spatial hyper-

surface that has some fixed reference point on the horizon and plug in the Fourier
expansions of (6.5) to find:

: H :=
∫
dk ω (−nt + nr ) (6.7)

Quantization is also similar apart from the sign change in the temporal conjugate
momentum. This will persist and reflect itself in the end-result that is given by:
[at (k), at (k)†] = −δ(k − k′) and [ar (k), ar (k)†] = δ(k − k′) so that [a†

t (k), H] =
−ωa†

t (k) and [a†
r (k), H] = ωa†

r (k).

This algebra of commutation relations is identical to the one that we had found
for Minkowski Q.E.D. (cfr. paragraph 3.2.2). The conclusion is also identical: the
temporal/radial scalars create particles with respectively negative/positive energy.
The Fock space is built be acting on the vacuum with the creators where the
vacuum is defined as the state that has no particles in it i.e. ai(k) |0R⟩ = 0.

6.1.1 The physical Hilbert space

At this point we find ourself in a situation that is identical to what we had for the
vector field in Minkowski with one field (ϕt ) that has negative norm and creates
particles with negative energy. This was to be expected since (ϕt ) comes with a
negative kinetic energy in the Lagrangian. The solution to this problem sits in
the constraint ϕt − ϕr = 0 that is part of the Kogut Susskind model and should
be imposed on an observer level i.e. all matrix elements ⟨ψ|ϕt − ϕr |ϕ⟩ should
vanish so that a nonzero ϕt −ϕr can never be measured. In practice we impose the
equivalent constraint: ϕ−

t − ϕ−
r |ϕ⟩phys = 0. The Fourier space equivalent of this

constraint is given by: at (k) |ϕ⟩phys = ar (k) |ϕ⟩phys which after multiplication with
its hermitian conjugate becomes:

⟨ψ|nt (k) |ϕ⟩phys = ⟨ψ|nr (k) |ϕ⟩phys (6.8)
30The tensor is symmetric, covariantly constant by construction and Rindler space still has a

timelike killing vector ∂t.
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This does indeed fix both problems since: ⟨ψ|H |ϕ⟩phys ≥ 0 and only positive norm
states of the form (a†

t (k) − a†
r (k))n |0⟩ are allowed to appear in the physical Fock

space. The interpretation is also identical to Q.E.D.: both fields ϕt and ϕr are un-
physical (they correspond to timelike and longitudinal photons) and the constraint
ensures that both particles can never contribute towards any measurement. This
effectively eliminates the negative norm states from the physical picture as they
can never be observed.

We can conclude that the Susskind Kogut model in Rindler space is well defined
since its physical states have a Hilbert space structure. In the next section we will
study the Unruh effect for the gauge sector and find that the Minkowski vacuum
fails to satisfy the constraint so that it cannot be an element of the physical Hilbert
space.

6.1.2 The Unruh effect

As with the massless scalar we will now construct modes Bi;R,L that are linear
combinations of the Minkowski annihilators so that their corresponding operators
will annihilate the Minkowski vacuum. Looking back at the derivation for these
modes for the massless scalar, we see that it is insensitive to the sign of the kinetic
term in the Lagrangian31 so that we may copy those results. We obtain:


Bi,R(k) = 1√

2 sinh(πω)

(
eπω/2ϕi,R(k) + e−πω/2ϕ†

i,L(−k)
)

Bi,L(k) = 1√
2 sinh(πω)

(
eπω/2ϕi,L(k) + e−πω/2ϕ†

i,R(−k)
)

Where i ∈ {t , r}

(6.9)

As with the massless scalar we can now expand a general state in the ϕi;R,L and
Bi;R,L bases and obtain the equivalent of 5.15. Acting on this with the Klein
Gordon scalar product gives us the Bogoliubov transformations:


ai,R = 1√

2 sinh(πω)

(
eπω/2bi,R(k) + e−πω/2b†

i,L(−k)
)

ai,L = 1√
2 sinh(πω)

(
eπω/2bi,L(k) + e−πω/2b†

i,R(−k)
)

Where i ∈ {t , r}

(6.10)

31Indeed, the derivation of the Unruh modes was solely dependent on the analytic structure
of the Fourier modes 5.7.
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We can also derive the equivalent of (5.17) where we must be very careful with
the signs. In going from the 2nd to third line we used the commutation relations
of creation and annihilation algebra which has an additional minus sign for the
temporal operator. Quick inspection of the calculations leading to (5.17) tells us
that this will change the sign of the end-result to:

⟨0M |nR;i(k) |0M⟩ = ∓ 1
eβU ω − 1

(6.11)

With (-) for i =t and (+) for i = r

Once again, we may use this to calculate the energy distribution of the Minkowski
vacuum as measured by the Rindler observer. We find:

E(ω) = ⟨0M |ω
(
−n1(k) + n2(k)

)
|0M⟩ (6.12)

= 2ω
eβU ω − 1

This is very problematic since we have just argued that the expectation value of
the energy in a physical Rindler state must be zero which is clearly not the case.
The reader may argue that that a vanishing energy may not be necessary in curved
space but this is not true. Indeed, quantization in the Weyl gauge eliminates all
unphysical degrees of freedom from the get go so that they can never contribute
towards any observable (i.e. energy) disregarding the structure of the underlying
spacetime. This tells us that one of the following statements must be true:

• Weyl quantization may not be used in curved spaces (unlikely and we will
not venture onto this path).

• The Kogut Susskind model does not provide a good description of 2 dimen-
sional Q.E.D. in curved spaces (this turns out to be incorrect).

• The ghost sector may not be neglected in curved spaces and its contribution
towards the energy will cancel that of the gauge fields(this will turn out to
be correct).

Zhitnitsky had already noted this problem and argued that that the first solution is
correct[3]. He argued that the nonzero energy of the gauge field in the Minkowski
vacuum as measured by the Rindler observer may be an explanation for dark
energy since Rindler space bears many similarities with the Friedman Lemaitre
Robertson Walker universe.
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However, Zhitnitsky made a sign error [4] in treating the ghost sector. We will
later see that correct treatment of the ghost sector provides cancellation of the
nonzero gauge field energy in Rindler so that the third option is the correct one.
This ghost sector will be treated in section 9 but we will first check the second
bullet point.

7 QED in a Rindler wedge

The work in this section is mainly based on the research that I have done during
my final Master’s year.

Let us now check whether the aforementioned problem persists in U(1) gauge
theory in Rindler space. We expect this to be the case since the Kogut Susskind
model is, by construction, dual to two dimensional Q.E.D. but an explicit check is
still interesting since many subtleties may occur in Rindler space. The action of
2D Q.E.D. is given by:

S =
∫
drdt

√
−g

−1
2

∇µAν∇µAν︸ ︷︷ ︸
gauge sector

−∂µc̄∂
µc︸ ︷︷ ︸


ghost sector

(7.1)

As in the Kogut Susskind model we will ignore the ghost in this first section since
they decouple from the theory. To find the equations of motion we must demand
that this action attains an extreme value (i.e. δS = 0). One crucial step sits in the
choice of independent variables that most works [15][16][8] choose to be Aρ and
∂µAρ. The advantage of this method sits in the corresponding Hamilton equation
∂tAρ = [Aρ,H] = EtAρ

32that generates time translation of the components and
is identical to the one that we known from flat space quantum field theory. The
downside of this approach is that this time evolution fails to preserve the norm33 of

32the last equality signifies that this treatment is interested in eigenfunctions of the partial
derivatives.

33The reader may argue that the norm should not be conserved in quantum field theory. This
is indeed true for the total field A(k) =

∫
dk
(
a†(k)A(k) + h.c.

)
since new particles may be

created/annihilated but not for the individual A(k) since they represent a single particle that
should have conserved norm.

37



A(k) if ∂tgµν ̸= 034 , this is not the case in Rindler so that said treatment could in
principle be done in Rindler space but it not generalizable to non static spacetimes
such as the Krasner universe.

Our somewhat unconventional approach was already introduced in section 2.2[11]
and uses Aρ and ∇µAρ. The corresponding Hamilton equation is given by the
results from that section: ∇tAρ = [Aρ,H] = EtAρ this time evolution performs
parallel transportation on the vector and preserves its norm even in the more
general case where ∂tgµν ̸= 0.

With this choice of independent parameters in mind we find that the equations of
motion are given by:

Bulk: □Aρ = ∇µ∇µAρ = 0
Boundary: Πrρ = −∇rAρ = 0

(7.2)

Where, once again, we find some constraint that lives on the boundary. We remind
the reader that this is due to the fact that Rindler space has its boundaries at a
finite distance from any observer so that we may not set the variation of the field
to zero at that boundary.

7.1 A solution to the equation of motion

In this section, we will solve the bulk equation of motion: □Aµ = 0, the conven-
tional approach expands □ in partial derivatives and Christoffel symbols to obtain
a set of D differential equations for the field components Aν . We will choose for
a different approach that constructs eigenvectors of the covariant derivatives (i.e.
∇t,rAρ = Et,rAρ) that reduce the bulk equations of motion to a dispersion relation.
The advantage of these modes is that their norm is preserved under the vector
Klein Gordon scalar product even in the more general case where the metric may
not be adapted to the timelike killing vector. The eigenvalue equations also tells us
that time evolution performs parallel transportation so that the changing length
of the Rindler basis vectors is taken into account.

Said eigenfunctions are given by:
34This does not imply that there is no timelike killing vector in said space. There may still

be a timelike killing vector to which the metric has not been adapted: e.g. substitute t = t̃3 in
Rindler.
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A1

µ(k) = 1√
8πω

e−iωt+ikrer+t

1
1


A2

µ(k) = 1√
8πω

e−iωt+ikrer−t

−1
1

 (7.3)

where: ω = |k|

In the next section we will see that these modes have norm zero so that they are
null modes. This explains the usage of the superscript indices 1 and 2 instead of
T and R that are reserved the temporal and radial modes that we will encounter
in a later section.

Let us now check that these modes are indeed eigenfunction of the covariant deriva-
tive. We will check this for ∇tA

1
µ, the other derivations are identical:

∇tA
1
µ = ∂tA

t
µ − Γν

tµA
t
ν = 1√

8πω
e−iωt+ikrea(r+t)

[
−iω + 1 − 1
−iω + 1 − 1

]
= −iωAt

µ (7.4)

so that the modes are indeed eigenfunctions of the covariant derivative as was
required for the diagonalization of the equations of motion.

Now that we have modes (7.3) that are eigenfunctions of the covariant derivatives
we find that □Aµ = 0 reduces to e−2r (−∇t∇t + ∇r∇r)Aµ = e−2r(ω2 − k2)Aµ =
0 ↔ ω = |k| which proves that the the modes in (7.3) are indeed a solution to the
equations of motion that result from the action (7.1). Once again, the constraint
must be implemented on a brick wall that is arbitrary close the horizon. We find
that only discrete values of k are allowed and that the continuum is restored if the
brick wall coincides with the horizon.

Note that the modes that we have found are no simple Fourier modes. Indeed, there
is and extra modulation factor er±t that is required if we want the solutions to be
eigenfunctions of the covariant derivative. The factor er will also play a crucial
role in the normalization of the modes where it will cancel a metric contribution
e−2r. (cfr. (7.6))

Intuitively we can understand this factor as a result of the fact that the basis
vectors in Rindler have norm er so that the components Aµ(k) should have norm
e−r if the physical vector A is to have unit norm. The reader may argue that
the factor e±t prevents the above vectors from having a norm that is of the order
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one, but this is not true. In the next section we will see that A1,2
µ do not form

an orthonormal basis, the only nonzero scalar product will be (A1
µ, A

2µ) where the
e±t factors cancel.

7.2 The vector Klein-Gordon product

To normalize these modes we must generalize the scalar Klein-Gordon product
that we have used so far. Using □Aν = 0 it is easy to prove that Jµ(Aρ;Bρ) =
−i
(
AρΠ∗

µρ(B) −Bρ∗Πµρ(A)
)

is conserved so that ∇µJ
µ = 0. If we integrate this

current over some spatial hypersurface with a fixed reference point (T = R = 0)
on the horizon we find the following Σ independent scalar product:

(Aν ;Bν) = −i
∫
dΣ

√
h · nµJµ(Aν ;Bν) (7.5)

In practice we choose Σ = Σt so that hµν = e2arδr
µδ

r
ν and nµ = e−arδµ

0 . This bring
the Vector Klein-Gordon product to its final form:

(Aν ;Bν) = −i
∫
dr · (Aν∇tB

∗
ν −Bν∗∇tAν) (7.6)

It is now easy to show that the proposed modes do not form an orthonormal
basis under this vector Klein-Gordon scalar product. We will demonstrate this via
explicit calculation of (A1ν ;A′2

ν ):

(A1ν ;A′2
ν ) = −i

8π
√
ωω′

∫
dr · ei(k−k′)r

[−1 1
]

(iω′)
[
−1
1

]
−
[
1 1

]
(−iω)

[
1
1

]
= −i

8π
√
ωω′

· 2πδ(k − k′) ·
(
2iω′ + 2iω

)
= δ(k − k′) (7.7)

Similar calculations show that (A1
ρ, A

1′ρ) = (A2
ρ, A

2′ρ) = 0 so that we are working
with a basis of null vectors. Let us now apply the Gram-Schmidt orthogonalization
procedure and find an orthonormal basis:
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At

ρ = A1
ρ−A2

ρ√
2 = 1√

4πω
e−iωt+ikrear

cosh at
sinh at


Ar

ρ = A1
ρ+A2

ρ√
2 = 1√

4πω
e−iωt+ikrear

sinh at
cosh at

 (7.8)

Calculation of the new scalar products is trivial since the vector Klein-Gordon
scalar product is bi-linear in its arguments. We find that (At

ρ, A
t ′ρ) = −δ(k − k′),

(Ar
ρ, A

r ′ρ) = δ(k − k′) and (At
ρ, A

r ′ρ) = 0.

As usual, we can now expand a general field in the two bases given by (7.3) and
(7.8) so that:

Aρ =
∫
dk
(
a1A1

ρ + a2A2
ρ + h.c.

)
(7.9)

Aρ =
∫
dk
(
atAt

ρ + arAr
ρ + h.c.

)

where the expansion coefficients are determined using the Vector Klein-Gordon pro
duct e.g.: ar(k) = (A,Ar(k)). Both bases will be useful in later discussions. For
example the 1,2 basis lends itself for the construction of the Unruh modes while
the t,r basis is more suitable to express the Gupta-Bleuler constraint.

7.3 The Hamiltonian and quantization

In the section on classical field theories it was argued that T µν = Πµρ∇νAρ−gµνL =
−∇µAρ∇νAρ − gµνL is the energy momentum tensor for vector fields. This tensor
is symmetric and covariantly constant so that its t

t-component defines the Hamil-
tonian H = −∇tAρ∇tAρ − L. This Hamiltonian generates time translation whilst
performing parallel transporting the vector so that the changing basis vectors is
kept into account.(cfr. the discussion in section 2.2)

Integration of H over a spatial hypersurface with some fixed point at the horizon
(T = R = 0) gives us the following expression for the Hamiltonian:

H =
∫ ∞

−∞
dr

√
−g

(
−∇tAρ∇tAρ − L

)
(7.10)
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Insertion of the modes from (7.8) requires some care since we know that there are
various factors e±r present that should cancel against each other. Let us check
where these factors appear:

• √
−g → e2r (once)

• The lowering of an index gives e−2r (twice)

• Aµ is proportionate to er (twice)

This tells us that all factors e±r cancel so that we are left without any divergences.
From here on the derivation is identical that of the massless scalar. We find that:

:H: =
∫
dk ω

(
−nt (k) + nr (k)

)
(7.11)

This is analogous to the Hamiltonian (6.7) that appeared in the Susskind Kogut
model.

Now that we have expressed the Hamiltonian in Fourier space we can quantize
our theory and check whether the Fourier coefficients correspond to creation and
annihilation operators as we are used to. Replacing the Poisson bracket with a
commutator bracket yields [Aµ(r),Πν(r′)] = igµνδ(r − r′) which in Fourier space
becomes [at , at†] = −δ(k − k′) and [ar , ar†] = δ(k − k′) so that [at†, H] = −ωat†

and [ar†, H] = ωar†.

This tells us that the ai†(k) operators are still creators of particles: ar†(k) creates
particles with positive energy and at†(k) creates particles with negative energy and
norm so that the Hilbert space structure is lost as was to be expected for a gauge
theory. In the following section we will impose the Gupta Bleuler constraint cfr.
section 3.2.3 and find that this restores the Hilbert space structure of the theory.

7.4 The physical Hilbert space

To fix the negative norm states we should remember that the Faddeev-Popov gauge
fixed action introduced a gauge fixing term −1

2(∇µA
µ)2 into the action that should

be set to zero for all physical states. The correct treatment of this constraint was
already discussed in section 3.2.3 and consisted of imposing it at the level of an
observer i.e. no observer should ever be able to measure a nonzero divergence of
the field which was equivalent to:∇µA

µ− |A⟩phys = 0. The Fourier space equivalent
of this constraint is given by:
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−k
ω
at (k) |A⟩phys = ar (k) |A⟩phys (7.12)

Which when multiplied with its hermitian conjugate becomes:

⟨B|nt (k) |A⟩phys = ⟨B|nr (k) |A⟩phys (7.13)

This constraint ensures that the Hamiltonian (7.11) is positive when acting on
physical sates. It also tell us that the only physical states (at (k) − ar (k))n |0⟩ = 0
have positive norm so that the Hilbert space structure of the theory is restored.

7.5 The Unruh effect

As with the massless scalar and Kogut Susskind model we should now think about
what happens when going from the right to left wedge. In paragraph 4.3 we
discussed the left Rindler wedge coordinates. Note that the difference with the
right wedge coordinates is a mere sign change that will not affect the equations
of motion (7.2) and its solutions (7.3) and (7.8). There is however a change in
interpretation since the left wedge coordinate time ticks backwards so that the left
wedge annihilators depend on eiωt cfr. paragraph 5.3.

Let us now expand the Rindler vector modes as a function of the Minkowski
coordinates. Some care is required since we must take the change in basis vectors
into account. Application of the well known formula: AµM = ∂Xν

R

∂Xµ
M
AνR tells us

that:



1
1


R

= 1
aV

1
1


M

· θ(Relevant Wedge)−1
1


R

= −1
aU

−1
1


M

· θ(Relevant Wedge)
(7.14)

And similar equations in the left wedge (subsitute R ↔ L)

Note that the derivation used to obtain these formulas does not depend on the
wedge that we are working in since the right set of equations in (4.1) does not
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change in going to the left wedge. Let us now continue with the task at hand and
express (7.3) as a function of the Minkowski coordinates. We will demonstrate the
procedure for the type 1 mode all others are similar.

A1
R(k > 0) = 1√

8πω
e−iωt+iωrea(r+t)

[
1
1

]
R

= 1√
8πω

e−iωueav

[
1
1

]
R

= 1√
8πω

(−aU)iω/a(aV ) 1
aV

[
1
1

]
M

= 1√
8πω

(−aU)iω/a

[
1
1

]
M

θ(U) (7.15)

Similarly:

A1∗
L (k < 0) = 1√

8πω

(
eiωt−iωr

)∗
ea(r+t)

[
1
1

]
R

= 1√
8πω

e−iωueav

[
1
1

]
R

= 1√
8πω

(aU)iω/a

[
1
1

]
M

= 1√
8πω

eπω/a(−aU)iω/a

[
1
1

]
M

θ(−U) (7.16)

We may now take linear combinations of these so that the θ functions are elimi-
nated. These are given by:


Bi

R(k) = 1√
2 sinh(πω/a)

(
eπω/2aAi

R(k) + e−πω/2aAi∗
L (−k)

)
Bi

L(k) = 1√
2 sinh(πω/a)

(
eπω/2aAi

L(k) + e−πω/2aAi∗
R(−k)

) (7.17)

Where i ∈ 1, 2.

Linearity of the scalar product tells us that: (B1
R;B1

R) = 0 , (B2
R;B2

R) = 0 and
(B1

R;B2
R) = δ(k − k′) so that the 1, 2 boost modes form a Null basis. Orthogonal-

ization learns us that:
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Bi

R(k) = 1√
2 sinh(πω/a)

(
eπω/2aAi

R(k) + e−πω/2aAi∗
L (−k)

)
Bi

L(k) = 1√
2 sinh(πω/a)

(
eπω/2aAi

L(k) + e−πω/2aAi∗
R(−k)

) (7.18)

Where i ∈ t , r

Where: (Bt
R;Bt

R) = −δ(k − k′), (Br
R;Br

R) = δ(k − k′) and (Bt
R;Br

R) = 0. As
usual, the corresponding Bogoliubov transformations are obtained by expressing
a general Minkowski field in the ai

R,L and bi
R,L bases (i ∈ (r , t) or (1, 2)) and act

on this with the scalar vector Klein Gordon scalar product (7.6). We find:


ai,R = 1√

2 sinh(πω)

(
eπω/2bi,R(k) + e−πω/2b†

i,L(−k)
)

ai,L = 1√
2 sinh(πω)

(
eπω/2bi,L(k) + e−πω/2b†

i,R(−k)
)

Where i ∈ {t , r}

(7.19)

Note that these Bogoliubov transformations are identical to those in (6.10) so that
the energy of the two dimensional, ghostless, U(1) gauge theory is also given by
the unphysical result from (6.12).

8 Conclusion on the “ghost free” Kogut Susskind
and 2D Q.E.D. theories

It was already mentioned that that Kogut Susskind and 2D Q.E.D. models are, by
construction, dual to each other. We argued that this duality might not hold in
curved space due to the respective scalar and vector nature of the theories but in
the previous section we erased all doubt and have shown that Q.E.D. reproduces
the results that had already been obtained in the context of the Kogut Susskind
model. Let us list the properties of both theories below:

• Both theories have two degrees of freedom in their respective gauge sectors.
These are the two scalar fields for the Susskind Kogut model and the two
components of the vector field for Q.E.D. .

• Both theories have one constraint that is to be imposed on their respective
physical Hilbert spaces. These are ϕt −ϕr = 0 and ∇µA

µ = 0 for the Susskind
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Kogut and Q.E.D. models respectively. In both theories we found that the
constraints were necessary to eliminate a negative norm excitation from the
theory. Furthermore, we found that the Hamiltonians of both theories were
identically zero when acting on physical field configurations as they should
be cfr. Weyl quantization.

• We found that both Hamiltonians did not return zero when acting on the
Minkowski vacuum state. This is problematic since Weyl quantization tells
us that every two dimensional gauge field configuration has zero energy in-
cluding the Minkowski vacuum.

To solve this discrepancy between the two quantization methods we must reintro-
duce the ghost fields that we have ignored so far. In the next section we will treat
them carefully and find that its presence ensures that the Hamiltonian acting on
the Minkowski vacuum returns zero.

9 Ghosts in Rindler

The work in this section is mainly based on a recent paper by A. Blommaert et. al.
[4]

The Susskind Kogut and U(1) ghost sectors both have the following action:

S =
∫
dV

(
−∂µc̄∂

µc
)

(9.1)

This action looks very different from the massless scalar but we will still observe
that the methods used in this section are similar to those that were already used in
the previous sections. Once again, we will use this to our advantage by outlining
the methods while stressing the similarities and differences.

It is know from that the ghost and antighost fields must be anticommuting scalars
i.e. Grassmann variables35(cfr. Appendix C). Further inspection of the action
learns us that c̄ must also be antihermitian36 if the action is to be real, indeed:

35The ghost fields where introduced in appendix C. They appeared in a path integral that was
used to rewrite det(□) as

∫
[dc][dc̄] exp

(
−i
∫
dV c̄□c

)
and we know that this is only possible if

the fields obey fermionic commutation relations.
36It is this detail that had been overseen by Zhitnitsky.
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S∗ =
∫
dV

(
−∂µc̄∂

µc
)∗

=
∫
dV

(
∂µc̄

)†
(∂µc)† = S (9.2)

if and only if c̄† = −c̄

Note that we have used the fact that (ab)∗ = b†a† = −a†b† for a, b Grassmann
numbers. The equations of motion are:

Bulk: □c = □c̄ = 0
Boundary: Πr

c = Πr
c̄ = 0

with i ∈ t , r

The bulk equations of motion and boundary constraint are solved by the wave
solutions that we had already encountered in equation (5.7) and the discussion
below:

u(k) = 1√
4πω

e−iωt+ikr (9.3)

where ω = |k|

These solutions are easily shown to be orthonormal under a scalar product that
is defined from the conserved current jµ = c(k)∗Πµ

c̄ (k′) − c(k′)Πµ∗
c̄ (k)37 integrated

over a spatial hypersurface that includes some reference point on the horizon. With
these solutions and corresponding scalar product in mind we can now expand the
c and c̄ fields in their corresponding Fourier bases. Keeping the antihermiticity of
c̄ into account we find that:

c =
∫
dk
(
c(k)u(k) + c†(k)u∗(k)

)
(9.4)

c̄ =
∫
dk
(
c̄(k)u(k) − c̄†(k)u∗(k)

)
with c(k) and c̄(k) respectively defined as (c, u(k)) and (c̄, u(k))

At this point it is interesting to compare our treatment with that of Zhitnitsky.[3]
The difference between the two approaches sits in the minus sign in the second
line of (9.4) that was overlooked by Zhitnisky. This may seem like a small error
but we will see that it has very significant consequences.

37Note that we had to use Πc̄ to obtain a scalar product that depends on the c field only.
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9.1 The Hamiltonian

Let us now calculate the contribution of the ghost sector towards the energy mo-
mentum tensor. Since Πµ

c = −∂µc̄ and Πc̄µ = −∂µc we find that the energy
momentum tensor is given by:

T µν = ∂µcΠν
c + ∂µc̄Πν

c̄ − gµνL (9.5)
= −∂µc∂ν c̄− ∂µc̄∂νc− gµνL (9.6)

This tensor is covariantly constant and symmetric so that we may identify its
t
t component with the Hamiltonian: H = −∂tc∂tc̄ − ∂tc̄∂tc − L. Integration of

this Hamiltonian over a spatial hypersurface with some fixed reference on the
horizon gives us, after insertion of the Fourier expansions from (9.4), the following
expression:

: H :ghost=
∫
dkω

(
c†(k)c̄(k) + c̄†(k)c(k)

)
(9.7)

9.2 Quantization of the ghosts

Quantization of these ghost fields is done by replacing the classical Poisson brackets
with anti-commutation brackets:

{c(r),Πt(r′)} = {c(r), ∂tc̄(r′)} = iδ(r − r′) (9.8)

which is the natural generalization of (3.11) to anticommuting fields such as Grass-
mann variables38. The Fourier space equivalent of this expression is given by
{c(k), c̄(k′)†} = δ(k − k′) and {c̄(k), c†(k′)} = δ(k − k′) which learns us that
[H, c†(k)] = ωc†(k) and [H, c̄†(k)] = ωc̄†(k) so that the c†(k) and c̄†(k) operators
create excitations of the field with energy ω.

The Fock space is constructed as usual by acting on the right wedge vacuum with
these creation operators.

38Indeed classically Grassmann variables obey ab = −ba. The quantum generalization of this
should be something like ab+ ba = rest which is indeed an anti-commutation bracket.
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9.3 The Unruh effect

We will now construct the Unruh modes, which is still just a statement of analytic-
ity of the solutions to (9.1) that this has nothing to do with these solutions being
hermitian or antihermitian. This realization allows us to “copy” the results from
the massless scalar. If we denote the ghost boost modes as BuR,L(k) we find that:

BuR(k) = 1
2 sinh(πω)

(
eπω/2uR(k) + e−πω/2u∗

L(−k)
)

(9.9)

BuL(k) = 1
2 sinh(πω)

(
eπω/2uL(k) + e−πω/2u∗

R(−k)
)

As in (5.15) we will now expand the ghost fields in both bases where we must
respect the antihermiticy of the c̄ field, we find:

CM =
∫
dk
(
buR(k)BcR(k) + buL(k)BcL(k) + h.c.

)
(9.10)

CM =
∫
dk
(
uR(k)cR(k) + uL(k)cL(k) + h.c.

)
and:

C̄M =
∫
dk
(
buR(k)Bc̄R(k) +BuL(k)bc̄L(k) − h.c.

)
(9.11)

C̄M =
∫
dk
(
uR(k)c̄R(k) + uL(k)c̄L(k) − h.c.

)

Where we have defined bc†
R,L(k) and bc̄

†
R,L(k) as the creation operators that corre-

spond to the mainly right/left creators that correspond to the Unruh modes.

Note the important - sign in the expansion of the C̄ that ensures that it is antiher-
mitian. Extraction of the Bogoliubov transformations is done as usual by acting
on these equations with the Klein-Gordon scalar product. We find that:

cR(k) = 1
2 sinh(πω)

(
eπω/2bcR(k) + e−πω/2bc†

L(−k)
)

(9.12)

c̄R(k) = 1
2 sinh(πω)

(
eπω/2bc̄R(k) − e−πω/2bc̄†

L(−k)
)
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Where we gained an additional minus sign in the Bogoliubov transformation of the
c̄ modes. It is this minus sign that will result in the negative energy contribution
of the ghost fields and hence their cancellation with the unphysical energy of the
unphysical gauge field modes. Indeed we can now calculate:

⟨0M | c(k)†
Rc̄(k)R |0M⟩ = − e−πω

2 sinh(πω)
⟨0M | bcL(−k)bc̄†

L(−k) |0M⟩ (9.13)

= − e−πω

2 sinh(πω)
⟨0M | 1 − bc̄†

L(−k)bcL(−k) |0M⟩

= − e−πω

2 sinh(πω)
= −1
eβU ω − 1

Note the important minus sign that appears on the second line. It can be traced
back to the minus sign in the Bogoliubov transformation and hence the antiher-
miticy of the c̄ field.39 A similar calculation yields:

⟨0M | c̄(k)†c(k) |0M⟩ = −1
eβU ω − 1

(9.14)

These two can be combined with (9.7) to obtain the energy density that is observed
by the Rindler observer as he is moving trough flat Minkowski space:

E(ω) = −2ω
eβU ω − 1

(9.15)

This is exactly what we needed since it provides cancellation for the unphysical
energies that were found in the ghostless Kogut Susskind and U(1) gauge theories.
The important conclusion is that covariant quantization of quantum field theories
with constraints is feasible only if the ghost excitations are kept into account. In
the next section we will construct the squeezed state for both theories. (we will
kill two birds with one stone since the Susskind Kogut and Q.E.D. models are now
proven to be identical even in curved spaces.)

39And this is antihermiticy had been overlooked by Zhitnitsky. [3]
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10 The squeezed state for the Kogut Susskind
and U(1) gauge theory

The work in this subsection is mainly based on the research that I have done during
my final Master’s year.

Construction of the squeezed state is similar to what we did for the massless scalar.
We know that the Minkowski vacuum is defined by: bcR(k) |0M⟩ = bc̄L(k) |0M⟩ =
bi,R(k) |0M⟩ = 0 and similar equations for the left wedge boost modes. We can
now use equations (6.10) and (9.12) to re-express these as:

ai,R(k) |0M⟩ = e−πωa†
i,R(−k) |0M⟩ (10.1)

cR(k) |0M⟩ = e−πωc†
L(−k) |0M⟩

c̄R(k) |0M⟩ = −e−πω c̄†
L(−k) |0M⟩

And similar equations in the left wedge

A solution to this set of equations is obtained by application of the lemma on
exponential creation and annihilation operators from appendix D. We find:

|0M⟩ =C
∏
ω

exp
(
e−πω

(
−a†

t ,R(k)a†
t ,L(−k) + a†

r ,R(k)a†
r ,L(−k)

))
(10.2)

×
(
1 + e−πωc†

R(k)c̄†
L(−k)

) (
1 − e−πω c̄†

R(k)c†
L(−k)

)
|0⟩R ⊗ |0⟩L

which can be rewritten as:

|0M⟩ =C
∏
ω

exp
(
e−πω

(
−a†

t ,R(k)a†
t ,L(−k) + a†

r ,R(k)a†
r ,L(−k)

))
(10.3)

×
(
1 + e−πωc†

R(k)c̄†
L(−k)

) (
1 + e−πωc†

L(k)c̄†
R(−k)

)
|0⟩R ⊗ |0⟩L

where we used that c†
R(k)c̄†

L(−k) = −c̄†
L(−k)c†

R(k) to get rid of the minus sign in
the last term of (10.2). 40 Not only does this make our calculations easier, it also

40A critical reader may argue that this is not true since the left and right Rindler wedges
are causally disconnected. Although this is an interesting argument, we should not forget that
Minkowski space can be constructed from different Rindler spaces so that the Minkowski observer
may create a state: |cRc̄L⟩ that can only be asymmetric if c†

Rc̄
†
L = −c̄†

Lc
†
R.
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reveals that the squeezed state is symmetric under interchange of right and left
Rindler wedges which was to be expected since we have already argued that the
Unruh temperature is the unique temperature for which the left and right wedges
are in thermal equilibrium i.e. symmetrical.

We can rewrite this somewhat clearer by isolating the contributions that come
from the temporal, radial and ghost sector. We find that:

|0M⟩ = C
∏
kt

exp
(
−e−πωta†

t ,R(kt )a†
t ,L(−kt )

)
|0R⟩t ⊗ |0L⟩t︸ ︷︷ ︸

Temporal sector: |0M ⟩t

(10.4)

⊗
∏
kr

exp
(
e−πωra†

r ,R(kr )a†
r ,L(−kr )

)
|0R⟩r ⊗ |0L⟩r︸ ︷︷ ︸

Radial sector: |0M ⟩r

⊗
∏
kg

(
1 + e−πωgc†

R(kg)c̄†
L(−kg)

) (
1 + e−πωgc†

L(kg)c̄†
R(−kg)

)
|0R⟩g ⊗ |0L⟩g︸ ︷︷ ︸

Ghost sector: |0M ⟩g

The right wedge reduced density matrix is obtained from tracing over the left
wedge:

ρS.K. = trL(|0M⟩ ⟨0M |) = trL(|0M⟩t ⟨0M |t )trL(|0M⟩r ⟨0M |r )trL(|0M⟩g ⟨0M |g ) (10.5)
= ρtρrρg

where we have used the fact that tr(A⊗B) = tr(A)tr(B)

10.0.1 Timelike sector

Let us first look at the timelike sector, we note that it is similar to the squeezed
state that we had for the scalar (5.20) up to an factor minus sign. Expansion of
the exponent yields:
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|0M⟩t =
∑

nkt1 ∈R
nkt2 ∈R

···

(−1)
∑

ω
nωe−π(ωt1nkt1 +ωt2nkt2 +··· ) |nkt1nkt2 · · ·⟩R ⊗ |n−kt1n−kt2 · · ·⟩L

(10.6)

In appendix E we show that the temporal Hamiltonian can be diagonalized and
that its eigenvalues Et are equal to (ωt1nkt1 + ωt2nkt2 + · · · ). The corresponding
eigenvectors are given by: |Et ⟩. With this in mind we can rewrite the temporal
sector of the Minkowski vacuum as:

|0M⟩t =
∑
{Et }

(−1)
∑

ω
nωe−πEt |Et ⟩R ⊗ |Et ⟩L (10.7)

Tracing the density matrix over one wedge yields:

ρ̂t = trL

 ∑
{Et }{E′

t }
(−1)

∑
ω

nω(−1)
∑

ω′ nω′e−πEt e−πE′
t |Et ⟩R ⊗ |Et ⟩L ⟨E ′

t |R ⊗ ⟨E ′
t |L


(10.8)

=
∑

{Et }{E′
t }

(−1)
∑

ω
nω(−1)

∑
ω′ nω′e−πEt e−πE′

t |Et ⟩R ⟨E ′
t |R ⟨E ′

t |Et ⟩L︸ ︷︷ ︸
(−1)

∑
ω

nω δ(Et −E′
t )

=
∑
{Et }

(−1)
∑

ω
nω(−1)

∑
ω

nω︸ ︷︷ ︸
1

e−2πEt (−1)
∑

ω
nω |Et ⟩R ⟨Et |R

= e−2πĤt

10.0.2 Radial sector

The radial sector is identical to the squeezed state that we had for the scalar field
so that we may write:

|0M⟩r =
∑
{Er }

e−πHr ⊗ |Er ⟩R |Er ⟩L (10.9)
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Constructing the reduced density matrix and tracing it over the left wedge yields:

ρ̂r = e−2πHr (10.10)

10.0.3 Ghost sector

To treat the ghost sector we will first rewrite it by using the definition of the exited
states in the Fock space such as e.g. |c⟩ = c† |0⟩ this gives us the following compact
expression for the ghost sector:

|0M⟩g =
∏
ωg

(
|0R⟩g ⊗ |0L⟩g + e−πωg

(
|cR(kg)⟩ ⊗ |c̄L(−kg)⟩ + |cL(kg)⟩ ⊗ |c̄R(−kg)⟩

)
(10.11)

− e2πωg

(
|cR(kg)c̄R(kg)⟩ ⊗ |cL(−kg)c̄L(−kg)⟩

)
Construction of the ghost field reduced density matrix requires some care since
the ghosts form a Null basis i.e. ⟨c |c̄⟩ = 1 and ⟨c |c⟩ = 0. This tells us that the
trace over the left wedge will pick out the product of the first term with itself, the
second with the third term and finally the fourth term with itself. The resulting
reduced density matrix is:

ρ̂t =
∏
ωg

1 + e−2πωg

(
|c̄ωgR⟩ ⟨cωgR| + |cωgR⟩ ⟨c̄ωgR|

)
+ e−2π(2ωg) |c̄cωgR⟩ ⟨c̄cωgR|

(10.12)
= e−2πĤg (10.13)

10.0.4 The right wedge reduced density matrix

Gathering the results from the previous paragraphs we can now write:

ρ̂K.S. or U(1) = e−2πĤK.S. or U(1) (10.14)

which is in complete correspondence with what we found for the scalar.
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11 Conclusion

The main goal in this thesis has been the covariant canonical quantization of U(1)
gauge fields in 1+1 dimensional Rindler space. We found that the equivalence of
the Kogut Susskind and 2D U(1) gauge theories persists in curved spaces so that
this conclusion will address both theories.

We found that, under the condition that we remain in the physical Hilbert space,
the contributions by the unphysical temporal and radial polarizations of both mod-
els cancel each other in observables. Somewhat surprisingly we found the Unruh
effect made it so that this cancellation does not occur when the Minkowski vacuum
state is observed by some Rindler observer. This lead us to the intermediate(!)
conclusion that canonical quantization in the Feynman gauge fails to be consistent
with canonical quantization in the Weyl gauge.

We found the solution for this problem in the ghost sector that is also in an exited
state due to the Unruh effect. This excitement of the ghost state resulted in a a
negative contributions towards the Hamiltonian and provided exact cancellation
of the contribution by the temporal and radial polarizations.

This result is very important since it ensures that canonical quantization is compat-
ible with Weyl quantization where all unphysical degrees of freedom are eliminated
from the get go so that they may certainly not contribute towards any observable.

We should stress that, since we defined the conjugate momentum as: ∂L
∂∇µAρ

instead
of ∂L

∂∂µAρ
, our treatment has been far from conventional. This unconventional choice

lead us to modes that were eigenfunctions of the covariant derivatives and we
argued that these are sensible since they keep the changing Rindler basis vector
into account.

It is also important to stress that much work remains to be done in this subject.
First and foremost, the generalization of the procedure that was used in this work
to n-dimensional manifolds has proven untrivial. It is also not yet clear whether
the usage of eigenfunctions of the covariant derivatives is a sensible thing to do.
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Appendices

A Main lemma of variational calculus

In this appendix we will prove the main lemma of variational calculus that is used
troughout this thesis to derive the equations of motion from the action principle.

Theorem

if
∫

V d
dx

√
−g g(x)h(x) = 0 ∀ g(x) than h(y) = 0 ∀y ∈ V

Proof

We will prove this theorem by contradiction. Imagine that there is some x0 ∈ V
for which h(x0) > 0. Continuity of h(x) implies that there exists a region Ω =
Ball(x0, ϵ) in which h(x) > h(x0)

2 .

Furthermore, the integral should be zero for all g(x) including the following par-
ticular choice:

g(x) =

(ϵ2 − |x− x0|2)2 if x ∈ Ω
0 if x ∈ V/Ω

If we combine this with the fact that there is a ball in which h(x) ̸= 0 we find that:

∫
V
ddx

√
−g g(x)h(x) > h(x0)

2

∫
Ω
ddx

√
−gg(x) > 0 ̸= 0

This contradicts the initial statement, therefore the theorem is proven.

B Partial integration on a general manifold

Theorem

For every compact manifold M, every tensor T µν and every one form Vµ:

∫
dDx

√
−gT µν∇µVν =

∫
dDx

√
g(−)∇µT

µνVν (0.1)
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Proof

If we write out the left hand side of the lemma we find:

L.H.S. =
∫
dDx

√
−g T µν

(
∂µVν − Γρ

µνVρ

)
(0.2)

= −
∫
dDx

√
−g

 1
√
g
∂µ(T µν√

g)Vν + T µνΓρ
µνVρ


To prove the lemma, we would like to rewrite this as a covariant derivative, this is
possible since:

∇µT
µν = ∂µT

µν + Γµ
µρT

ρν + Γν
µρT

µρ (0.3)

= 1√
−g

∂µ(
√

−gT µν) + Γν
µρT

µρ

Where we have used ∂µ
√
g = √

gΓρ
µρ. Combining (0.2) and (0.3) tells us that:

L.H.S. = −
∫
dDx

√
−g∇µT

µνVν = R.H.S. (0.4)

Which proves the theorem.

C Faddeev-Popov gauge fixing

In this section we will give the usual derivation of th Faddeev-Popov Lagrangian
as it can be found in books such as Peskin and Schroeder.[14]

Let us look at the path integral of the U(1) gauge field:

Z =
∫

[dA] exp
(
i
∫
dV − 1

4
FµνF

µν

)
(0.5)

We can split up the contributions to this integral in (1) real physical contributions
due to physically distinguishably field configurations (let us call these Ā) and
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(2) physically indistinguishable field configurations that are related by a gauge
transformation.

This gauge invariance makes it so that there are infinitely many ways to write
every physical field configuration Ā so that the path integral will diverge. To solve
this, let us introduce the following identity:

1 =
∫

[dχ] det
(
δG[A(χ)]

δχ

)
δ(G[A(χ)]) (0.6)

where χ is the parameter of the gauge transformation and G[A(χ)] the gauge
condition. Plugging this identity into the path integral yields:

Z =
∫

[dA][dχ] det
(
δG

δχ

)
δ(G) exp

(
i
∫
dV − 1

4
FµνF

µν

)
(0.7)

A good choice for the gauge constraint G is: G[A(χ)] = ∂µA
µ − ω = ∂µ(Aµ −

∂µχ) −ω. Where ω is some function that we will give a Gaussian weight, plugging
this into the path integral and integrating over al possible ω gives us:

Z =
∫

[dω][dA][dχ] det (−□) δ(∂µA
µ − ω) exp

(
i
∫
dV − 1

4
FµνF

µν

)
exp

(
−i
∫
dV

ω2

2

)
(0.8)

Using the delta function we can perform the integration over ω, this will also
constrain the integration over A such that only the distinguishable configurations
are still to be integrated over. Dropping the [dχ] than gives us:

Z =
∫

[dĀ] det (−□) exp
(
i
∫
dV − 1

4
FµνF

µν − 1
2
∂µA

µ∂νA
ν

)
(0.9)

Finally, determinant can be rewritten as a path integral over anticommuting Grass-
mann variables:

Z = −
∫

[dĀ][dc][dc̄] exp
(
i
∫
dV − 1

4
FµνF

µν − 1
2
∂µA

µ∂νA
ν − c̄□c

)
(0.10)
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As was already mentioned, c and c̄ are unrelated anti commuting Grassmann fields.
Note that the partition function is real only if c̄† = −c̄ and c† = c. From this path
integral we can extract the effective action that describes the gauge fixed action.

Seff =
∫
dV

(
−1

4
F 2 − 1

2
(∂A)2 + ∂c̄∂c

)
(0.11)

D Exponential creation and annihilation operators

In this appendix we will prove that annihilation operators act as derivatives on a
specific set of states in the Fock space.

Theorem

• For bosonic creation and annihilation operators a(k) and a(k)† that obey
[a(k), a(k)†] = ±δ(k − k′) there exists a state |Sb⟩ = exp

(
Aa(k)†

)
so that

a(k) |Sb⟩ = ±A |Sb⟩.

• For fermionic creation and annihilation operators c(k) and c̄(k)† that obey
{c(k), c̄(k′)†} = δ(k − k′) there exists a state |Sf⟩ =

(
1 + Ac̄†(k)

)
so that

c(k) |Sf⟩ = A |Sf⟩.

Proof of the bosonic theorem

Let us start by writing down a(k) |Sb⟩:

a(k) |Sb⟩ = a(k) exp
(
Aa(k)†

)
(0.12)

=
∑

n

a(k)Ana†(k)n

n!
|0⟩

We will now commute the annihilation operator through the creation operators so
that it acts on the vacuum and becomes zero. To achieve this we may use Wicks
theorem:
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a(k)a†(k)n = : a(k)a†(k)n :
+

∑
Single Contractions

containing a(k)

a(k)• . . . a†(k)• . . .︸ ︷︷ ︸
n times

+
∑

Single Contractions
without a(k)

a(k) . . . a†(k)• . . . a†(k)• . . .︸ ︷︷ ︸
n times

+
∑

all other contractions
. . .

Where only the first and second terms are nonzero. The normal ordering in the
first just moves the annihilator the the right without any sign changes. In the
second term we may use the fact that: a(k)•a†(k)• = a(k)a†(k)− : a(k)a†(k) :=
a(k)a†(k) − a†(k)a(k) = ±δ(k − k) = ±δ(0). The third and fourth terms both
contain a†(k)• . . . a†(k)• which is zero because [a†(k), a†(k)′] = 0. Collecting these
remarks yields:

a(k)a†(k)n =a†(k)na(k) ± na†(k)n−1 (0.13)

Inserting this into (0.12) allows us to move the annihilator to the left as was
anticipated. We find that:

a(k) |Sb⟩ =
∑

n

An
(
a†(k)na(k) ± na†(k)n−1

)
n!

|0⟩ (0.14)

= ±
∑

n

nAna†(k)n−1

n!

= ±A
∑

n

An−1a†(k)n−1

(n− 1)!
= ±A |Sb⟩

Proof of the fermionic theorem

We will first prove, or at least outline the proof, that the fermionic version of the
statement holds for |Sf ′⟩ = exp(Ac̄†(k)). Indeed, we can still apply Wicks theorem
and find:
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c(k)c†(k)n =: c(k)c†(k)n : +
∑

Single Contractions
containing c(k)

c(k)• . . . c̄†(k)• . . .︸ ︷︷ ︸
n times

+terms that are 0

(0.15)
= (−1)nc†(k)nc(k) + nc̄†(k)n−1

Such that:

c(k) |Sf ′⟩ =
∑

n

An
(
(−1)nc†(k)nc(k) + nc̄†(k)n−1

)
n!

|0⟩ (0.16)

= A
∑

n

An−1c̄†(k)n−1

(n− 1)!
|0⟩ = A |Sf ′⟩

What remains to be proven is that |Sf ′⟩ = |Sf⟩ which is trivial since c̄†(k)c̄†(k) |0⟩ =
0 such that all higher than linear terms in the Taylor expansion of |Sf ′⟩ vanish.
What remains is |Sf⟩

E Diagonalization of the gauge field Hamiltonian

In this section we will review some rather basic properties of the Hamiltonians that
we encounter in this thesis, this review will be kept as general as possible so that
its results may be applied outside of this thesis. Most identities in this appendix
are somewhat counterintuitive but very easy to prove. The appendix is split up in
two main parts, the first one handles the radial Hamiltonian as a warm up. The
second handles the temporal Hamiltonian where various minus signs appear since
[at, a

†
t ] = −1.

In this appendix, the difference between operators and eigenvalues of said operator
will be denoted by Ô and O.

Radial Hamiltonian

The normal ordered free Hamiltonian for a positive norm excitation âr with [âr, â
†
r] =

1 is:
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Ĥ =
∫
dk ω â†

r(k)âr(k) =
∫
dk ω n̂r(k) (0.17)

This operator is hermitian so that it has a full basis of eigenvectors |Er⟩ with
eigenvalues Er = ⟨Er| Ĥ |Er⟩. The eigenvector decomposition of the Hamiltonian
is given by:

Ĥ =
∑
Er

Er |Er⟩ ⟨Er| (0.18)

Similarly we can find that:

eĤ =
∑
Er

eEr |Er⟩ ⟨Er| (0.19)

Where Er is given by:

Er = ⟨Er| Ĥ |Er⟩ =
∫
dkω ⟨Er| n̂r(k) |Er⟩ =

∫
dkωnr(k) ≥ 0 (0.20)

Temporal Hamiltonian

The normal ordered free Hamiltonian for a negative norm excitation ât with
[ât, â

†
t ] = −1 is given by:

Ĥ =
∫
dkω(−)â†

t(k)ât(k) =
∫
dkω(−)n̂t(k) (0.21)

Once again this operator is hermitian which allows us to find a basis of eigenvectors
|Et⟩ with corresponding eigenvalues Et = (−1)

∑
ω

nω ⟨Et| Ĥ |Et⟩. The minus arises
due to the fact that ⟨Et |Et⟩ = (−1)

∑
ω

nω as will become clear in a moment.
Rewriting the Hamiltonian in this basis of eigenvectors yields:

Ĥ =
∑
Et

(−1)
∑

ω
nωEt |Et⟩ ⟨Et| (0.22)
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Indeed acting with this onto an eigenvector |E ′
t⟩ yields: ∑Et

(−1)
∑

ω
nωEt |Et⟩

(−1)
∑

ω
nω δ(Et−E′

t)︷ ︸︸ ︷
⟨Et |E ′

t⟩ =
Et |Et⟩ which explains the appearance of the minus signs in our expression for Et.
A similar expression for the exponentiated Hamiltonian is:

eĤ =
∑
Et

(−1)
∑max

ωnω eEt |Et⟩ ⟨Et| (0.23)

And Et is given by:

Et =
∫
dk(−1)

∑
ω

nωω ⟨Et| (−1)n̂t(k) |Et⟩ =
∫
dk(−1)

∑
ω

nωωnt(k) ⟨Et|Et⟩ =
∫
dkωnt(k) ≥ 0

(0.24)

Where we have used the fact that n̂tψ = −ntψ. This can be checked by application
of Wicks theorem and will not be demonstrated here.
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