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Summary

While the human body consists of as many as 1013 cells, we are still outnumbered
10 to 1 by the 1014 microbes that live in and on our bodies. We live as mutualists
with these species, as they help uswith digestion, protection against pathogens and
provide us with essential nutrients, e.g. vitamins. The ensembles of these micro-
organisms are called flora ormicrobiota. We have several of them: the skin flora, the
oral flora, the genital flora and the gut flora. Disturbances of these flora are linked
to disease: it is assumed they are related to obesity, chronic inflammatory diseases
and some cancers. Recent research has discovered there are only three types of gut
microbiota which are, just as blood types, independent of race, sex or age. These
three types have been called enterotypes and the twomost important questions that
will be addressed in this thesis are (1) what lies at the origin of these three different
community types and (2) if and how a given persons enterotype can be tuned to
another one.

Assuming an underlying deterministic dynamics, it has been shown that a small
number of species, so-called strongly interacting species, could be at the origin of the
emergence of three distinct bacterial community types in the human gut. Con-
trolling only these species is sufficient to drive a given enterotype to another one.
This means a particular antibiotic treatment or a capsule containing the necessary
species can change the whole ecosystem of micro-organisms in the gut. It is how-
ever not clear that the dynamics controlling ourmicrobiota is deterministic, which
is whywe generalized previous work by developing an individual-basedmodel that
brings stochasticity into the dynamics. This model is introduced and extensively
discussed in chapter 2, after an introduction to some key concepts in ecology and
nonlinear dynamics in chapter 1. In chapters 3 and 4 we discuss key observations
from bothmicro- andmacro-ecology, and demonstrate our model satisfies them to
a very good extent. Chapter 5 brings important results from all previous chapters
together. This is where we introduce the concept of a strongly interacting species
and how it contributes to the formation of enterotypes and their control.
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Nederlandstalige
samenvatting

Hoewel het menselijke lichaam zo’n 1013 cellen bezit, zijn we nog steeds in de min-
derheid in vergelijking met de 1014 microben die in en op onze lichamen leven. We
levenmet hen samen in eenmutualistische relatie, aangezien ze ons helpenmet de
spijsvertering, bescherming tegen ziekteverwekkers en ons voorzien van essentiële
voedingsstoffen zoals vitaminen. Eenverzameling vandezemicro-organismenwordt
een flora genoemd. We hebben er verschillende: de huidflora, de orale flora, de gen-
itale flora en de darmflora. Verstoringen van deze flora worden gelinkt aan ziekte:
men vermoedt dat deze gerelateerd zijn aan obesitas, chronische ontstekingsziek-
ten en sommige kankers. Recent onderzoek heeft aangetoond dat er slechts drie
types darmflora voorkomen die, net als de bloedgroepen, onafhankelijk zijn van
ras, geslacht of leeftijd. De drie types darmflora werden enterotypes genoemd en de
twee voornaamste vragen die we wensen te beantwoorden in deze thesis zijn (1)
wat ligt er aan de oorsprong van deze drie verschillende types en (2) of en hoe het
enterotype van een bepaalde persoon naar een ander kan gedreven worden.

Het werd het reeds aangetoond dat een klein aantal soorten, zogenaamde sterk
interagerende soorten, aan de oorsprong zouden kunnen liggen van het ontstaan van
drie verschillende enterotypes, wanneer gebruik gemaakt van een model met on-
derliggende deterministische dynamica. Men kan van het ene naar het andere en-
terotype overgaan door enkel en alleen deze sterk interagerende soorten te con-
troleren. Concreet betekent dit dat een specifieke antibiotische behandeling of
het innemen van een capsule die de juiste combinatie soorten bevat, het volledige
ecosysteemvanmicro-organismen in de darmen kunnen veranderen. Tot op heden
is het echter niet duidelijk of de dynamica die in de darmflora heerst ook effectief
deterministisch is. Dit is de reden waarom we eerder werk veralgemeenden en een
individual-based model ontwikkelden dat stochasticiteit in de dynamica brengt.
Dit model wordt ingevoerd en uitbundig besproken in hoofdstuk 2, na een intro-
ductie tot enkele belangrijke concepten in ecologie en niet-lineaire dynamica in
hoofdstuk 1. In hoofdstukken 3 en 4 besprekenwe enkele voorname observaties uit
zowelmicro- alsmacro-ecologie, en tonenwe aan dat onsmodel deze in goedemate
reproduceert. Hoofdstuk 5 brengt belangrijke resultaten van alle eerdere hoofd-
stukken samen. Dit is waar we het concept van een sterk interagerende soort in-
troduceren en uitleggen hoe het bijdraagt aan de vorming van de enterotypes en
hoe men van zo’n type kan overgaan in een ander.
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Stability and complexity in
ecological systems

1.1 Physics as a framework for ecology . . . . . . . . . . . . . . . . . . 2
1.2 Nonlinear dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Emergent properties . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Indirect effects in ecological foodwebs . . . . . . . . . . . . . . . . 9
1.5 Self-organized criticality . . . . . . . . . . . . . . . . . . . . . . . . 11

In this introductory chapter we discuss some important concepts that will be
used throughout the thesis. We start with an analogy between physics and ecol-
ogy, explain why ecology is an interesting research subject for physicists, and con-
versely what physics has to offer to the ecological science. Next, we will give a
brief introduction about concepts in nonlinear dynamics, with an emphasis on the
stability and classification of equilibria. This is a particularly important topic for
ecology, as the earliest models of species growth and interaction were completely
deterministic and introduced as sets of coupled differential equations. Wewill need
these concepts in the next chapter. Emergence of long-range order in ecological
systems with only local interactions is illustrated and the importance of indirect
effects in ecological foodwebs is discussed. The notion of keystone species, who play
an important role in extinction cascades bymeans of these indirect effects, will also
return at the end of this thesis. Finally, we will introduce the intriguing concept of
self-organized criticality, which aims at explaining the scale-free behaviour observed
in nature.
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|1 | STABILITY AND COMPLEXITY IN ECOLOGICAL SYSTEMS

1.1 Physics as a framework for ecology

The ecological science is in many ways in the same situation today as physics and
chemistry were at the beginning of the previous century [Patten et al., 1995]. Early
developments in these areas of science were reinforced by technology. Techno-
logical achievements in the 19th century such as airplanes and electric lighting
created a new scientific interest and led to higher funding of scientific research.
In the beginning of the 20th century, many observations of physics and chemistry
were explained in the form of (holistic) theories: special and general relativity and
quantum mechanics.

A strong analogy can be drawn with ecology today. During the last decades
of the previous century, many observations on ecosystem behaviour have been
made, e.g. how ecosystems can react to the impacts of pollution [Patten et al.,
1995]. Nevertheless, despite some pioneering work by theoreticians such as Lotka,
Volterra and Nicholson, ecology has long remained a descriptive science [Solé and
Bascompte, 2006]. Although description is the first step toward understanding a
problem, development of a theoretical framework is desirable to achieve real in-
sight and, whenever possible, predictive power [Odum, 1977]. As Darwin said, “all
observations must be for or against some view if it is to be of any service” [Gruber
and Barrett, 1974]. In common with physical scientists, Darwin regarded theoreti-
cal ideas as providing the plans that give shape and coherence to facts and obser-
vations that would otherwise lie around as a pile of bricks at a building site [Rough-
garden et al., 2014].

Borrowing knowledge from physics, where theory and experimental data have
long marched together, could be a useful approach. One can think for example
of the Hardy-Weinberg law in population genetics as an equivalent evolutionary
version of Newton’s first law, stating that gene frequencies in a population remain
fixed in absence of any force1 applied to them [May, 2004]. Also, as physicists and1migration, selection
chemists before, ecologists have to deal with their specific puzzles [Patten et al.,
1995]: what causes sudden shifts in species’ composition? How will an ecosystem
react on external perturbations and does species diversity play a significant role in
this process?

As the early developments of physics and chemistrywere reinforced by techno-
logical development, the development of macro-ecological theories today is driven
by environmental challenges. It is still difficult to predict the consequences of
human-induced changes in the biosphere [Solé and Bascompte, 2006]. We need to
understand better how biodiversity declines as more habitat is destroyed, or how
harvested populations are driven to extinction as harvesting rates are increased.
On the micro scale, the discovery of distinct bacterial community types in the hu-
man gut [Arumugam et al., 2011] has motivated theoreticians to develop a theoret-

2



1.1 Physics as a framework for ecology

ical framework that allows for insight in the origin and control of these community
types [Gibson et al., 2016]. In thismaster thesis, wewill extend this framework from
generalized Lotka-Volterra dynamics to stochastic individual-based models.

Despite the analogies between physics and ecology we have outlined above,
few ecologists would probably agree on a strong relation between the complexity
of natural ecosystems and the simplicity displayed by any example derived from
Newtonian physics [Solé and Bascompte, 2006]. Indeed, beyond the difficulties of
themicroscopic dynamics of atoms and elementary particles, macroscopic systems
composed of a few or even many objects (e.g. the solar system) are essentially well
understood in terms of fundamental laws. A classical example is the damped har-
monic oscillator, whose dynamics is described by the equation

ẍ+ 2γẋ+ ω2
0x = 0. (1.1)

Although this equation describes a one dimensional problem, in the context of dy-
namical systems it is considered a two dimensional system [Govaerts, 2000], as it
can be represented by two equivalent autonomous2 equations: 2independent of time

ẋ1 = x2,
ẋ2 = −2γx2 − ω2

0x1.
(1.2)

Here ẋ represents the time derivative dx/dt. Given the initial conditions, the two
variables can be predicted for everymoment in the future using equation (1.2). Pre-
dictability has long been the cornerstone of Newtonian success: when a comet ap-
proaches Earth, its visit can be predicted with the highest accuracy and few are still
surprised by such achievement. Cherishing any hope of ever formulating such gen-
eral laws for ecosystems is probably naive however. Physical and biological systems
do differ strongly in some essential ways.

First of all, biological structures involve features such as functionality3, that have 3a biological function is
the reason a given process oc-
curs in a system that is evolv-
ing through a process of natu-
ral selection. Usually the rea-
son is that it helps achieving
some result, e.g. chlorophyll
captures the energy of sun-
light in photosynthesis, and
hence the organism is more
likely to survive and produce
offspring.

no equivalent in physics [Hopfield, 1994]. Secondly, biological entities involve re-
production. Although some physical systems can “replicate” [England, 2013], the
implications in terms of information are completely different. Finally, one must
not forget that species evolve: they change their interactions and eventually the
whole ecosystem changes [Solé and Bascompte, 2006].

One may still argue universal laws shape ecosystem structure at least on some
scales. Despite the differences between biological and physical systems, an analogy
remains useful as we know that most methods used in statistical physics are actu-
ally generic for any system composed of many parts. A famous example is econo-
physics [Stanley andMantegna, 2000], where the elementary units are called agents.
An agent can be either a computer program or a human, obviously the latter intro-
duces an enormous level of possible complexity to the system. It makes no sense to

3



|1 | STABILITY AND COMPLEXITY IN ECOLOGICAL SYSTEMS

write down “microscopic” equations for such agents− an accurate description that
would please reductionists is simply forbidden [Solé and Bascompte, 2006]. One can
show nevertheless that it remains possible to quantitatively understand many of
the fundamental processes that define a market, if the entities are not too complex
in the way they make their decisions. Many concepts regarding key types of inter-
actions that emerge in economy are very similar to concepts in ecological dynam-
ics. [Kephart et al., 1989] make this explicit by introducing a framework of so-called
computational ecologies, where networks of computers and agents display dynamic
patterns that are not very different from competition, cooperation or symbiosis.

1.2 Nonlinear dynamics

1.2.1 Stability of equilibria

Let us again consider the example of the oscillator, equation (1.2). The time evolu-
tion of the system is visualized in figure 1.1, which shows the so-called phase space
of the system. Consistent with experience, the system will approach a steady state
in which x∗1 = 0 and x∗2 = 0. This equilibrium will be obtained starting from any
possible initial condition, which is why it is called a global attractor. Just as it was
the case with early Newtonian physics, early ecological theories were strongly tied
to the concept of stability. They fitted in the framework of the popular ‘balance of
nature’ view [Solé and Bascompte, 2006], which states that species abundances will
fluctuate until reaching a stationary abundance.

0

0

x1

x2Figure 1.1
Phase portrait of an harmonic
oscillator system.
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1.2 Nonlinear dynamics

In general, an n-dimensional dynamical system is a system of differential equa-
tions of the form

ẋi = fi(x), i = 1, ..., n, (1.3)

briefly denoted as xxx = fff(xxx), xxx ∈ Rn. An equilibrium of this system is a solution
xxx∗ ∈ Rn to the the equation [Strogatz, 2014]

fff(xxx∗) = 0. (1.4)

An equilibrium is said to be stable if solutions that depart in a neighborhood of xxx∗
stay nearby. One can state this mathematically as [Massera, 1956]

An equilibrium xxx∗ is stable if for every ε > 0 there exists a δ > 0, such that for every
xxx0 for which ||xxx0− xxx∗|| < δ, the corresponding solution φt(xxx0) satisfies the inequality
||φt(xxx0)− xxx∗|| < ε, ∀t ≥ 0.

If a stable equilibrium has a neighborhood so that all solutions that start in
it converge to the equilibrium, then the equilibrium is called asymptotically stable.
When nearby trajectories are neither attracted to nor repelled from an equilibrium,
it is called neutrally stable.

1.2.2 Classification of equilibria

Consider a general two-dimensional linear system of the form

ẋxx = Axxx, xxx ∈ R2, (1.5)

with
A =

(
a11 a12
a21 a22

)
. (1.6)

Three important quantities are the trace τ = a11+a22, the determinant Δ = a11a22−
a12a21 and D = τ2−4Δ, the discriminant of the characteristic equation ofA. Indeed,
the eigenvalues λ of A are the solutions to the quadratic equation [Strogatz, 2014]

λ2 − τλ + Δ = 0. (1.7)

The classification of equilibria in the origin for such systems (1.5) can be done using
the eigenvalues or, equivalently, the trace and determinant:

• Δ < 0: one eigenvalue is positive, another one is negative. The origin is called
a saddle;

5



|1 | STABILITY AND COMPLEXITY IN ECOLOGICAL SYSTEMS

• Δ > 0, D > 0: both eigenvalues are real and have the same sign. The origin is
a node, which is stable if τ < 0 and unstable if τ > 0;

• Δ > 0, D < 0: two conjugate complex eigenvalues. The origin is called a focus
or spiral, which is stable for τ < 0 and unstable for τ > 0. τ = 0 is a special
case: all orbits are closed curves and the origin is called a center;

• Δ > 0, D = 0: there is a double nonzero real eigenvalue. We have a degenerate
node or star which is stable for τ < 0 and unstable for τ > 0;

We return to the damped oscillator, equation (1.2), to give an example. The
matrix A corresponding to this particular linear system would be given by

A =

(
0 1
−ω2

0 −2γ

)
. (1.8)

We can calculate the determinant Δ = ω2
0 > 0, the trace τ = −2γ < 0 and

D = 4(γ2 − ω2
0). The equilibrium will be either a stable spiral or a stable node, de-

pending on the value of the viscosity parameter γ. If the oscillator would be placed
in a medium such as air, γ < ω0 and the oscillator will damp out after fluctuating
around its equilibrium point. If we choose a very viscous medium such as honey,
γ > ω0 and the system will reach its equilibrium position without oscillating. Fig-
ure 1.1 displays the case of a stable spiral. Examples of other phase portraits are
shown in figure 1.2.

We draw the attention to the existence of two special lines in the phase por-
trait of a saddle point: one contains the orbits that converge to the origin if t→∞
and is therefore called the stable manifold of the system (vertical direction in fig-
ure 1.2). The other contains the orbits that converge to the origin if t tends to−∞
(in a mathematical sense) and is therefore called the unstable manifold (horizontal
direction in the figure). A stable manifold divides the phase plane in two separate
‘basins of attraction’, as an orbit can never cross the manifold.

Two-dimensional systems are not always linear. Defining the Jacobian matrix J
of a general system ẋxx = fff(xxx) as

Jij =
(
∂fi
∂xj

)
, (1.9)

the Hartman-Grobman theorem (appendix E) states that one can perform the same
analysis for a nonlinear system as the one that we performed above for a linear
system, where the Jacobian plays the role of thematrixA, as long as no eigenvalues
of J are 0. Also in higher dimensions, the theorem assures that one can predict the
stability or instability of an equilibrium by means of linearization.

6



1.2 Nonlinear dynamics

unstable spiral unstable node

stable node saddle

center unstable degenerate node

Figure 1.2
Possible behaviours of linear
2-dimensional systems near
an equilibrium.
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|1 | STABILITY AND COMPLEXITY IN ECOLOGICAL SYSTEMS

1.3 Emergent properties

Returning to the example of the damped oscillator one last time, we note that the
mathematical framework required in order to describe themotion of such a regular
system is relatively simple. As there appears to be a relation between simplicity in
the underlying model and simple motion, it could be tempting to conclude that (1)
simple dynamic patterns can be described bymeans of simple (mathematical) mod-
els and that (2) simplemodelswill display predictable dynamics. The first statement
is usually true, but the second turns out to be false [Solé and Bascompte, 2006].

When looking at the features of a given system, a reductionist would try to find
their origin by looking at the structure of their component parts [Wilson, 1998].
Today it is generally accepted that the whole cannot always be explained by the
properties of the individual units, one says “the whole is more than the sum of the
parts” [Goldstein, 1999] since in most cases completely different properties arise
from the interactions among components. In chemistry, the separate properties
of hydrogen and oxygen cannot explain the properties of water that make this
molecule so unique for life [Solé and Bascompte, 2006]. In biology, we cannot ex-
plain the working of memory in the brain by reducing the problem to the under-
standing of single neurons [Miramontes et al., 2001]. Even life itself is an emergent
phenomenon: “being alive” is not a property of individual nucleic acids, proteins
or lipids, it is a pattern that is obtained through cooperation of all these units.

One could wonder whether reductionism is the right way of exploring com-
plex ecosystems, i.e. if it is possible to explain and predict all characteristics in an
ecosystemby only looking at the properties of the species in it. We discuss a famous
example by [Boerlijst and Hogeweg, 1991] portraying emergence of spatial patterns
that demonstrates this is not the case. Imagine a system with S interacting species
that we will label as 1, 2, ..., S. Their abundances are denoted as x1, x2, ..., xS. Each
species requires the help of another one for its growth to occur: species 2 needs
species 1, species 3 needs species 2 etc. This type of interactions are said to form a
so-called hypercycle. The model has its roots in the context of prebiotic evolution:
molecular species would enhance their success by cooperating in this way [Eigen
and Schuster, 1979]. Movement of and interaction between species occurs locally
between neighbouring sites. A simulation by [Cronhjort and Blomberg, 1994] uses
the following PDE for the abundance of species i on a given lattice site (v,w):

∂xi
∂t

= kixi−1xiM− gixi + Di∇2xi, i = 1, ..., S, (1.10)

where diffusion only occurs with the 4 nearest neighbours:

Di∇2xi(v,w) = Di[xi(v+ 1,w) + xi(v− 1,w)+
xi(v,w+ 1) + xi(v,w− 1)− 4xi(v,w)].

(1.11)

8



1.4 Indirect effects in ecological foodwebs

Figure 1.3
Spiral waves obtained in a
20 × 20 (left) and 50 × 50
(right) lattice for S = 5
species. Every square rep-
resents a lattice site and its
color shows the most domi-
nant species on the particu-
lar site (white for species 1
and black for species 5). Dif-
ferent parameters and differ-
ent boundary conditions lead
to the formation of a single
spiral versus the formation of
many spirals. From [Cronhjort
and Blomberg, 1994].

Themodel is completely deterministic. Despite the fact that interactions andmove-
ment are confined to nearest lattice sites, the remarkable result is that the system
displays large scale structures (figure 1.3). The size of this structure has a length
that is similar to the whole spatial domain and thus its origin cannot be explained
from the local nature of the interactions alone. Both interaction and transport of
informationbymeans of diffusion are required in order to obtain a complete picture
of the emerging structure [Solé andBascompte, 2006]. Once again, we conclude that
possessing knowledge of properties of every single individual species is not enough
to construct fundamental ecological laws that can predict long-term behaviour of
communities.

1.4 Indirect effects in ecological foodwebs

Considering the first two terms of equation (1.10), which describe the interactions
among the 5 species in the hypercycle, we could construct a qualitative matrix Q,
where Qij ∈ {+,−, 0}, in which only the sign of the links is indicated:

Q =


− 0 0 0 +
+ − 0 0 0
0 + − 0 0
0 0 + − 0
0 0 0 + −

 . (1.12)

The matrix shows us the direct effect species j has on species i, by means of the
element Qij. However, more complex ecological foodwebs require a global view of
ecosystems over a species-level analysis. Darwin already remarked in his Origin of
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Species (1859) that bumblebees, which contribute to the pollination of flowers, have
a population dependence on field mice (which destroy honeycombs). The number
of mice depends on the number of cats and other predators. Darwin concluded that

“It is quite credible that the presence of feline animals in large numbers in a
district might determine, through the intervention first of mice and then of
bees, the frequency of certain flowers in that district.”

Indirect effects by means of intermediary species can lead to counterintuitive re-
sults [Yodzis, 1988]. We will give three examples, visualized in figure 1.4.

(a) Consider a three-trophic level system [Case, 2001] with matrix

Q =

− − 0
+ 0 −
0 + 0

 . (1.13)

The sign of intermediate connections can be used to find the sign of the indirect
effect. To find the indirect effect of species 1 on species 3, we consider the effect
of species 1 on species 2 (Q21) and the effect of species 2 on species 3 (Q32):

Q21Q32 = (+)(+) = (+). (1.14)

(b) Consider two prey that share the same predator but don not interact with each
other directly:

Q =

− 0 −
0 − −
+ + 0

 . (1.15)

The two prey do compete with each other indirectly through their common
predator. This is called apparent competition [Holt, 1977]:

Q31Q23 = (+)(−) = (−). (1.16)

Figure 1.4
Three possible foodwebs. Full
lines denote direct effects
(+/−) and dashed lines
denote indirect effects (i.e. 0
in the interaction matrix Q).
From [Solé and Bascompte,
2006].
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(c) In the same way, one can show that two predators that prey on two strong
competitors are indirect mutualists (they have a positive effect on each other).

One may wonder how relevant higher-order interactions in a complex commu-
nity composed of many species are. If indirect effects are important, it is again
an argument against the reductionist view of ecosystems in terms of separable
species. [Stone and Roberts, 1991] simulated a system of S competitors, meaning
that all direct interactions have a negative sign. Indirect effects can generate posi-
tive outcomes however, which the authors call ACC (advantageous in a community
context). Again, this could be seen as an emergent property that cannot be pre-
dicted by looking at the individual species alone, but only when considering the
network of all these species as a whole. The authors found that 20% to 40% of all
interactions are ACC, meaning that a large fraction of the competitors are in fact
mutualists. [Yodzis, 1988] has even argued that indirect effects may be more im-
portant than direct interactions. In general, this makes it difficult to predict if the
population of a given species will increase or decrease after the removal of another
species in the web.

Depending on the topology of the foodweb, there are some particular species
whose removal can cause large effects on the whole community, e.g. the loss of
many other species in the form of extinction cascades. They are called keystone
species [Paine, 1966, Power et al., 1996].

1.5 Self-organized criticality

Earlier in this chapter, we discussed the behaviour of systems close to equilibrium.
However, in order for a system to reach equilibrium it must be completely isolated
from external influences. Few systems in nature are truly isolated. The Earth is an
example of a system that is in a so-called non-equilibrium steady state [Christensen
and Moloney, 2005]: it is not in equilibrium because there is a constant influx of
energy from the sun in the formof radiation, but the outflux is approximately equal
leaving the average temperature on Earth constant.

In equilibrium systems, we are used to linear responses: the reaction of a sys-
tem to a small perturbation will be small. This is however not a general rule in
non-equilibrium systems, which may respond to small external perturbations with
events of all possible sizes and no characteristic scale. Discovering themechanisms
behind this so-called scale-free behaviour is one of the objectives of the study of
complex systems. We know this behaviour is inherent to critical points, but fine-
tuning of parameters is necessary to poise an equilibrium system at such a critical
point. As this scale-free behaviour is observed inmany non-equilibrium systems, it
is suggested there is a generic mechanism that drives these systems to criticality.
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Self-organized criticality (SOC) is a paradigm that aims to propose a genericmech-
anism for scale free behaviour and was introduced by Bak, Tang and Wiesenfeld in
1987 [Bak et al., 1987]. The sandpile metaphor illustrates the ideas of SOC concep-
tually. Consider a pile of sand on which we drop grains, one by one, at random
positions (figure 1.5). This will induce the occurrence of avalanches, as addition of
grains will make the local slope of the pile exceed a threshold that is determined
by an interplay of gravitational and frictional forces. Initially, these avalanches are
small and localized: they resemble equilibrium behaviour. Eventually the slowly
driven pile will reach a non-equilibrium steady state, where the average influx of
grains will approximately equal the average outflux of grains.

Figure 1.5
Sandpile metaphor for self-
organized criticality. From
[Bak et al., 1987].

• The sandpile self-organizes itself into a steady state

1. if the pile is too shallow, addition of grains will increase the slope;
2. if pile is too steep, avalanches will tend to decrease the slope.

• The sandpile is critical

1. response of the pile is no longer small and localized;
2. avalanches of all sizes may occur: many small, few medium and rare

large avalanches.

The result of a simulation of a sandpile model by [Bak et al., 1987] is plotted in
figure 1.6. Scale-free behaviour is intimately linked with power laws − indeed, a
power law is the only function that is always the same, whatever scale we look at
it [Newman, 2005]. It is important to stress that complexity, and the scale-free be-
haviour that arises from it, is not incorporated in the algorithm itself. It emerges as
a result of repeated interactions. [Anderson, 1991] called this “developing complexity
out of simplicity”.

Applications of SOC go well beyond sandpiles. A recent paper [Landes and Lip-
piello, 2016] discusses the existence of scaling laws in earthquakeoccurrences. Earth-
quake sizes apparently are scale-free, meaning that the average size of an earth-
quake does not exist. Given the magnitude of a certain earthquake, it is impossible
to predict what will be the magnitude of next one, just as it was the case with the
size of avalanches in the sandpile model. SOC may be at the origin of this scale-
free behaviour, as there are strong indications the crust of the Earth is in a non-
equilibrium steady state [Christensen and Moloney, 2005]. There is a constant fric-
tion between tectonic plates, but this strain energy is being stored rather than be-
ing relaxed continuously. When the stress exceeds a certain threshold, earthquakes
propagate through the crust. The distribution of earthquakes is shown in figure 1.7,
power law behaviour is only present for large earthquakes.
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Frequency of occurring for
each possible avalanche size
in a sandpile model. Redrawn
from [Bak et al., 1987].
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Figure 1.7
Magnitudes of earthquakes in
California between January
1910 and May 1992. The
magnitudes are expressed
using the Richter scale, which
is proportional to the loga-
rithm of the released energy
(meaning the horizontal axis
is not linear but logarithmic).
Redrawn from [Newman,
2005].
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Other examples of SOC models are the forest-fire model [Drossel and Schwabl,
1992], power laws in solar flares [Boffetta et al., 1999] and applications in neurobi-
ology [Linkenkaer-Hansen et al., 2001,Beggs and Plenz, 2003,Chialvo, 2004], among
others. Summarized, any SOC model should fulfill two conditions:

1. There have to be two different time scales in the system: one that is very
slow (large time interval between adding grains, slow movement of tectonic plates)
and one that is very fast (correcting the local slope of the sandpile, releasing energy
by an earthquake);

2. There has to exist some local threshold (critical slope of the sandpile, themaximal
amount of energy that can be stored in the Earths crust).

Just as the examples above, ecologies can be considered as very complex sys-
tems. The ecological examples we discussed in this chapter (hypercycle, three-
trophic level systems etc.) are isolated systems however, without external stress.
In the next chapter we will introduce a model that allows for migration by individ-
uals of other species, in the same way grains were (slowly) added to the sandpile.
It will be interesting to see whether these systems also possess characteristics that
indicate they are in a critical state (chapter 3).
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In this chapter we propose a spatially implicit latticemodel to describe the time
evolution of bacterial species in the human gut. We will discuss the concept of eco-
logical succession and investigate if ourmodel resembles this behaviour accurately.
Next, we will reproduce the observed long tails in the species abundance distribu-
tions. Wewill start howeverwith an introduction to deterministic populationmod-
els, outlining the historic overview in the development of these models that form
the foundation of modern-day research in the ecological science.

2.1 Deterministic population models

Populations are the basic unit of ecological study. The main question ecologists deal
with is how, why and at what rate populations change in size. Populations are usu-
ally defined as groups of individuals of the same species within a certain region [Al-
stad, 2001]. Examples of populations could be The Orca whales in the North Pacific,
a bee colony or bacteria in a cup of yogurt. In the final part of this thesis, we will
particularly focus on populations of bacteria in the human gut. Obviously, in most
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cases such a population will compromise many different species. For the sake of
clarity, we will usually refer to many-species populations as communities. But for
now, let us consider the growth of a single species and extend this model step-
by-step to one that describes the most important characteristics of multispecies
dynamics.

2.1.1 Malthus’ density-independent population growth model

Wewill focus on organisms that exhibit continuous breeding and overlapping gen-
erations, e.g. Homo Sapiens or bacteria in a culture flask1. We will start with a very1Other animals, e.g.

plants, insects and certain
mammals as the white-tailed
deer, reproduce seasonally:
individuals of such popula-
tions belong to one of several
cohorts whose members are all
the same age. For this type of
organisms, finite-difference
equations are more appro-
priate than the differential
equations we will use [Alstad,
2001].

simple model of density-independent population growth, making the following as-
sumptions:

1. Immigration and emigration balance, leaving birth and death as the only pro-
cesses influencing population size;

2. All individuals are identical with respect to their probabilities of dying or
producing offspring;

3. Reproduction is asexual, i.e.. complications associated with mating can be
ignored;

4. Environment resources are infinite, i.e.. there is no carrying capacity for the
species. This is known as the paradise assumption.

Let us call x(t) the population size, which is a continuous function of time, and r
the instantaneous growth rate. The changes of population size can be represented
by the differential equation

dx
dt

= rx. (2.1)

If the birth rate is larger than the death rate, then r = b−d > 0 and the population
will grow exponentially and indefinitely:

x(t) = x0ert. (2.2)

Equation (2.2) is referred to as the simple exponential growth model or theMalthu-
sian growth model, named after Thomas Robert Malthus, who wrote one of the earli-
est and most influential books on populations [Malthus, 1798]. Today, his model is
widely considered to be the ecological equivalent of Newton’s First Law of uniform
motion in physics [Ginzburg, 1986].
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Exponential models in the real world
Despite the simplicity of the density-independent model, it describes the
growth of small populations reasonably well [Alstad, 2001]. The problems arise
for large populations. Indeed, for r > 0Malthusian growth is themathematical
description of an explosion: a population growing exponentially would soon
occupy the entire surface of the planet and squeeze itself to death. Today we
realize that even if a species is not preyed upon by other species, the popula-
tion is not expected to keep growing indefinitely but saturate a certain carry-
ing capacity due to negative feedback effects. Verhulst (1845) was a Belgian
mathematician and the first one to make this point, when he was asked if the
population of Belgium would grow exponentially in the manner proposed by
Malthus [Goel et al., 1971]. Ironically, the human population appears to be one
of the few exceptions on the rule of the logistic growth introduced by Ver-
hulst, as it is growing even faster than exponential, indicating a positive feed-
back effect [Tanner, 1966]. In 1960, [Von Foerster et al., 1960] calculated that
the human population will approach infinity at November 13, 2026 if it would
keep growing as it had been over the last twomillennia. [Malthus, 1798] himself
wrote about this

Through the animal andvegetable kingdoms, nature has scattered the seeds
of life abroad with the most profuse and liberal hand.... The germs of exis-
tence contained in this spot of earth, with ample food, and ample room to
expand in, would fillmillions ofworlds in the course of a few thousand years.
Necessity, that imperious all pervading law of nature, restrains themwithin
the prescribed bounds. The race of plants, and the race of animals shrink
under this great restrictive law. And the race of man cannot, by any efforts
of reason, escape from it.

− Thomas Malthus, 1798. An Essay on the Principle of Population.

2.1.2 Verhulst logistic growth

Most populations living in the real world are likely to growmore slowly as the pop-
ulation size increases and resource grow scarce. We will therefore relax the par-
adise assumption from the previous page and explicitly include carrying capaci-
ties to simulate a negative feedback in our model. An example of such a negative
feedback can be found at the ovulation rates of the white-tailed deer: these vary
inversely with the population size and the browsing impact on vegetation [Nixon,
1965]. Later, we will also include this negative feedback in our model of the gut mi-
crobiome, as it is obvious that the resources there are also limited. Let us introduce
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the carrying capacity K and re-write equation (2.1) as

dx
dt

= rx
(
K− x
K

)
. (2.3)

Equation 2.3 is known as the logistic equation and has a trivial unstable equilibrium
x∗ = 0 and a stable equilibrium x∗ = K. The population is regulated by the density-
dependent feedback of population size on population growth. Notice that for small
values of the population size, x/K ≪ 1, the growth is exponential and we retrieve
the Malthusian model.

2.1.3 Multispecies Lotka-Volterra competition

Organisms interfere with one another in many ways. Yeast cells are a good exam-
ple. When growing in grape juice, their energy is provided by metabolizing sugars,
converting them to ethanol [Alstad, 2001]. As the yeast population grows, sugar
concentration decreases until both growth of the population and conversion stop.
Ultimately the yeast cells will starve, leaving uswith deliciouswine. This is a typical
example of organisms restricting their neighbours’ use of a resource by consuming
it themselves. One can also imagine a more indirect competition by simply block-
ing the access to the resource, e.g. tall trees that form a closed forest canopy that
blocks the sunlight from the smaller plants in the shaded lower regions, thus slow-
ing down their growth.

Equation (2.3) already accounts for intraspecific (within-species) competition,
incorporating a negative feedback of population size on population growth. The
model can be extended so that it also accounts for interspecific (between-species)
competition. Let us first consider the experiment by [Tilman et al., 1981] in which
thediatoms2 Asterionella formosa and Synedraulna competed in laboratory culture (fig-2Diatoms are a group of

single-celled algae, with the
unique feature that they are
enclosed within a cell wall
made of silica (hydrated SiO2)

ure 2.1). Silicate was the only limiting resource in the medium; it is an essential
component of the diatomcell wall. In the absence of interspecific competitors, both
Synedra and Asterionella grew logistically towards their carrying capacities. When
combined, both species increased initially, but after Asterionella became sufficiently
abundant, Synedra started to decline and was ultimately driven to extinction. Af-
ter that, Asterionellawas able to grow to its intrinsic carrying capacity.Asterionella is
called the superior competitor in this context.

Apart from extinction, coexistence is another possible outcome of the dynam-
ics. One of the many well-known examples here is the Lotka-Volterra predator-
preymodel, inwhich interesting dynamics such as limit cycles can arise, depending
on the parameters of the system [Strogatz, 2014,Alstad, 2001].
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Figure 2.1
Laboratory competition exper-
iment between the diatoms
Asterionella formosa and
Synedra ulna. A fraction
of the growth medium was
replaced each day and the
initial density of Synedra (in
cells per ml) was higher than
Asterionella. Plot redrawn
after [Tilman et al., 1981].

Equation (2.3) is easily extended to the following set of differential equations:

dx1
dt

= r1x1
(
K1 − (x1 + αx2)

K1

)
(2.4)

dx2
dt

= r2x2
(
K2 − (x2 + βx1)

K2

)
(2.5)

The feedback term is now the result from both intra- and interspecific com-
petition, with α the competition coefficient, quantifying the per capita reduction in
population size of species 1 caused by species 2, vice versa for β. Even for very
small values of x1, there can be a strong negative feedback if αx2 ≫ x1. This is what
happens in the experiment in figure 2.1: from day 20 onwards, x1 + αx2 > K1 and
the feedback term of Synedra becomes negative. Equations (2.4)-(2.5) are called the
Lotka-Volterra competition equations, after the two ecologists who proposed them in-
dependently [Lotka, 1978, Volterra, 1927]. Figure 2.1 demonstrates the principle of
competitive exclusion, which states that two species competing for the same limited
resource usually will not coexist [Pianka, 1981, Hardin et al., 1960]. We can verigy
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this principle mathematically. We find that the nullclines are given by

ẋ1 = 0 ⇔ x2 =
K1
α
− 1

α
x1 (2.6)

ẋ2 = 0 ⇔ x2 = K2 − βx1 (2.7)

A hypothetical (non-trivial) equilibrium point would then be given by the intersec-
tion of both lines:

x∗1 =
K1 − αK2
1− αβ

, x∗2 =
K2 − βK1
1− αβ

. (2.8)

If we assume the carrying capacities are equal for simplicity, we see that a coexis-
tence equilibrium is only present for positive values of x∗1 and x∗2 if either α < 1 and
β < 1 or α > 1 and β > 1. In the other cases, there will be one trivial attractor left
in the phase plane: the situation where one species grows to its carrying capacity
and the other one goes extinct. A simple phase plane analysis is enough to see that
the equilibrium (2.8) is stable if αβ < 1 and unstable (saddle) if αβ > 1 if K1 = K2.
In this last case, the system is said to be bistable: either species may win, depending
on their initial abundances and growth rates [Strogatz, 2014]. The above discussion
is summarized in table 2.1.

We conclude that the principle of competitive exclusionwill only hold for three
of the four cases, with α < 1 and β < 1 as only exception.

Table 2.1
Summary of the possible out-
comes of Lotka-Volterra com-
petition [Alstad, 2001]

Winner Criteria
1 α < 1, β > 1
2 α > 1, β < 1

1 and 2 α < 1, β < 1
1 or 2 α > 1, β > 1

Shifting our attention fromdiatoms in lab conditions to thehumanmicrobiome,
it is an important question what degree of complexity the model should contain
in order to capture the phenomenon of interest. The most detailed model would
account formechanistic interactions among cells, spatial structure of the intestinal
tract andhost-microbiome interactions [Bucci andXavier, 2014]. This level of detail
is not desirable for a study as the one in this thesis, where we aim to explore the
impact that any given species has on the abundance of other species. A population
dynamics model such as the canonical Generalized Lotka-Volterra (GLV) model is in
this case sufficient [Pepper and Rosenfeld, 2012,Gibson et al., 2016]. It describes the
(deterministic) evolution of a community of S different species:

ẋi(t) = rixi(t) + xi(t)
S∑

j=1
Ω̃ijxj(t), i = 1, ..., S (2.9)

where Ω̃ij, i ̸= j, accounts for the impact that species j has on the population change
of species i, and the terms Ω̃iix2i are adopted from Verhulst’s logistic growth model.
Conventionally one chooses Ω̃ii = −1 [Goel et al., 1971] and allow both negative
and positive values for the Ω̃ij, to account for competition and mutualism respec-
tively. This set of differential equations has been used for predictive modeling of
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the gutmicrobiota in several research papers [Gibson et al., 2016,Fisher andMehta,
2014a]. Steady states and stability of equation (2.9) are discussed in chapter 5 and
appendix E.

2.2 A probabilistic multispecies model

2.2.1 Introduction

Although the generalized Lotka-Volterra equations are commonly used, they ex-
hibit some flaws. Equation (2.9) resembles an isolated system with no migration,
which is clearly not realistic for the human gut: on would expect a continuous flow
of bacteria in and out of the intestinal tract, e.g. by means of food and fecal matter,
respectively. Furthermore, interactions and growth do not happen in a continuous
way, but rather discrete: one individual can produce an integer number of offspring
in one time step, and can only interact with an integer number of other individuals.
Especially for small communities, we expect this to have an impact on the dynam-
ics and introduce a stochastic component that is not present in the deterministic
model. We would like to investigate the influence of this ecological drift on the dy-
namics of the system, by explicitly including this into our new, probabilistic model.
When creating the rules of this model, we will keep the original ideas of Lotka-
Volterra interactions in mind. For now, we will make the model spatially implicit,
meaning that two random species on the lattice can interact with one another, i.e.
they do not have to be neighbours.

We adapted a model originally introduced by [Solé et al., 2002] that was used to
study self-organized criticality in (macro-)biological systems. The Solé model can
only simulate competitive interactions, so we generalized it to include other sym-
biotic relationships as well, they are presented in table 2.2: not all species compete
for the same resources, and sometimes the presence of another species can even
be beneficial [Hooper and Gordon, 2001]. [Bauchinger, 2015] followed a similar ap-
proach, albeit with different interaction rules. We explicitly developed our model
so that it would resemble Lotka-Volterra dynamics in the limit of a large number
of lattice sites.

Table 2.2
Summary of ecological inter-
actions between members of
different species that can be
simulated using our model.
For each interaction partner,
there are three possible out-
comes: positive (+), negative
(--) and neutral (0). Based
on a summary from [Faust and
Raes, 2012].

Name
−− competition
+− predation/parasitism
++ mutualism
0− amenalism
0+ commensalism

We start with a pool Σ(S) of S possible species and a lattice with N sites. Every
site can either be empty or occupied by an individual of any species in the pool. The
species pool is a discrete set

Σ(S) = {0, 1, 2, ..., S}, (2.10)

with 0 indicating empty space. A time step is characterized by three possible events:
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• Immigration: individuals from the infinitely large species pool can immigrate
to the lattice and occupy empty sites. In chapter 5 we will study the effect
of changing these immigration rates for a particular set of species. It will be
interesting to see if and how these changes affect the dynamics of the system,
as this would give us an indication how e.g. a change in diet can change the
entire microbiome;

• Extinction: an individual on a lattice site can die or emigrate (leave the lat-
tice). We wish to simulate a stochastic loss of individual microbes due to the
guts continuous outflow;

• Interaction: just as in the GLV model, we will consider both inter- and in-
traspecific interactions betweenmicrobes that can either inhibit or facilitate
growth. The difference is that in this case the interactions are individual
based; two random individuals belonging to some species will interact with
each other, while the GLV model is community based: entire populations of
microbes interact with themselves and each other.

The parameters defining immigration and extinction of species are given by
the vectors μ = (μ1, μ2, ..., μS) and eee = (e1, e2, ..., eS), which are the colonization
and extinction vectors respectively. Growth and interactions among individuals
are summarized in a random matrix Ω ∈ R(S+1)×(S+1):

Ω =


0 0 0 · · · 0
r1 Ω11 Ω12 · · · Ω1S
r2 Ω21 Ω22 · · · Ω2S
...

...
... . . . ...

rS ΩS1 ΩS2 · · · ΩSS

 , (2.11)

where a matrix element Ωij describes the influence an individual of species j has on
an individual of species i. Every element in the matrix is a probability that can be
positive or negative, meaning that Ωij ∈ [−1, 1], ∀i, j ∈ Σ(S). The idea is simple: if
Ωij > 0 the growth of species i is facilitated by species j, if Ωij < 0 the growth of
species i is inhibited by species j and if Ωij = 0 species j has no (direct) effect on the
growth of species i.

The first columnof the interactionmatrix consists of the elements of the growth
rate vector rrr = (0, r1, r2, ..., rS): this vector describes the ‘interactions’ of species
with the empty sites. They are always positive and drawn from a uniform distri-
bution U(0, 1). The elements of the first row are all zero. Different models use dif-
ferent conventions for the diagonal elements. [Solé et al., 2002] uses Ωii = 0, which
is a reasonable choice for a purely competitive system. The idea is that the limited
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number of lattice sites already implicitly defines an intrinsic carrying capacity. Our
choice was to take Ωii = −1, ∀i ∈ Σ(S)\{0} however, as was done in [Gibson et al.,
2016], because we saw the co-existence of many species we observe in the gut is
more easily obtained when an explicit carrying capacity is implemented in the case
of both competitive and mutualistic interactions. Just as rabbits, due to a lack of
resources, will not occupy every square meter of a field when not preyed upon, it
can be expected that one particular microbial species will not occupy every single
lattice site in our model. The remaining non-diagonal elements Ωij are randomly
drawn, more information on the used distributions can be found at the ‘materials
and methods’ section at the end of this chapter.

2.2.2 Simulation rules

At the beginning of every time step, we summarize the abundances of all species on
the lattice in a state vector xxx = (x0, x1, x2, ..., xS), where xi denotes the number of
times species i appears on the lattice. Because we also count the number of empty
sites x0, the following constraint will always be satisfied:

S∑
i=0

xi = N, (2.12)

where N is the total number of lattice sites. In every time step we visit N random
sites and perform migration or extinction:

• Immigration
If the chosen site is empty, it can be colonized by a species A ∈ Σ(S)\{0},
randomly chosen from the species pool. This happens with some fixed prob-
ability μA:

x0 7→ x0 − 1
xA 7→ xA + 1

• Extinction
All occupied sites can become empty with some fixed probability eA:

x0 7→ x0 + 1
xA 7→ xA − 1

Every occupied site can now undergo interaction. We randomly choose N species A
from the lattice that will interact with N other randomly drawn species B. Depend-
ing on the species specific value of the interaction coefficients in the matrix Ω, we
have the following possibilities:
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• Interaction

1. ΩAB < 0: this means B has a negative influence on A:

x0 7→ x0 + 1
xA 7→ xA − 1

with probability |ΩAB|
2. ΩAB > 0: this means B has a positive influence on A:

x0 7→ x0 − 1
xA 7→ xA + 1

with probability ΩAB

3. ΩAB = 0: B has no influence on A and nothing happens

We explicitly mentioned the possibility of no interaction, because we will intro-
duce a quantity C, the connectivity of the network, that is the fraction of nonzero
elements in the interaction matrix. In the next chapter we will see that the value
of C has huge implications on the diversity of the community.

After the interactions, we update the lattice using our new state vectors. An-
other time step is then initialized.

2.2.3 Examples

Our model can be used to simulate some well-known problems.3 We will mention3As particular cases,
found in literature, they do
not necessarily follow the
rule Ωii = −1,∀i ∈ Σ(S)\{0}
which we will use troughout
the remainder of this thesis.

three of them, to gain some intuition for the model.

• The competitive interaction between Asterionella and Synedra that was de-
scribed by the deterministic equations (2.4)-(2.5) has a stochastic counterpart
that can be re-written using our model. The interaction matrix would look
like

Ω =

0 0 0
r1 −r1/K1 −r1α/K1
r2 −r2β/K2 −r2/K2

 . (2.13)

Because this was an isolated experiment in lab conditions, there was no mi-
gration so μ = (0, 0, 0) and eee = (0, 0, 0).
Taking the carrying capacity equal to the growth rates reduces the matrix to

Ω =

0 0 0
r1 −1 −α
r2 −β −1

 . (2.14)
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Figure 2.2
Simulation for a competitive
system (2.14) using parame-
ters r1 = r2 = 0.5, α =
0.2, β = 0.7 and 50 000 lat-
tice sites. The initial condition
was randomly chosen. Upper
panel: trajectory in the phase
plane. Lower panels: time
evolution of both species.

The results of a simulation using this matrix are shown in figure 2.2. As ex-
pected, coexistence between the two species is present because both α < 1
and β < 1. This restriction is inherint to our model because the matrix ele-
ments represent probabilities. In chapter 5wewill find aworkaround for this
limitation and show that the model can also be used to simulate the bistable
behaviour.

• Consider a population of P foxes and N rabbits. The Lotka-Volterra predator-
prey model introduced in [Strogatz, 2014] is given by{

Ṅ = aN− bNP
Ṗ = −cP+ dNP , (2.15)
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with a, b, c, d positive parameters. In this model the paradise assumption was
used, meaning there are enough resources and the rabbits can grow indefi-
nitely in the absence of predators. The population of foxes would decrease
exponentially in the absence of rabbits, i.e.. without food. The interaction
matrix is given by

Ω =

0 0 0
a 0 −b
0 d 0

 ← empty sites
← prey N
← predators P

. (2.16)

The extinction vector is given by eee = (0, 0, c) and the immigration vector is
simply μ = (0, 0, 0). One can show that the equilibrium of equation (2.15) is a
center: there are an infinite amount of limit cycles in the phase plane and the
initial conditions determine on which one the system will move. Any small
perturbation will move the system to another limit cycle. Because perturba-
tions are naturally incorporated in our probabilistic model, we do not expect
the simulation to show a closed orbit as in the deterministic case. Indeed,
in figure 2.3 we can see a trajectory that spirals inward to show rather big
fluctuations in the region around the center.
By adding a density-dependent feedback to the growth of the prey, the sys-
tem (2.15) becomes structurally stable and the center becomes a stable spi-
ral [Alstad, 2001]. Figure 2.4 shows that our model also predicts this type of
equilibrium for an interaction matrix

Ω =

0 0 0
a −1 −b
0 d 0

 . (2.17)

• A final important example thatwewill also use in thenext chapter, isHubbell’s
neutral model [Hubbell and Lake, 2003]. In this model, species only differ in
their immigration rate fromanexternal biogeographical pool: μ = (0, μ1, ...μS).
ThematrixΩmerely takes into account the growth rates of the species, which
are all equal:

Ω =


0 0 · · · 0
r 0 · · · 0
...

... . . . 0
r 0 · · · 0

 . (2.18)

The term ‘neutral’ accounts for the fact that the dynamics of the system are
not driven by the interactions between species, but immigration from an ex-
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Same as figure 2.3, but with a
density-dependent growth for
the prey, equation (2.17).
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ternal pool and chance events. The opposite is a niche model, where the dy-
namics is entirely interaction-driven. We will discuss this difference exten-
sively in chapter 4 and show that our model can account for the two extreme
cases and everything in between.

The introductory examples above demonstrate that our model can give rise to a
wide range of interesting dynamical patterns for dual species systems, from stable
nodes to spiral like behaviour. In the remainder of this thesis, wewill focus on com-
munities with many more species and interaction matrices of which the elements
will be randomly drawn. To this end, we will introduce the connectivity C which is
defined as the number of nonzero elements in the interaction matrix. We will see
that also in this case, interesting remarks about the dynamics can be made.

In the remaining two sections of this chapter, we will discuss two important
characteristics of ecological communities that are observed innature: (1) the species-
rank distribution and its evolution in time and (2) long tailed species abundance
distributions. We will investigate if simulations using our model can recreate phe-
nomena observed in field data.

2.3 Stability from ecological succession

Although rich ecosystems display an overwhelming complexity, they also exhibit
somewell-defined regularities that indicate universal laws of organization. Wewill
give the example of ecological succession4 of an abandoned field, but the same univer-4the process where

an area is colonized by
immigrant species

sal laws apply for e.g. marine ecosystems or bacteria in the human gut. When the
colonization of an empty field starts, a new community gets formed and a pattern
of species replacement develops. Opportunistic species (with the largest immigra-
tion and growth rates) are the first to develop, sometimes modifying the landscape
and facilitating the establishment of future invaders. The end point of the succes-
sion will be a mature forest, in spite of the less favorable potential beginnings for
trees. In a broad sense, one could see the forest as the final attractor of community
development [Solé and Bascompte, 2006].

A so-called rank-abundance diagram [May, 1975] can tell us a lot about the uni-
versal principles of community organization. In such diagrams the abundance x(r)
of different species is plotted against their rank r = 1, 2, ..., S, i.e. ordered from
the most frequent to the rarest. Usually this is done using semilog axes. Figure 2.5
shows the time evolution of the species-rank diagram using data obtained by [Baz-
zaz, 1975]. Some observations can be made. First of all, the species number is the
lowest in 1-15 year old fields (29-30 species), and increased significantly for 25 year
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Figure 2.5
Species-rank distributions for
old fields of five different ages
of abandonment in southern
Illinois. Initially the field
is dominated by herbs (1-
4 years), shrubs become more
abundant after 15 years and fi-
nally trees will dominate the
area (25-40 years). Redrawn
after [Bazzaz, 1975].

Figure 2.6
Succession of bacterial con-
sortia (in terms of the four
dominant phyla) over time
(days after birth) in a devel-
oping infant gut microbiome
from birth to 2.5 years of age.
Seemingly chaotic shifts in
the microbiome are explained
by events in the infant’s life,
such as diet change, antibiotic
treatment and others. Graph
by [Spor et al., 2011].

old (51) and 40 year old fields (78). The increase of diversity and richness with suc-
cession is a clear observation.

Secondly, it is interesting to look at the shape of the curves: while the ones
for recently abandoned fields are essentially linear on a semilog plot (with slopes
becoming less steep in time), the curve for the 40 year old field approaches a lognor-
mal shape. The geometric curves of the younger fields indicates that one dominant
species may occupy a large fraction of the total niche space, the second species oc-
cupies a similar fraction of the remaining niche space and so on [Bazzaz, 1975].

Finally, notice that it are other species thatwill dominate theniche after 40 years
(trees) than after 1 year (herbs). The same principle of succession can be seen with
the human microbiome. Immediately after birth, colonization and diversification
start [Spor et al., 2011, Koenig et al., 2011], as can be seen in figure 2.6. By the age
of 3, a child’s microbiome looks a lot like an adult’s, and it has also become much
more stable [Torrazza and Neu, 2011]. One could say an attractor of community de-
velopment is also reached in this example. Interestingly, it turns out the number
of microbial species decreases again after age 65 [Yatsunenko et al., 2012].
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Time evolution of the
species-rank distributions for
our stochastic model with
μ = 0.025, C = 0.01,
N = 4000, S = 200 and
all ri randomly drawn from
U(0, 0.6). Increasing C
made the slopes steeper
(smaller species richness),
while increasing migration
flattened the curves. In the
limit of Hubbell's neutral
model, equation (2.18), the
curves would be essentially
horizontal.

In figure 2.7 the evolution of the rank distribution is shown for a simulation us-
ing themodel we introduced earlier in this chapter. We simulated an almost empty
field by choosing an initial condition with only three species. A stationary state is
obtained after a transient time, even though species turnover at the right side of
the curve is observed all the time. Reaching a stationary state in the rank-abundance
plot will be used as a convergence criterion in our model.

Whencomparedwith figure 2.5, we can appreciate that the qualitative behaviour
of our model and real ecological succession is similar.

2.4 Stationary distributions

Species-abundance distributions provide a statistical view of the whole community
in terms of the (relative) abundances of the different species that are present in the
community. The aim is to plot the the number of species S(m) that are represented
by m individuals. Assuming S(m) is given by a continuous distribution, one can
easily calculate the total number of species S and of individuals M through [Solé
et al., 2002]

S =
∫ ∞

0
S(m)dm (2.19)

and
M =

∫ ∞

0
mS(m)dm. (2.20)

In nature, most of the observed distributions share a common trait: they are long
tailed, indicating that a few species are rather common and most are rare. Both
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Power-law distribution of
Mediterranean diatoms. Data
obtained from [Pueyo, 2006].

power laws and lognormals are observed [Solé et al., 2002]. We give the example of
a marine ecosystem in figure 2.8, but the long tails are a universal trait that can be
found in completely different ecosystems such as rainforests.

The complexity of the network, quantified by the connectivity C, will play a
key role in the development of long tailed distributions. Let us start with the limit
case C → 0, which corresponds to the Hubble neutral model, equation (2.18). Fig-
ure 2.9 displays the distribution for simulationswherewe did consider intraspecific
interactions, but this did not influence the Gaussian shape. The observed normal
distribution was expected, as without interspecific interactions species evolve ran-
domly without interacting with each other and the central limit theorem applies.
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Figure 2.9
Species-abundance distribu-
tion for the Hubble neutral
model without interspecific
interactions, eq. (2.18).
Implementing intraspecific
interactions, i.e. taking
Ωii = −1, did not change
the Gaussian shape of the
distribution (shown by
the brown line). We used
S = 200 species, N = 4000
lattice sites, growth and death
rates r = e = 0.01 and
immigration rates μ = 0.5.

31



|2 | A MULTISPECIES MODEL FOR COMPLEX ECOSYSTEMS

As we increase C and decrease the immigration rate, interactions becomemore
important and the desired long tailed distributions are observed. Lognormals for
intermediate connectivity and immigration values (figure 2.10) and power laws for
veryhigh connectivity values (figures 2.11 and 2.12), where the system is dominated
by internal dynamics. The results are summarized in figure 2.13.
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Figure 2.10
Species-abundance distri-
bution for simulations with
the following parameters:
S = 200 species, N = 4000
lattice sites, immigration rates
μ = 0.05 and connectivity
C = 0.01. The brown line
shows the best lognormal fit.
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Figure 2.11
Species-abundance distri-
bution for simulations with
the following parameters:
S = 200 species, N = 4000
lattice sites, immigration rates
μ = 0.005 and connectivity
C = 0.1. The brown line
shows the best power law fit.
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BecauseGaussian species-abundancedistributions arenot observed in field data
[Solé et al., 2002], one could argue that real ecologies are never truly neutral. Never-
theless, Hubbell’s neutral model remains a useful limiting case for systems where
stochastic events are more important than the internal dynamics, something we
will discuss further in chapter 4.
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Figure 2.12
Same as figure 2.11 but one a
loglog scale.
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Figure 2.13
Comparing the results from
figures 2.9, 2.10 and 2.11.
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Ourmodel is not the only one that is able to reproduce the results in figures 2.9-
2.13. [Solé et al., 2002] came to the same conclusions usinghismodel that only allows
for competitive interactions among species. This demonstrates long tailed species
abundance distributions can be expected in all sorts of communities, both purely
competitive ones and those who also allow for mutualistic interactions.

2.5 Materials and methods

The interaction matrix Ω is constructed in the following way: (1) all elements are
randomly drawn from a uniformdistributionU(−1, 1), unless specified otherwise.55In the next chapters,

they will often be drawn
from normal distributions
with varying standard devia-
tions, but this will always be
specified

(2)We apply the connectance: every element has a probability of 1−C to be set zero.
(3) We put all diagonal elements −1. (4) We draw all elements in the first column
(the growth rates) from a uniform distribution U(0, 1). (5) We put all elements of
the first row to zero. In this way, even when the connectivity is zero, the matrix
still has finite growth rates and intraspecific feedback.

The data in figures 2.9−2.12 were created by averaging 250 simulations in every
plot. As discussed in the main text, the simulations were stopped using the follow-
ing convergence criterion: we look when the system reaches a stationary state in a
rank-frequency plot, such as in figure 2.7.

Modeling and running simulations was done using Python. Analysis was per-
formed using the R statistical software and Gnuplot.
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In this chapter we introduce the concept of self-organized instability [Solé et al.,
2002], where ecosystems are driven to a critical boundary separating stable from
unstable communities. We discuss the origin of this critical behaviour and the con-
sequences for species-rich communities. We will show that it can explain the scal-
ing relation between the complexity of an ecological system and its diversity that
is observed in nature. An analogy with self-organized critical (SOC) models such as
the sandpile model can be drawn. Let us start however with looking into the role
of the complexity of an ecological network on its stability.

3.1 Introduction

The Lotka-Volterra equations (2.9) introduced in the previous chapter are a set of
S ordinary differential equations:

dxi
dt

= Φi(x1, ..., xS), i = 1, ..., S, (3.1)
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where xi denotes the population size of species i and the function Φi(x1, ..., xS) is
defined as

Φi(x1, ..., xS) = xi(ri +
S∑

j=1
Ω̃ijxj). (3.2)

The ri and Ω̃ij were introduced earlier as constants that denote the growth rate of
species (positive feedback) and interactions among species respectively. Generally,
we assume the system to have multiple equilibria xxx∗k = (x∗1k, ...x

∗
Sk) that satisfy the

condition Φi(xxx∗k) = 0, ∀i. The (linear) stability of the equilibria can be obtained
from the Jacobian matrix J, where

Jij ≡
(
∂Φi

∂xj

)
. (3.3)

Fromequation (3.2) it can be seen that the Jacobianmatrix is exactly proportional to
the interaction matrix Ω̃. This matrix has a predefined connectivity C, which is the
normalized fraction of nonzero elements. As before, we will always take Ω̃ii = −1.

Now consider a small perturbation ζ from the equilibrium point, i.e. xxx(t) =
xxx∗ + ζ(t). The time evolution of ζ = (ζ1, ..., ζS) will be given by the linearized
system

dζ i
dt

=
S∑

j=1

(
∂Φi

∂xj

)
xxx∗

ζ j(t). (3.4)

If vvvj are the eigenvectors and λj the eigenvalues of the Jacobianmatrix, the time evo-
lution of the perturbation is given by the following superposition [Strogatz, 2014]:

ζ(t) =
S∑

j=1
vvvjeλjt. (3.5)

According to the Hartman-Grobman theorem (appendix E),we can use the result of
the linearized system (3.5) to describe the long term behaviour of a perturbation
on the original system in every eigendirection1. We will call the system stablewhen1as long as all λi ̸= 0
all λj < 0, i.e. the perturbation becomes smaller in time in every direction. When
there is at least one positive eigenvalue, the system will grow exponentially in this
eigendirection and we will call it unstable. We will use the following rule of thumb,
where the λi are the eigenvalues of the interaction matrix Ω̃:

1. If there is any λi = 0, no result can be obtained concerning stability of the
system using linearization. If all λi ̸= 0, go to step 2;

2. Find the largest eigenvalue λm = max{λi, i = 1, ..., S};

3. If λm > 0, the system is unstable. Otherwise, it is stable.
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Figure 3.1
Phase transition associated
with the May-Wigner stability
theorem. The vertical axis
shows the probability for
the system to be stable, i.e.
the largest eigenvalue of
the Jacobian matrix to be
negative. There is an abrupt
shift from one to zero as the
connectivity increases: the
system transitions from a
stable state to an unstable
state. We used an ecosystem
size S = 256 and tuned α2
so the transition would be
around C ≈ 0.5. A similar
graph was made in [Solé and
Bascompte, 2006].
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Figure 3.2
Phase diagram indicating sta-
ble and unstable phases.

An interesting relation between the stability of a network and its complexity
can be found. Let us start with the simple example of a random network where the
matrix elements Ωij are drawn from a normal distributionN (0, α2) (but Ωii = −1,
i.e. the individual nodes in the network are stable). As always, the connectivity C
describes the number of connections in the network (the fraction of nonzero ele-
ments in the interaction matrix). In figure 3.1 we show a numerical calculation of
the probability of having a stable system. This probability serves as an order pa-
rameter for a phase transition: indeed, as the density of connections C increases,
a sudden shift in the order parameter is visible. This observation seems to be the
opposite of conventional wisdom that a higher connectivity makes systems more
capable of surviving perturbations [Sinha, 2005] and has led to much research on
the relation betweennetwork complexity and stability. This led to the development
of theMay-Wigner stability theorem: if the number of species in the pool S→∞,

• the system is stable if α2S̃C < 1;

• the system is unstable if α2S̃C > 1.

Here we call S̃ the diversity, it is the number of species that are actually present in
the communities (i.e. have an abundance xi > 0). The two ‘phases’ are shown in
figure 3.2. The critical line S̃ ∼ C−1 separates the two regimes.
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TheMay-Wigner stability theoremhas been proven in different ways [Hastings,
1982], one of them is using Wigner’s theorem for randommatrices [Sinha, 2005]. It
states that for an S× S-matrix B (S≫ 1) with connectance C of which the nonzero
elements are drawn fromN (0, α2), the largest real part of the eigenvalues is given
by:

λBm =
√
SCα2. (3.6)

The theorem holds for matrices of which the diagonal elements are 0, i.e. Bii = 0.
Remember we considered stable individual nodes in our network, i.e. Ω̃ii = −1. We
can write Ω̃ = B − I, where I is the S × S identity matrix. The stability condition
λm < 0 is then equivalent to λBm < 1 and theMay-Wigner stability theorem is found.

We finish with noting that the stability criterion as a hyperbolic law S̃ ∼ C−1

is based on linear stability grounds, thus labeling those dynamical patterns involv-
ing hyperbolic equilibria, limit cycles (oscillations) or chaos as unstable [Solé and
Bascompte, 2006]. In most field populations high fluctuations are observed. Nev-
ertheless, field data show evidence the scaling relation is at work in real ecolo-
gies, although it deviates from its strict hyperbolic form. Usually it takes the form
S ∼ C−1+ε, where 0 < ε < 1/2.

3.2 Self-organized instability

3.2.1 Results

Intuitively, by looking at real ecological systems and figure 3.2, we would expect
the upper part of the diagram to be empty and the lower part scattered by different
(S̃, C) pairs. An interesting observation is that real ecologies are actually scattered
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Figure 3.3
Scaling relation between di-
versity (number of species S̃
that are present in the com-
munity ) and complexity (mea-
sured in terms of the con-
nectance C). The data were
obtained from 12 well-defined
ecological networks [Montoya
and Solé, 2003]. Redrawn af-
ter [Solé et al., 2002].
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Figure 3.4
Species-connectivity relation-
ship for immigration rates
μ = 0.005. 200 simulations
were performed for every
connectance value. The black
dots are the mean values
and the error bars denote
the standard deviation. [Solé
et al., 2002] also found a
scaling relation for a different
(purely competitive) model,
though without mentioning
the value of the exponent.

close to the critical boundary. Wewill call this the species-connectivity scaling relation.
Figure 3.3 shows some real field data. The exponent of the power law in this partic-
ular case is −0.55, which is indeed a strong deviation from the hyperbolic law, an
observation we explained in the previous section as a result of strong fluctuations
in the community dynamics.

In order to explain this self-organization around the critical boundary, we re-
turn to the model that was introduced in the previous chapter. The simulation is
performed several times for different values of the connectance C. A power law is
clearly visible (figures 3.4 and 3.5). The exponent is −0.502, which is consistent
with the field data. Next we performed the same analysis but for an immigration
rate that is 20 times larger (figure 3.6). For small values of the connectivity a devi-
ation from the scaling law is visible.

[Solé et al., 2002] show that for purely competitive dynamics, i.e. all Ωij ≤ 0,
the scaling relation can be written in the following form for small immigration rates:

S̃ =
μN

(1− μ)C

[
ln

(
1− μ
μ

+ ln C
)]
≈ AC−1+ε(μ), (3.7)

with ε−1 = ln 1
μ andA = Nε−1 exp

(
−ε−1). This is indeed the observed power law

behaviour. The deviation from this law in figure 3.6 is explained by the fact that
the immigration rate is too large and equation (3.7) no longer holds.

39



|3 | ON SELF-ORGANIZATION AND ECOLOGICAL NETWORKS

10

15

20

25

30

0.25 0.50 0.75 1.00

connectance C

di
ve
rs
it
y
S̃

Figure 3.5
Same as figure 3.4 but plot-
ted on logarithmic scales.
The power law exponent is
−0.502. Immigration rate
μ = 0.005.

50

75

100

125

150

0.25 0.50 0.75 1.00

connectance C

di
ve
rs
it
y
S̃

Figure 3.6
Same as figure 3.5 but with a
larger immigration rate: μ =
0.1.

3.2.2 Discussion

We can conclude this chapter with the observations that (1) the complexity and
species diversity displayed by the stationary states obey the observed scaling law
S ∼ C−1+ε where ε is dependent upon immigration rates, and (2) fluctuations aris-
ing from the presence of large migration rates cause deviations from the scaling
law. We investigate the proposition by [Solé et al., 2002] to explain both obser-
vations using the generic mechanism of self-organized instability, which is closely
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related to the concept of SOC by [Bak et al., 1987] that we discussed at the end of
chapter 1. We will make an analogy with the sandpile model and stress both the
similarities and the differences.

A constant influx of new species into the community is provided by means of
migration. This leads to an increase in diversity, i.e. the number of unique species
in the community. As we have seen in section 3.1, for a given connectivity there is
a certain threshold above which the system becomes unstable. As the number of
species increases, so do the interactions: more competition will trigger extinction
events and the diversity will decrease. Eventually the system will find itself poised
at the critical boundary.

The analogy with the sandpile model is the following: the influx of new species
in the community is the equivalent of adding grains to the pile. Initially the diver-
sity will increase, just as the slope of the pile. At a certain moment the threshold
value of the diversity is reached, the critical slope of the sandpile. The value of this
threshold is determined by the connectance of the system, just as the critical slope
depends on the friction of the material2. Once the threshold is exceeded, extinc- 2in fact it appears sand is

too sticky, the SOC behaviour
is better observed for a rice
pile [Frette et al., 1996].

tion events will decrease the diversity in the system, as avalanches will decrease
the slope of the sandpile. Ecological systems will poise themselves at this critical
value of the diversity, as sandpiles self-organize themselves at the critical value of
the slope. We summarize the analogies between both models in the table below:

sandpile ecological community
adding grains species influx
slope of pile diversity S̃

gravitational force competitive interactions
frictional forces deleted connections (1− C)

avalanche extinction event

Figure 3.7 shows the evolution of the diversity of an ecosystem for 1000 time
steps. The size of an extinction is defined as |S̃(t)− S̃(t− 1)|, if S̃(t) < S̃(t− 1). The
larger the extinction event, the more rare it will be. Some extinctions will occur
once every 1000 time steps, others every 10 000 or even 100 000 time steps. The
frequency is shown in figure 3.8, where strongdeviations frompower lawbehaviour
are visible for small extinction sizes. This is a first indication the systemmay not be
truly self-organized critical. However, as pointed out in several papers [Bak et al.,
1987,Turcotte, 1999,Van DeWiel and Coulthard, 2010,Croke et al., 2015], deviations
from power law behaviour at the tails of the distribution are common, especially at
the left tail describing low-magnitude high-frequency events. [Roussel et al., 2016]
find a logarithmic plot very similar to ours, and still consider this to be a SOC event:
they argue the physics of the system can impose a minimal size of events. We have
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seen a similar pattern in figure 1.7 for SOC in earthquakes, although the deviation
was less apparent in this case. However, [Roussel et al., 2016] stress calling their
system self-organized critical is appropriate because it obeys all other laws imposed
by SOC. There are two reasons we cannot do the same [Solé et al., 2002]:

1. The interactions among species are not uniform, as they are weighted by the
interaction matrix;

2. The driving is not slow: immigration occurs all the time without complete
system relaxation.

The second point can explain the deviations observed in figure 3.6: as themigration
rate increases, new species are dropped in the community before it has had time to
relax from the previous ones. Especially for small connectivities (where less inter-
actions happen in a given time step), the systemno longer gets poised at the critical
boundary, i.e. its diversity deviates from the value that would be predicted by the
species-connectivity relation.

Because of the shortcomings above, [Solé et al., 2002] called this concept self-
organized instability, because it is observed that systems will still move toward the
critical boundary in the S̃ − C phase diagram although not all conditions of SOC
are met. As systems approach criticality, population fluctuations will increase in
size [Solé and Bascompte, 2006]. These fluctuations are a possible source for the
long tailed distributions observed in the previous chapter. Future research will
show what the implications of self-organized instability will be for evolutionary
ecology: it has been suggested that it might help understand important events in
large-scale evolution, such as megafaunal extinctions [Forster, 2003].

3.3 Materials and methods

As explained in the main text, the matrix elements to create figure 3.1 were drawn
from a uniformdistributionwithmean 0 and deviation α2 = 0.045. The simulations
to create the other graphs used a uniform distribution U(−0.7, 0.7), growth rates
r = 0.1, extinction rates e = 0.01. All diagonal elements were set to −1. With the
exception of figure 3.1, we used N = 4000 lattice sites and S = 200 species.
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Time evolution of the diver-
sity S̃ showing the number of
species in the community be-
tween time step 1000 and time
step 2000. Used parameters
were C = 0.8, μ = 0.3, e =
0.4,N = 400, S = 4000.
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Distribution of the sizes of ex-
tinction events. The simu-
lation ran for 500 000 time
steps. Same parameters as fig-
ure 3.7.
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In this chapterwe discuss the issue of niche-based (interaction-dominated) ver-
sus neutral (migration-dominated) community theories. We start with a brief in-
troduction to both models and discuss the ongoing debate in ecology which one of
the two predominantly shapes ecological communities. Next, we will argue that
the two models should not be seen as radically opposed paradigms, but rather as
two limit cases of the same phenomenon. Furthermore, we will show that the sim-
ulation model we introduced in chapter 2 can reproduce both regimes, and that a
smooth transition1 occurs between the two. 1because there is a signif-

icant region displaying inter-
mediate dynamics, we will use
the term crossover rather than
phase transition in this context
[Fisher and Mehta, 2014b]

4.1 The niche and neutral regimes

Which forces predominantly shape ecological communities? The answer on this
question is the main difference between niche and neutral theories. Classical theo-
ries as the one introduced by Lotka and Volterra explain the dynamics within eco-
logical community in terms of species niches [Haegeman and Loreau, 2011]. Just
as fitness is a core concept in evolutionary biology, niches are a core concept for
ecology. A simplistic definition would be that a niche is what describes a species’
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ecology, its habitat or its role in the ecosystem for instance [Pocheville, 2015]. A
classical example of the niche concept is given by two species of barnacles living
along the Scottish coast, Chthamalus and Balanus [Campbell et al., 2009]. As we have
seen in chapter 2, if the competition coefficients are not too large, there can be
coexistence between two competing species. It is interesting to see how this co-
existence is reached in practice (figure 4.1). Both barnacle species have their own
fundamental niches, directly related to their intrinsic carrying capacities. In the
absence of competitors, Chthamalus will grow to occupy the entire height of the
shore, while Balanus, due to its smaller carrying capacity, will only be able to oc-
cupy a fraction of the shore height. However, when the two species occur together,
Chthamalus can only realize a fraction of its fundamental niche, because Balanus is
the superior competitor. When we talk about ‘niches’, we implicitly mean the fun-
damental niches. A theoretical definition of a niche would be the volume in which
the growth rate r of an organism is larger than or equal to 1 [Faust and Raes, 2012].
The volume in this sense is an abstract space with axes that correspond to both abi-
otic and biotic factors that can affect the growth rate of the species. Interactions
between species occur when niches overlap, and the degree of overlap defines the
interaction strength. In the next sectionwewill illustrate this using the one dimen-
sional case of a niche axis.

Since the pioneering work of [Macarthur and Levins, 1967], ecologists have em-
phasized the roles of interspecific competion in the dynamics [Fisher and Mehta,
2014b]. The approach of neutral theory is different [Hubbell and Lake, 2003]. While

Figure 4.1
Joseph Connell's barnacle ex-
periment. Balanus is most
concentrated in the lower area,
while Chthamalus is most con-
centrated in the upper area.
Balanus did not invade the
higher parts when Chthamalus
was removed, because it can-
not resist the drought dur-
ing low tides. Chthamalus
did invade the lower parts
when Balanus was removed,
which proves that interspe-
cific competition made the re-
alized niche smaller compared
to the fundamental one. From
[Campbell et al., 2009].
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the niche models emphasize on ecological selection as the driving force of commu-
nity assembly, neutral models start from the assumption that species are identical
in all characteristics concerning the population dynamics. Translated to the model
we introduced earlier in this thesis, we think of parameters such as interaction co-
efficients or growth rates for instance. Indeed, we already discussed Hubbell’s neu-
tral model in equation (2.18), which satisfies these conditions. Ecological drift, i.e.
stochasticity, drives the dynamics. Because a constant species flow into the com-
munity is guaranteed in the form of an immigration rate2 μ, species coexistence is 2on a larger scale, evo-

lution and speciation guaran-
tees the species flow, along
with migration

guaranteed in a trivial way. Hubbell’s neutral model can be seen as the reference
model of neutral theory, among others [Fisher and Mehta, 2014b].

The assumptionof functional equivalence is controversial among ecologists− it
is now generally accepted that ecosystems are not truly neutral and that species do
have functional differences [Rosindell et al., 2012]. EvenHubbell himself stated that
“probably no ecologist in the world with even amodicum of field experience would
seriously question the existence of niche differences among competing species on
the same trophic level3. The real question is what niche differences, if any, matter 3the trophic level of a

species is the position it occu-
pies in a food chain

to the assembly of ecological communities” [Hubbell, 2005]. Nevertheless, neutral
theory remains a useful approximation for communities in which stochastic pro-
cesses such as random births and deaths are the dominant process compared with
interactions.

The success of both theories at explaining observed community structures in
nature has recently inspired ecologists to propose the hypothesis that both theo-
ries are phases of one and the same underlying mechanism driving the dynamics
[Chisholm and Pacala, 2010]. In this chapter we will put this hypothesis to the test
by investigating whether an ecological community simulated by our multispecies
model introduced in chapter 2 can show both a interaction-dominated regime (the
niche phase) and a migration-dominated regime (the neutral phase), depending on
the chosen parameters. We will show that a community may transition from one
phase to the other as its environment is altered.

4.2 The niche axis

Consider a purely competitive Lotka-Volterra systemwithmany species. After nor-
malization xi 7→ xi/K, equations (2.4)-(2.5) can be summarized as

dxi
dt

= rixi

1+
S∑

j=1
Ω̃ijxj

 , (4.1)

with Ω̃ij ≤ 0, ∀i, j. As we have seen earlier, the competitive exclusion principle
states that there is somemaximal level of similarity between species beyond which
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no stable coexistence is possible. A useful way to approach this issue is by visual-
izing the continuum resource spectrum by a hypothetical one-dimensional niche
axis [May, 2001]. An example of a niche axis is the gradient of the beak size of birds
(figure 4.2). Darwin collected fifteen different species of finches at the Galápagos
Islands during the second voyage of the Beagle. They are well known for their re-
markable diversity in beak form and function [Darwin, 1859, Podos and Nowicki,
2004]. For a given beak size, a bird species i can optimally feed on a particular size
of seedmi and its feeding ability drops for smaller and larger seeds, we will assume
this happens as a normal distribution with variance σi [Fort, 2013]. The width of
the niche of the ith species is then distributed as [Scheffer and van Nes, 2006]

Pi(L) =
1

σi
√
2π

exp

(
−(L− mi)

2

2σ2i

)
. (4.2)

A visualization of the niche axis is shown in figure 4.2. The idea is that the com-
petition intensity between species i and j is related to the niche overlap, i.e.. the
probability that individuals of two species are at the same position of the niche
axis. Indeed: the closer together the beak sizes of two bird species, the more they
feed on the same seeds and the bigger the competition. If all niches are the same
size, i.e.. σi = σ,∀i, the competition coefficients in equation (4.1) can be calculated

m1 m2 m3

niche axis L
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ili
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n
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L)

Figure 4.2
Representation of the niche
axis. For each resource L (e.g.
a seed with a certain size),
P(L) is the probability of its
utilization in a unit time by an
individual. Therefore, the area
under each curve equals the
total resource utilization for a
particular species [Macarthur
and Levins, 1967]. For a given
beak size, a bird species A can
optimally feed on a particular
size of seed L = mA. The in-
tensity of the interaction be-
tween two species of birds A
and B, ΩAB, is proportional to
their niche overlap: the closer
they are in size the stronger
the competition.
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as [Macarthur and Levins, 1967, Scheffer and van Nes, 2006]

Ω̃ij = −
∫ +∞
−∞ Pi(L)Pj(L)dL∫ +∞

−∞ P2i (L)dL
= − exp

(
−

D2ij
4σ2

)
, (4.3)

where Dij ≡ |mi − mj|. We see that Ω̃ij = Ω̃ji if all species have the same niche
width: there are no superior or inferior competitors. Equation (4.3) follows the rule
Ω̃ii = −1. If σi ̸= σj, we calculated that the equation is extended in the following
way:

Ω̃ij = −σj

√
2

σ2i + σ2j
exp

(
−

D2ij
2(σ2i + σ2j )

)
. (4.4)

If σj > σi, species j is the superior competitor if both growth rates are equal, because
in this case |Ω̃ij| > |Ω̃ji|. This is what we expected: a species with a larger niche is
relatively less dependent on the resource that is also consumed by the competitive
species.

Self-organized similarity: evolutionary emergence of groups of similar species
In the remainder of this chapter, we will focus on the transition between the
niche and neutral phases by a sudden change in the parameters of the ecosys-
tem, e.g. interaction coefficients (by changes in the niche distributions of the
species), complexity of the network ... On larger time scales, the niche axis
can be used to simulate evolution, see [Scheffer and van Nes, 2006]. The au-
thors used a deterministic Lotka-Volterra model with the interaction matrix
defined as equation (4.3). To mimic evolution, species were allowed to evolve
slowly in the direction on the niche axis where they experienced less compe-
tition. An interesting pattern emerged: although all 100 species are initially
randomly distributed over the niche axis, over the course of time there is con-
vergence toward self-organized lumps of similar species. This may help solve
the questionwhy there are somany similar species in nature− the coexistence
of similar tree species in rain forests [Hubbell and Lake, 2003] or the large num-
ber of planktonic species that coexist in a rather homogeneous habitat [Paine,
1966] for example.

How should we interpret this somewhat counterintuitive result? First of
all, these patterns are only observed for ‘saturated’ communities, i.e. com-
munities where the niche space is almost completely filled with species. In
species-poor communities, competition will promote species to fill up empty
niche space, making species more dissimilar [Dieckmann and Doebeli, 1999].
There are two contrasting ‘windows of opportunity’ for coexistence: being suf-
ficiently different or being sufficiently similar [Scheffer and van Nes, 2006].
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The interplay of these two forces will result in the observed pattern of self-
organized similarity for species-rich communities.

An remarkable analogy can be made with Hotelling’s theory in the social
sciences [Hotelling, 1990]. He argues that competition among political parties
or companies will often lead to convergence rather than differentiation, al-
though such a convergence is not in the interest of the public. On the other
hand, [Ives et al., 1999] argues that having many similar species in nature may
be essential to ensure ecosystem functioning in the face of negative impacts.
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Redrawn after [Scheffer and
van Nes, 2006].

We remark that the model of a one-dimensional niche axis is a simplification of
reality. The multidimensional nature of the niche is now commonly accepted and
most authors consider competition along several resource axes [Gotelli and Graves,
1996]. Most of these are subdivisions of the major niche axes of time, space and
food [Schoener, 1974]. This is visualized in figure 4.3 for a two-dimensional niche
space.

niche axis x niche axis y

Figure 4.3
Graphical representation
of multidimensional niche
overlap.
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We finish this section by discussing the concept of ecological neutrality in the
context of the niche axis. As mentioned earlier, species identity has no meaning
in a neutral community. All species are functionally equivalent, which means that
interactions between any two individuals are unaffected by their species identi-
ties [Purves and Turnbull, 2010, Chave, 2004, Chesson and Rees, 2007]. All inter-
action coefficients are equal because species niches coincide [Harpole, 2012]. Ac-
cording to equation (4.3) this would mean all elements of the connectivity matrix
Ω equal −1, but any value would be appropriate here. Complex ecological inter-
actions are allowed, as long as all individuals obey the same rules [Hubbell and
Lake, 2003]. Consequently, asymmetric phenomena such as predation, parasitism
or commensalism (table 2.2) are ruled out, while mutualistic interactions such as
swarming or competition for limited food or light are allowed. The condition sine
qua non remains that all individuals behave in the same way, however. Hubbell’s
neutral model, equation (2.18), considers the extreme case where all species show
functional equivalency because they simply do not interact.

4.3 The neutral-niche crossover

4.3.1 The phase diagram

The one dimensional niche axis only accounts for competitive interactions among
species that are relatively close to each other. We generalize this concept by con-
sidering an interaction matrix

Ω =


0 0 0 · · · 0
r α α · · · α
r α α · · · α
...

...
... . . . ...

r α α · · · α

 , (4.5)

where all the α are different random numbers drawn from a normal distribution
N (0, δ), with δ > 0 the diversity. We will use Hubbell’s neutral model (2.18) as
benchmark for neutral dynamics. It can be reached by either making the diversity
very small (δ → 0) or deleting all the links in the network (C → 0). C denotes the
connectance of the network and represents, as always, the fraction of nonzero el-
ements in the interaction matrix. We will construct a phase diagram in the C − δ
plane and expect to find a neutral regime for small values for δ and/or C and an
interaction dominated regime for large δ and C. As order parameter we choose the
Bray-Curtis (BC) dissimilarity between the (δ, C) = (0, 0) sample and the other sam-
ples. More information about this metric can be found in appendix A. The higher
the BC-value, the more a sample deviates from a purely neutral regime.
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The yellow part in the phase diagram (figure 4.4) corresponds to the neutral
regime. As expected, there is a (continuous) shift toward niche dynamics for in-
creasing diversity and connectance. Figure 4.5 shows a vertical cross section of the
phase diagram for different values of the diversity δ and figure 4.6 shows a horizon-
tal cross section for different values of the connectance C. Both resemble logistic
growth curves.
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Figure 4.4
Phase diagram for a simula-
tion using N = 4000 lattice
sites, S = 200 species, equal
growth rates r = 0.2 and mi-
gration rates μ = 0.01. BC
stands for Bray-Curtis dissimi-
larity.
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Value of the Bray-Curtis dis-
similarity (BC) as a function of
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4.3.2 Influence of the used distribution

To investigate whether the results are robust for other distributions, we performed
the same analysis as figure 4.4 but drew the interaction coefficients from a uni-
form distribution U(−δ, δ) instead of a normal distribution N (0, δ). Once again,
Hubbell’s neutral model is retrieved for δ → 0 and we expect the corresponding
neutral dynamics in this regime. Indeed, the results are qualitatively equivalent
with the ones obtained from a normal distribution (figure 4.7).
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Figure 4.7
Same as figure 4.4 but with the
interaction coefficients drawn
from a uniform distribution.

4.3.3 Influence of the used dissimilarity measure

It is important that our qualitative results are independent of the used metric, in
our case the Bray-Curtis dissimilarity. Therefore, we demonstrate in figure 4.8 that
the shape of the phase diagramdoes not changewhenwe switch to another dissimi-
laritymeasure when comparing the sample with neutrality: a simple Euclidean dis-
tance, Morisita’s overlap index and the binomial deviancewere tested. A discussion
on these metrics can be found in appendix A.

Differences in species abundance distributions can be observed, as discussed in
chapter 2.4. Ecological systems with large connectivities display long tails, while
systems with only a small number of interactions are more Gaussian shaped. This
motivated us to calculate the Kolmogorov–Smirnov statistic between the species
abundance distributions of the neutral sample (δ, C) = (0, 0) and all other samples,
respectively. The KS statistic a measure of the similarity between two empirical
sample distributions and is explained in appendix B.

We conclude that our results are robust with respect to the chosen metric.
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Figure 4.8
Same as figure 4.4, but with
different metrics (Euclidean
distance, Morisita's overlap
index, binomial deviance)
and the Kolmogorov-Smirnov
statistic (KS) on the species
abundance distributions.

4.3.4 Influence of migration

In the introductory section of this chapter, we emphasized the important role of
interactions on the dynamics of niche-based communities and of (random) migra-
tion and extinction events on the dynamics of neutral-based communities. As ex-
pected, the phase diagram shows us a shift from neutral to niche dynamics when
the interaction diversity, and thus the importance of interactions, is increased. In
figure 4.9 we investigate the role of the immigration rate. Although high immigra-
tion rates cannot completely turn niche communities neutral, we do see a gradual
shift toward an intermediate state between neutral and niche dynamics as the im-
migration rate increases.

4.3.5 Influence of the metacommunity size

A final important parameter is the number of species S in the metacommunity (the
species pool from which species can migrate into the system). Apparently the dis-
tance from neutrality is positively correlated with S: the neutral-niche crossover
gets sharper as S increases (figure 4.10). This is not surprising: there is a larger
number of connections for higher values of S, making interactions and nonlinear
effects more important. For small community sizes, the dynamics are governed by
stochastic effects and the system is nearly-neutral for almost all (δ, C)-combinations.
Niche dynamics ismostly observed in large communities [Fisher andMehta, 2014b].
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Phase diagram showing the
Bray-Curtis dissimilarity (BC)
for different values of the mi-
gration rate μ (gray boxes).
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4.4 Materials and methods

4.3.6 Conclusion

When running simulations using the model we introduced in chapter 2, strong de-
viations occur from neutral dynamics when interaction diversity and connectivity
are increased. We attribute this to another regime, the niche phase, where the
species traits and their mutual differences are the dominant factor driving the dy-
namics. Other parameters, such as themigration rate and themetacommunity size,
determine how sharp this transition will be. For most intermediate values of these
parameters the transition occurs gradually, meaning that a lot of systems will be
in a situation where neither interaction or migration is the dominant factor and
both will influence the dynamics. This is why the term ‘crossover’ is more appro-
priate than ‘phase transition’ in this context. These findings are in contrast with
othermodels [Fisher andMehta, 2014a], which show a rather sharp transitionwhen
changing parameters.

The following table summarizes the most important parameters in our model
and how they tend to turn the system to the niche or neutral regime:

connectance C → 0 neutral
→ 1 niche

diversity δ → 0 neutral
→ 1 niche

migration μ → 0 niche
→ 1 neutral

species pool S → 0 neutral
→∞ niche

4.4 Materials and methods

Unless specified differently in the figure captions, the used parameters were: S =
200,N = 4000, μ = e = 0.01, r = 0.2. Themetrics in figure 4.8were calculatedusing
the R function vegdist of the vegan package. The Kolmogorov-Smirnov statistic
was calculated using the R function ks.test of the stats package. All phase dia-
grams were constructed using interpolation: the data interval for the interaction
diversity was 0.05 and for the connectance 0.1. For each data point, 10 simulations
were averaged.
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5.1 Introduction

In 2011, a Nature publication announced the discovery of three distinct human en-
terotypes [Arumugam et al., 2011]. Enterotypes are used to classify humans (and
other living organisms) based on the bacteriological ecosystem in their gut micro-
biome. Just as there are only a limited number of blood types among humans, peo-
ple can also be divided in groups according to the ecological community composi-
tion in their gut. Each community type is dominated by a particular species. Type 1
is characterized by high levels of Bacteroides, type 2 has few Bacteroides but Prevotella
are common, and type 3 has high levels of Ruminococcus (figure 5.1). Interestingly,
the researchers found that the enterotype of a person was not related to gender,
age, body mass index or nationality of the host. A study of gut composition of chil-
dren in Burkina Faso showed that Prevotellamakes up 53% of all of the gut bacteria,
while this species is absent in age-matched European children [De Filippo et al.,
2010]. This discrepancy in composition was assigned to a difference in long-term
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diet and not nationality, however. Those who eat plenty of protein and animal fats,
a typical Western diet, have a gut composition that is predominantly composed of
Bacteroides bacteria, while carbohydrates stimulate the dominance of the Prevotella
species [Wu et al., 2011].

The level of discreteness or continuity of the community types remain unclear
[Jeffery et al., 2012], just as their origins [Knights et al., 2014, Faust and Raes, 2012].
In principle, three different mechanisms can be at the origin of the presence of
different community types [Gibson et al., 2016]:

1. The system may exhibit true multi-stability, meaning that there are multi-
ple stable states with the same combination of microbial species [Lewontin,
1969]. Researchers have not been able to demonstrate this hypothesis exper-
imentally, however [Faust and Raes, 2012].

2. There may be host heterogeneity, meaning that the microbial dynamics are
host-specific. Besides the fact that the presence of classifiable microbial dy-
namics has also not been detected experimentally, the overwhelming success
of techniques as Fecal Microbiota Transplantation (FMT, see box at next page)
suggests that host-specific effects probably play aminor role regarding intra-
and interspecies interactions [Youngster et al., 2014].

3. A final possibility, and the one we will investigate throughout this chapter,
is the concept of heterogeneous interspecific interactions, a concept that
has been known in macro-ecology for several decades [Paine, 1992]. In this
framework there are a small number of so-called strongly interacting species
(SIS) that show interactions which are much stronger in comparison to the
other species in the community. [Gibson et al., 2016] demonstrated how dis-
tinct community types naturally emerge from a deterministic, community-
based model with SISs incorporated. The authors show that a transition between
the types can be established by controlling the SISs only. We will reproduce these
results and generalize them using the individual based model we introduced
in chapter 2.

Figure 5.1
Abundances of the main con-
tributors of each enterotype
found by [Arumugam et al.,
2011].
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Fecal Microbiota Transplantation (FMT)
Fecal microbiota transplantation or stool transplantation is the transfer of fecal ma-
terial containing bacteria from a healthy individual into a diseased patient
[Bakken et al., 2011]. Through the infusion of stool, the microbial composi-
tion of the gut is restored. It has been suggested to be an effective treatment
for patients suffering from recurrent Clostridium Difficile Infection (rCDI), the ef-
fects of which can range from diarrhea to pseudomembranous colitis [Bakken
et al., 2011, Youngster et al., 2014,Weingarden et al., 2015]. Most people with
CDI recover after just one FMT treatment [Kelly et al., 2012].

Experimentally, FMT has also been used to treat other diseases, including
colitis [Borody and Campbell, 2011] and diabetes [Borody and Khoruts, 2012]
but also neurological conditions such as multiple sclerosis [Borody et al., 2011]
and Parkinson’s disease [Ananthaswamy, 2011].

5.2 Deterministic dynamics

5.2.1 Description

One approach tomodel strongly interacting species would be to use the generalized
Lotka-Volterra equations (section 2.1), as was done by [Gibson et al., 2016]. This set
of ordinary differential equations

ẋi(t) = rixi(t) + xi(t)
S∑

j=1
Ω̃ijxj(t), i = 1, ..., S (5.1)

can be represented by the following matrix equation:

ẋxx(t) = diag(xxx(t))(rrr+ Ω̃xxx(t)), (5.2)

where rrr = (r1, ..., rS) is a column vector of growth rates, Ω̃ = (Ω̃ij) is the inter-
action matrix and xxx = (x1, ..., xS) is the state vector containing the abundances
of all S species. The function diag generates a diagonal matrix from a vector. It is
particularly useful to study the equilibria of the matrix equation (5.2), i.e. the solu-
tions xxx that satisfy ẋxx = 0, because it has been shown that intestinal microbiota are
resilient ecosystems [Lozupone et al., 2012, Relman, 2012] and typically represent
steady behaviour [Arumugam et al., 2011, Consortium et al., 2012]. Until the next
large perturbation1, the system will remain stable for several months and possibly 1think of a dramatic

change in diet or the start of
an antibiotic treatment, for
example

even years [Faith et al., 2013].
Apart from the trivial steady state xxx = 0, the set of steady states contains solu-

tions xxx∗ that obey the relation rrr+ Ω̃xxx∗ = 0. When the matrix Ω̃ is invertible, it can
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be shown that the non-trivial steady state xxx∗ = −Ω̃−1rrr is unique [Goh, 1977] and
asymptotically stable (appendix E). [Gibson et al., 2016] analytically demonstrate
that

1. if a new species is introduced in the ecosystem (5.2), the shift of the steady
state is proportional to the interaction strengths between the newly intro-
duced species and previously existing ones;

2. if two communities differ by only a single species, it is the interaction strength
of this species with regard to the rest of the community that dictates how far
apart the steady states of the two communities will be.

From these results, ‘clustering’ of steady states based on the heterogeneity of the
interspecific interactions can be predicted. Imagine there exists one strongly in-
teracting species. Those systems containing the SIS will have steady states close to
each other and those systems not containing the SIS will have steady states close to
each other, but there will be some distance between the two clusters. This distance
is related to the strength of the strongly interacting species.

5.2.2 Metacommunity and local communities

Consider a universal species pool Σ(S) = {1, ..., S} to which we will also refer as
the metacommunity [Costello et al., 2012]. Because host heterogeneity is not taken
into account, Ω̃ is referred to as the universal interaction matrix, as it is the same
for all hosts. The global parameters for themetacommunity are completely defined
by the triple (Σ, Ω̃, rrr), where rrr are the universal growth rates [Gibson et al., 2016].
Further, consider q so-called local communities (LCs), which are defined by sets Σ[ν]
(ν = 1, ..., q) that are subsets of Σ. Each LC contains p species (p ≤ S), randomly
selected from the metacommunity. A graphical representation is presented in fig-
ure 5.2.

The GLV dynamics for each LC is described by

LCν : ẋxx[ν](t) = diag(xxx[ν](t))(rrr+ Ω̃xxx[ν](t)). (5.3)

The initial conditions of the LC state vectors xxx[ν] are chosen in a way that there are
p zeros and S − p non-zeros. As a zero population cannot grow in the absence of
migration or speciation, the zero abundances remain for all other times and ulti-
mately the steady state. There is an effective reduction of an S-dimensional to a
p-dimensional set of differential equations.

The interaction matrix Ω̃ can be decomposed as

Ω̃ = NH, (5.4)
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Σ, Ω, r

x[1] x[2] x[3] x[q]

LC
1

LC
2

LC
3

LC
q

Figure 5.2
Representation of the univer-
sal list of species Σ, a univer-
sal interaction matrix Ω̃, con-
taining all the pairwise inter-
action strengths, and a univer-
sal growth rate vector rrr that
make up the metacommunity.
On a lower level, the dynam-
ics of each local community LC
is determined by the collection
of species in that community.
Adapted from [Gibson et al.,
2016].

where N ∈ RS×S is the nominal interspecific interaction matrix and H ∈ RS×S is the
heterogeneity matrix. All elements of N can be either positive or negative and are
drawn from a random distribution, e.g. N (0, σ2). All Nii are put to zero. H is a diag-
onal matrix, with Hii = 1 for most species and Hii = η for the strongly interacting
species. The factor η > 1 captures the strength of heterogeneity and the amount
by which SISs will distinguish themselves by their interaction strengths compared
to other species. Essentially what this does is multiplying all elements in a column
ofN that correspond to a SIS by a factor η. Note that the amount of heterogeneity is
influenced by both the value of η and the number of SISs. The final step is to choose
all Ω̃ii = −1, as we also did in the previous chapters. This ensures an asymptotic
stability condition for the GLV dynamics (appendix E). We discuss a toy example
of constructing the universal interaction matrix Ω̃ in the ‘materials and methods’
section at the end of this chapter.

5.2.3 Deterministic approach: results

We reproduced the results by [Gibson et al., 2016], using a metacommunity with
S = 100 species and p = 80 species randomly chosen in every local community.
We ran the simulation for 500 different local communities (q = 500). In the case
of one strongly interacting species, the probability this species is present in the LC
and participates in the dynamics is 4/5. Therefore, we intuitively expect to find
two distinct clusters of steady states in the S-dimensional phase plane: one rep-
resenting approximately 400 local communities where the SIS is present and one
representing approximately 100 local communities where the SIS was absent from
the dynamics. Because we cannot graphically represent a 100 dimensional space,
we performed non-metric multidimensional scaling (NMDS, appendix C). The result is
shown in figure 5.3 for 1 SIS and figure 5.4 for two SISs.
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Figure 5.3
NMDS of the normalized steady
state for each local community
in the case of 1 SIS with η =
150. In black are the 95% con-
fidence ellipses for each clus-
ter (good clustering means
no overlapping confidence el-
lipses). Clustering was per-
formed using the k-means al-
gorithm (appendix D).
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Figure 5.4
Same af figure 5.3 but for two
SISs, each with factor η =
150.

Clustering is clearly visible, and the number of clusters depends on the number
of SISs. We can see that as little as two strongly interacting species in a community
of 100 species can have huge impact on the dynamics, dramatically shifting steady
states away from each other. Figure 5.5 plots the data from figure 5.4 in another
way: the heatmap of species abundances for each community shows that there are
major differences among the clusters. Although the SISs (indicated by red arrows)
are typically characterized by small abundances, they are the driving factor behind
this separation. In the blue cluster, the first SIS is always absent and the second one
is always present. In the yellow cluster, both SISs are not present in the community
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Figure 5.5
Alternative way to graphically
represent the results from fig-
ure 5.4. The rows of the
heatmap represent the 500 lo-
cal communities, the columns
label the 50 unique species.
Two red arrows indicate the
columns belonging to the SISs.
The color key shows the abun-
dance of a certain species (in
percent of the total number of
species in the community). At
the left is the cluster dendro-
gram: it clusters together com-
munities that are similar in a
phylogenetic way. The gray
lines in figures 5.3 and 5.4 cor-
respond to this type of 'family
trees'. They can be useful indi-
cating to which cluster possi-
ble outliers in the NMDS plane
may belong. The color bar
between the dendrogram and
the heatmap demonstrates the
k-means clustering that was
used in figure 5.4. As ex-
pected, k-means predicts the
same clustering as a phyloge-
netic analysis would.
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and the green cluster is characterized by presence of the first SIS. Apparently it is
of no importance if the other one is absent of present, which explains the size of
this cluster (the probability that SIS 1 is present in the community is 80%, so 80%
of the local communities will belong to the green cluster. The chance that both are
absent is only 4%, explaining the small size of the yellow cluster).

Relatively simple deterministic dynamics is able to predict and demonstrate the
concept of clustering in communities. These communities do resemble enterotypes
in the sense that their composition and dominant species are different. We stress
that the strongly interacting species are not the dominant (i.e. most abundant) ones.
The SISs are expected to have a strong influence on these dominant species how-
ever, be it direct or indirect. [Gibson et al., 2016] came with analogous results for
a GLV model. While we used the Bray-Curtis dissimilarity for our NMDS analysis22we used an R package to

perform NMDS, see ‘materials
and methods’ section

(see appendices A and B), the authors performed principle coordinate analysis (PCA)
using the Jensen-Shannon distance. This allows us to conclude that the results are
independent of the used metric and method for dimensionality reduction.

5.3 An individual-based approach

We now shift from a community-based to an individual-based approach and de-
scribe how our multispecies model (chapter 2) can be extended to include strongly
interacting species. This choice is motivated by the fact that the human gut is no
isolated system as it would appear by the GLV model: there is a continuous flow
of bacteria in and out of the intestinal tract that we simulate by using migration
and extinction rates. The model also includes more realism by describing growth
and interactions in a discrete rather than continuous way: an individual that pro-
duces an offspring of 0.5 new individuals in the GLV model, would be represented
by an individual with 50% chance of creating 1 new individual and 50% chance of
not doing so. We will investigate whether this introduction of stochasticity, along
with other concepts from previous chapters (self-organized instability, niche and
neutral phases) have any impact on the formation of communities.

5.3.1 Extending the multispecies model

SISs were implemented in the GLV model by multiplying certain column(s) by a
heterogeneity factor η ∼ O(100). The elements in the interaction matrix Ω of our
individual based model represent probabilities however, meaning that if we would
allow SISs to have the largest possible interaction probabilities O(1), all interac-
tions among ordinary specieswould beO(0.01) or lower, and rarely occurring. This
method was not successful in reproducing the community clustering that was ob-
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served using GLV dynamics. The solution to this problem was to change nothing
regarding the construction of the interaction matrix (chapter 2), but to allow SISs
to interactmore than once every time step (in fact, every individual will on average
interact η times, with η = 1 for ordinary species and η≫ 1 for SISs). Details on the
implementation can be found in the ‘materials and methods’ section at the end of
this chapter.

5.3.2 Implementation example

As we have seen in chapter 2, a competitive system (2.4)-(2.5) is bistable for the
appropriate choice of parameters (table 2.1). We adapted3 a toymodel by [Strogatz, 3the growth rates in the

original model were integer
numbers

2014] to describe the interactions between rabbits and sheep:{
ẋ = 0.3x− x2 − 2xy
ẏ = 0.2y− y2 − xy , (5.5)

where x(t) is the population of rabbits at time t and y(t) the population of sheep.
Let us start with a calculation of the equilibria of this system and their stability. The
nullclines are calculated as

ẋ = 0 ⇒ x = 0 ∨ y = 0.15− 0.5x
ẏ = 0 ⇒ y = 0 ∨ y = 0.2− x (5.6)

Equilibria are points were ẋ = ẏ = 0, i.e. where two nullclines intersect. We find
(0, 0), (0.3, 0), (0, 0.2) and (0.1, 0.1) as four possible steady states. As we have seen,
determining stability can be done using the Jacobian

J =

(
0.3− 2x− 2y −2x
0.2− 2y− x −y

)
. (5.7)

We will do the calculation for the coexistence equilibrium (0.1, 0.1) as an example.
This yields a Jacobian matrix

J(0.1,0.1) =

(
−0.1 −0.2
−0.1 0.1

)
. (5.8)

The determinant is given by Δ = (−0.1)(0.1)− (−0.2)(−0.1) = −0.03 < 0 and ac-
cording to the classification in section 1.2.2, this point is a saddle. Therefore we ex-
pect its stablemanifold to divide the phase plane in two so-called basins of attraction.
Indeed, an analogous calculation for the other equilibria shows that both (0.3, 0)
and (0, 0.2) are stable nodes, corresponding to extinction of either one species.
(0, 0) is the trivial unstable node, populations that do not start in this point will
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Phase portrait of a predator-
prey system (5.5).

never get there. Figure 5.6 shows the phase portrait with 4 orbits starting from
different initial conditions.

Translating equation (5.6) to our individual based model is actually a proxy for
the problems we obtained while implementing strongly interacting species. How
can the term −2xy be translated to an interaction matrix only containing proba-
bilities? The factor 2 means any individual of species y will interact twice with an
individual of species x in every time step. This is equivalent with giving species y an
interaction probability of 1 and allowing it to interact two times during a time step,
i.e. ηy = 2. Species x can be modeled as an ordinary species (ηx = 1). Generally, the
interaction matrix is then constructed as Ωij 7→ Ωij/ηj:

Ω =

 0 0 0
0.3 −1 −1
0.1 −1 −0.5


η = 10 ..1 −02

(5.9)

Figure 5.7 shows that this way of implementing strongly interacting species is well
in accordance with dynamics predicted by differential equations, as the orbits in
the phase plane are in very good correspondence to those in figure 5.6.
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Simulation of a bistable system
with interaction matrix (5.9).
Top: phase plane showing
evolution for 4 different ini-
tial conditions (400 time steps
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5.3.3 Individual-based approach: implementing one strongly interacting species

We performed the same analysis as for the deterministic case in section 5.2.3, start-
ingwith ametacommunity of 100 species, of which 1 SIS, and 500 local communities
each containing 80 species. Figure 5.8 illustrates that our individual-based model
provides the same clustering as the GLV model did. A first difference can be ob-
served here however, as the clustering in the case ofN = 50 000 lattice sites appears
more prominent than for N = 5000. By choosing a small lattice, finite size effects44the relative importance

of chance events (e.g. extinc-
tions) in comparison with in-
teractions aremore important

are introduced in ourmodel that are not present in the GLV dynamics. These finite-
size effects tend to decrease the clustering and create amore continuous transition
between the two clusters. This can also be seen in figure 5.9, which shows that de-
creasing N yields a larger spread in the SIS abundance of communities belonging
to the larger cluster, thus allowing for communities with a very small number of
SISs. We suggest these communities show ‘intermediate’ SIS dynamics, explaining
the smaller separation between the clusters for small lattice sizes.
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Figure 5.8
NMDS plane for 1 SIS. Top:
5000 lattice sites. Bottom:
50 000 lattice sites. In black
are the 95% confidence el-
lipses of the clusters.
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Figure 5.10 is a last way to represent the data, combining figures 5.8 and 5.9 by
presenting the abundance of the SIS as a gradient in the NMDS plane. This plane is
the result of a dimensionality reduction that is performed on the 100-dimensional
phase space, where the abundance of every species is represented by an axis. The
direction of the axis belonging to the SIS was clearly a very characteristic one, as
it is almost completely preserved as one of the axis after dimensionality reduction.
This is a remarkable conclusion, considering the very small relative abundances of
the SISs in local communities (they usually make up less than half a percent of all
individuals in the community).

5.3.4 Individual-based approach: implementing multiple strongly interacting species

Clustering analysis gets more interesting when increasing the number of strongly
interacting species. Formally, in the case of 2 SISs, 22 = 4 unique clusters can
be expected if we assume communities are based on unique combinations of SISs.
GLV dynamics never shows more than three clusters however, not in our simula-
tions (figure 5.4) and not in [Gibson et al., 2016]. The results of our individual-based
model are somewhat different. Figure 5.11 shows that although the k-means algo-
rithm decided that the optimal number of clusters equals three, one could argue
some structure can be detected in the green cluster. This cluster consists of two
sub-clusters: one with x20 = 0 (upper part) and one with x20 > 0 (lower part),
where the species with label 20 is one of the two strongly interacting species. Us-
ing the same parameters but a different (random) universal interactionmatrix, the
sub-clusters are now two distinct clusters and the k-means algorithmdetects 4 clus-
ters (figure 5.12). This shows that in the individual-based model, clustering is not
merely a result of interaction heterogeneity imposed by the SISs but also the (ran-
dom) interactions in the network that happen to make up the community.

5.3.5 Influence of the heterogeneity factor η

We included the concept of SISs to our model in order to investigate the influence
of interaction heterogeneity on the formation of community types. The amount of
heterogeneity is expressed by the factor η, describing the relative strength of the
strongly interacting species compared to the other species. As η→ 1, the strongly
interacting species can no longer be distinguished from ordinary species and clus-
tering disappears, as can be seen in figure 5.13. For η ≫ 1 there is a formation
of very distinct community types, while for intermediate values of η there is weak
clustering: a rather continuous transition between community types.
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Figure 5.11
Analysis for a random interac-
tion matrix, 2 strongly interact-
ing species (labeled nrs. 15
and 20), both with factor η =
200. N = 10 000 lattice sites
were used. In black are the
95% confidence ellipses.
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Figure 5.12
Same as figure 5.11 but for an-
other random interaction ma-
trix.
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Figure 5.13
Top: NMDS planes for differ-
ent values of the heterogene-
ity factor η (gray boxes) in the
case of 1 SIS. 50 000 lattice
sites were used. Bottom: value
of the silhouette index (SI) for
each of the corresponding η.
The SI is a way to quantify the
amount of clustering. More in-
formation on the measure can
be found in appendix D.
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5.3.6 Emergence of community types: conclusion

Implementing interactiondiversity to our individual-basedmodel bymeans of strongly
interacting species (SIS) leads to clustering of steady states.

• The number of clusters depends on the heterogeneity factor η, which de-
scribes the relative strength of the SISs compared to other species, and to
a lesser extent on the interaction coefficients in the universal matrix. When
there is more than 1 strongly interacting species present in the community,
thenumber of clusters cannot bepredicted apriori. Although three enterotypes
are observed in nature, it is still possible the dynamics resembles the one rep-
resented in figure 5.12. If, for instance, every person has either one of the two
SISs in his gutmicrobiome, no individual will belong to the yellow cluster and
it will appear as if there are only three community types. We conclude how-
ever that in order to retrieve three enterotypes, at least 2 strongly interacting
bacterial species must exist.

• As we discussed in the introduction, it not yet clear whether the different
community types should be seen as discrete clusters that are well separated
from each other or rather as continuous gradients. We have seen that our
model can predict both, depending on the parameters used. First of all, a
small heterogeneity factorwillmeanweak clustering. Secondly, we have also
seen that finite-size effects tend to decrease cluster separation. Later in this
chapter, we will investigate the influence of connectance and diversity, two
parameters that have an impact on separation between niche and neutral
regimes. We expect them to have an influence on the degree of cluster sepa-
ration.

5.4 Control of community types

Having the knowledge that each community type can be associated with a unique
combination of SISs, we tested the hypothesis that a local community can be steered
to any desired community type by controlling the combination of SISs only. Let us
use the communities in figure 5.12 as an example. Recall that species nr. 15 is the
only SIS present in the blue cluster. If we pick a random local community (LC) from
the cluster, we can imagine three different scenarios (figure 5.14):

1. remove all species 15 from the community and prevent further migration;

2. allow species 20, the other SIS, to migrate into the community as well;

3. perform a ‘SIS swap’ (combination of scenarios 1 and 2).
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Figure 5.14
Steering a local community
(LC) in the blue cluster (circle)
to any of the other clusters by
controlling the strongly inter-
acting species (SIS) only. The
three scenarios are discussed
on the previous page: (1) re-
move all species 15, (2) allow
species 20 to migrate into the
community, (3) perform a 'SIS
swap'. [Gibson et al., 2016]
obtained a similar result (sce-
nario 2 consisted of adding a
certain amount of species 20
to the community once, as
there is no equivalent for mi-
gration in the GLV model).

Consider scenario 1. Performing this action will shift the LC to a slightly differ-
ent state in the blue cluster (black dot). This dot does not represent a steady state
however, so the community will move in the NMDS plane as we evolve it in time.
When the system has reached its new steady state, the community will belong to
another cluster (black triangle). Scenarios 2 and 3 are analogous and will steer the
dynamics to their respective clusters. These are important findings, as they imply
that SISs, despite their low abundances, can be used to effectively control a micro-
bial community to a desired community type. This is in agreement with the results
for GLV dynamics found in [Gibson et al., 2016].

This analysis demonstrateswhy an antibiotic treatment can have such dramatic
consequences on the gut microbiome: if a SIS happens to be wiped out, the entire
community organization may be altered and the LC may shift to another cluster. A
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sudden change in diet can mean new SISs can migrate into the gut and/or present
SISs no longer migrate or can no longer grow. Again, the consequences may be
severe. Finally, the analysis also explains the success of fecal microbiota transplan-
tation (FMT). By taking in an oral capsule containing 1% of the species abundance
of the donor, e.g. an LC in the green cluster, the post-FMT state will belong the
donor’s cluster [Gibson et al., 2016]. In that way, diseased gut compositions can be
shifted to healthy ones. Note that if during the FMT the SISs in the donor’s LC were
not transplanted, the patient’s post-FMT steady state does not converge to another
cluster.

5.5 Species-connectivity relation revisited

As can be seen in figure 5.5, highly-abundant species typically occur when SISs are
present. In the absence of SISs (yellow cluster in this figure), all species fluctuate
around some average abundance. This can also be seen in a rank-frequency plot
(figure 5.15), which shows that besides the fact that there aremorehighly-abundant
species, there are also slightly less species as a whole.

Translated to the species-abundance distribution (figure 5.16), this will typ-
ically yield a value for the diversity S̃ that is lower for communities containing
strongly interacting species. We can see that for C = 0.1 this effect is smaller than
for larger C: we attribute this to the fact that the impact of SISs becomes less impor-
tant as the connectivity of the network decreases. Indeed, in the limit C→ 0, there
are no links between SISs and other species. The system is neutral and no distinc-
tion can be made between communities that contain SISs and those who do not.
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Figure 5.15
Comparison of rank-frequency
distributions of a community
without strongly interacting
species (red) and one with
1 strongly interacting species
(blue). We used N = 4000,
S = 100, C = 0.8 in both
cases and η = 300 for the
blue line.
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Nomajor difference can be seen between one ormultiple SISs in the S̃C-relation,
just as there are also no major difference in the abundances of highly-abundant
species with regard to the number of SISs (figure 5.5).
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Figure 5.16
Jitter plot showing the scaling
relation for different numbers
of strongly interacting species
in the system. 200 simulations
were run for each 'jitter' and a
migration rate μ = 0.1 was
used. The heterogeneity fac-
tor was η = 200 for all SISs.
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Figure 5.17
Same data as figure 5.16 but
with logarithmic scales and
best-fit power law. Slopes of
the lines: 0.39 ± 0.03 for no
SIS (error of 7.4%) and 0.53±
0.02 for 1 SIS (error of 3.7%).
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Figure 5.17 compares 0 and 1 SIS using logarithmic axes. The used migration
rate equals μ = 0.1. We have seen before large migration rates give deviations
from the scaling law in the absence of SISs (figure 3.6). Indeed, the power law fits
the red data in figure 5.17 poorly. The blue data resembles power law behaviour
much better: the error on the slope of the blue line is only half of the one of the red
line. This is not surprising: we explained the deviations from power law behaviour
for small C, large μ as the system not entirely reaching the critical state, as the con-
dition for SOC (slowly adding new species with regard to the relaxation time of the
system) is not fulfilled (chapter 3). Adding strongly interacting species significantly
decreases the relaxation time of the system, because more interactions occur in a
single time step. It is as if you would compare sandpiles on Pluto and on Jupiter:
because the gravitational force is much stronger on Jupiter, the relaxation time of
the sandpile will be much shorter. Another consequence will be that the critical
slope of the pile will be smaller on Jupiter, just as we saw the critical diversity in a
system with strongly interacting species will be smaller.

The different slopes of the fits in figure 5.17 are a consequence of the fact that
the data should coincide for C → 0. This finding could be useful in proving the
existence of strongly interacting species in real communities.

5.6 Phase transitions revisited

Aswehave seen in theprevious chapter, steady states of our individual-basedmodel
can be attributed to one of two regimes: a niche regime where the dynamics is
dominated by interspecies interactions and a neutral regime where the dynamics
is rather dominated by random events andmigration. We discussed several param-
eters that can influence the transition between the two phases.

We argued how clustering is the result of interactions between strongly inter-
acting species and other species in the community. Consequently, we expect clus-
tering to be strong when the system is in the niche phase and absent when the
system is in the neutral phase. As phase diagrams in the previous chapter indicate
a smooth transition between the two regimes, we also expect weak clustering for
intermediate values of connectivity and diversity. This is illustrated for the case of
1 SIS in figure 5.18.

The amount of clustering can be quantified using the silhouette index (SI, ap-
pendix D), with SI = 1 indicating two perfect clusters. We can represent the sum-
mary from figure 5.18 in a heatmap using the silhouette index, as is done in fig-
ure 5.19. A striking resemblance can be found with the phase diagrams from the
previous chapter, clearly indicating that the systemmust obey all the requirements
to be in the niche phase in order for clustering to be possible.
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NMDS plane for different val-
ues of the connectance (gray
boxes, vertical) and diversity
(gray boxes, horizontal). The
optimal number of clusters
was chosen by the k-means al-
gorithm.
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Silhouette Index (SI) values for
different combinations of con-
nectance and diversity.

5.7 Materials and methods

5.7.1 Deterministic dynamics

The construction of the universal interactionmatrix Ω̃ = NHwas described earlier
in this chapter. Here we give an example. Imagine a metacommunity with a size of
S = 4 species, of which the species with index 1 is a SIS with factor η = 100. In this
case, a random nominal interspecific interaction matrix

N =


0 0.04 0.08 −0.04

0.07 0 0.06 0.05
−0.01 0.07 0 0.09
−0.03 −0.02 0.1 0

 (5.10)

will be multiplied by a heterogeneity matrix

H =


100 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (5.11)
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After applying the negative feedback terms Ω̃ii = −1, ∀i, we obtain

Ω̃ =


−1 0.04 0.08 −0.04
7 −1 0.06 0.05
−1 0.07 −1 0.09
−3 −0.02 0.1 −1

 (5.12)

as the final universal interaction matrix.
The elements in N were drawn from the normal distributionN (0, 0.07), small

enough to ensure uniform asymptotic stability5. The elements in the initial condi- 5It can be shown [Gibson
et al., 2016] that if AAA ∈ Rn×n is
chosen as

Aij ∼
1√

(2+ δ)n
N (0, 1),

AAA is asymptotically almost
surely diagonally stable for
any δ > 0 if the Aii = −1. See
appendix E for definition of
diagonal stability.

tions xxx[ν](0) were sampled from a uniform distribution U(0, 1), in correspondence
with [Gibson et al., 2016]. We simulated the dynamics for 100 time steps in Python
using scipy.integrate.odeint, with the additional condition that when an xi
dropped below zero, it was set to zero (and automatically remained zero for the
remainder of the simulation as a population with zero size cannot grow). If any of
the 500 simulations had a norm of the terminal discrete time derivative that was
greater than 0.01, i.e. ∣∣∣∣∣∣∣∣dxxxdt

∣∣∣∣∣∣∣∣ > 0.01, (5.13)

it was excluded from the rest of the study (no convergencewas reached). NMDS and
k-means were performed in R, using the vegan and stats packages, respectively.
The Bray-Curtis (BC) distance was chosen over the Jensen-Shannon distance out of
convenience, as the BC came as a standard option in the vegan package.

5.7.2 An individual-based approach

In this section we provide some detail on the way SISs were implemented in our
individual-based model. Consider again a lattice with N sites as we did in chapter 2.
In the original model, one time step would exist of N individuals A6 on the lattice 6an ‘individual’ can be-

long to a certain species with
label 1, ..., S or can be an
empty site (label 0)

being randomly chosen, each of them interacting with another individual B that is
also randomly chosen with interaction probability ΩAB. In contrast to the GLV case,
we will not make adjustments to the interaction matrix to account for strongly in-
teracting species. Due to the absence of spatial dependence (all interacting indi-
viduals are randomly chosen), it is possible to create a virtual lattice containing M
sites, where M ≥ N, with the equality in the absence of SISs (figure 5.20). The idea
is that the number of individuals belonging to SISs is multiplied by a factor η in this
virtual lattice. Again, an individual A is randomly drawn from the original lattice,
but its interaction partner B is now drawn from the virtual lattice, yielding a larger
probability for a SIS to be drawn. This is the equivalent of creating an interaction
matrix with columns that exceed values of 100%, i.e. interactions that occur more
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than once in a single time step. There are a total ofM interactions during one time
step. The same interaction rules apply as in section 2.2.2.

Unless specified otherwise in the captions, the following parameters were used
for the figures that were created using our individual-based model:

number of species in metacommunity S 100
number of species in local communities p 80
number of local communities q 500
number of lattice sites N 5000
connectance of the interaction matrix C 0.5
the relative strength of the SISs η 200
diversity δ, with Ωij ∼ U(−δ, δ) 0.9
growth rates r 0.3
migration rates μ 0.4
extinction rates e 0.3

For every local community, p random species were drawn from the metacommu-
nity. Those that were not selected, got zero initial abundances and were not able to
migrate into the community. The other species received a randomly chosen initial
abundance. Silhouette indices were calculated using the sil.score function from
the R package bios2mds.
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Figure 5.20
Summary of the different steps
of the implementation for a toy
model with S = 4 species,
N = 12 lattice sites and 1 SIS
with η = 4, meaning the vir-
tual lattice will contain M =
18 sites if there are 2 SIS indi-
viduals present on the real lat-
tice. White squares represent
empty lattice sites. This sce-
nario is repeated M times dur-
ing one time step. At the end
of the time step, the real lattice
is updated, the virtual lattice is
deleted and a new one is cre-
ated.
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Conclusions and outlook

The aim of this thesis was to develop an individual-based model that is able to sim-
ulate bacterial communities in the human gut. Our model is spatially implicit and
an extension of the competition model by [Solé et al., 2002]. In the first chapters,
we demonstrated the generality of the model:

• The model is able to reproduce dynamical patterns that are observed in real
ecosystems, i.e. co-existence and oscillations (section 2.2.3), bistability (sec-
tion 5.3.2);

• The model is able to reproduce species-rank distributions that show a strong
resemblance with those in real ecologies (section 2.3);

• The model is able to reproduce the long-tailed species-abundance distribu-
tions that are observed in nature (section 2.4);

• For sufficiently lowmigration rates, themodel is able to reproduce the species-
connectivity relation S ∼ C−1+ε, both this observation and the deviations for
larger migration rates were explained within the framework of self-organized
instability (chapter 3);

• We discussed the concepts of niche (interaction dominated) and neutral (mi-
gration dominated) regimes in ecology and showed that our model is able to
reproduce the dynamics of both, and intermediate dynamics. It is the inter-
play of several parameters (interaction diversity and connectivity of the net-
work, among others) that will determine the regime a certain ecosystem is in.
Large diversities and large connectivities induce niche dynamics, while small
diversities and small connectivities inhibit neutral dynamics (chapter 4).
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In chapter 5, we turned our attention to the actual goal of this thesis: apply-
ing our model to simulate dynamics of species in the human gut. The aim was to
investigate whether our model could reproduce the observations of [Arumugam
et al., 2011], who discovered the existence of three distinct enterotypes among hu-
mans, a classification based on the bacterial composition in the gut. We followed
the approach of [Gibson et al., 2016], showing that steady states in our model can
be grouped in distinct community types if we allow for the existence of strongly inter-
acting species (SIS). Although clustering of steady states is also observed for deter-
ministic models, using an individual-based model is still useful for several reasons:

• It shows the results of GLV dynamics are robust for a model with discrete
time steps, discrete reproduction and discrete interactions;

• It allows us to investigate influences of parameters that are not present in
the deterministic model, e.g. system size and migration;

• It allows us to compare the relation between clustering (i.e. emergence of
community types) and the transition between the niche and neutral regimes;

• It allowsus to investigate the impact a SIS canhaveon the species-connectivity
relation.

We showed that thenumber of community types depends on thenumber of strongly
interacting species in the system. Every cluster or community type is characterized
by (1) a different combination of SISs and (2) different highly-abundant species. Es-
pecially this last observation is amotivation to drawa strong analogy between these
community types and the concept of enterotypes.

We emphasize that the strongly interacting species are not the most abundant
ones. They usually compose less than 1% of the population in the community. One
should also be careful linking them to the concept of keystone species (section 1.4)
[Gibson et al., 2016]. When removed from a community, keystone species can have
deleterious effects disproportionately large compared to their abundance [Paine,
1995, Berry and Widder, 2014]. While we have seen removal of SISs are respon-
sible for a large shift in the steady states, there is no reason to believe they are
responsible for mass extinctions if this is not specifically embedded in the inter-
action matrix, and thus the ecological network. In fact, we have seen in chapter 3
that communities without SISs can have mass extinctions as well, demonstrating
that there can be a number of keystones in the community that we considered as
‘ordinary species’ because they are not strongly interacting.

One of the most ‘useful’ results is the control of community types (section 5.4),
where we showed a community can be steered from one cluster to another by sim-
ply controlling the presence and migration of SISs. This allows us to explain the

88



possible severe consequences of antibiotics and the success of techniques such as
FMT, where an unhealthymicrobiome is shifted to a healthy one by taking in a cap-
sule containing gut bacteria of a healthy donor. We argue this technique can only
be successful when the strongly interacting species of the donor are included in
the capsule. Stronger yet, if one would ever be able to detect and extract the SISs
from the donors community, this very limited number of species would already be
sufficient to steer the patients microbiome.

Other results are the deviations in the species-connectivity relation between
communities with and without SISs, an observation that could perhaps help detect
them in the future (section 5.5) and the not surprising conclusion that clustering is
absent in neutral communities where interactions between species are negligible
(section 5.6).

Outlook

The obvious next step would be to add a spatial dependence to the developed mul-
tispecies model. This adds an additional degree of realism to our model, as we
know there is a spatial component to bacterial composition [Brown et al., 2013].
Figure 6.1 illustrates how different bacterial species live in other parts of the in-
testinal tract. The discovery of three enterotypes was based on a study of human
feces [Arumugam et al., 2011], this composition may say more about the end of the
intestinal tract than the gut as a whole. We cannot exclude the scenario in which
more or less community types are present in other places of the tract.

Figure 6.1
The number and composition
of microbial species differs
along the intestinal tract. From
[Brown et al., 2013].
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Further, we have seen adding a spatial dependence by means of local interac-
tions and diffusion can give rise to emergent properties that would not exist in a
spatially implicit system (section 1.3). Extending the model would also allow us to
further test the generality of our model by investigating whether it satisfies the so-
called species-area relationship or SAR law, that was first postulated by [Arrhenius,
1921] in the form of a power law:

S = kAz, (6.1)

where k is a constant and S is the total number of species that is observed in a given
area with size A. The spatial extension of the original model by [Solé et al., 2002]
appears to obey this law well for small migration rates.

The challenge will be to find a way to implement strongly interacting species
in a spatially extended model where species can only interact with their nearest
neighbours. As we have seen, the heterogeneity factor η describes the amount of
times a SIS can interactwith other individuals in a single time step, and this factor is
O(100). One possibility could be to include two different time scales to the system:
a fast one for SISs and a slow one for ordinary species. The very high interaction
rate of strongly interacting species could thenbe reduced to their extrememobility,
giving a possible explanation for the origin of these remarkable species.
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Dissimilarity measures

A.1 The Bray-Curtis dissimilarity

The Bray-Curtis (BC) dissimilarity is one of the most well-known ways of quanti-
fying the difference between samples when it comes to (species) abundance data
[Greenacre and Primicerio, 2014]. Although the BC does not satisfy the triangle in-
equality and is therefore not a true distance, it appears to be a very accurate mea-
sure of dissimilarity.

The analysis involves summing the absolute differences between the counts and
dividing this by the sum of the abundances in the two samples. Consider two sam-
ples i and j, where the count of species nr. s in sample i is denoted by xis and that
the overall species abundance in sample i is denoted by Ni. The general formula for
calculating the BC dissimilarity between both samples is given by

bij =
1

Ni + Nj

S∑
s=1

∣∣xis − xjs
∣∣ , (A.1)

for a total of S species. Themeasure takes on values between 0 (for identical samples
where xis = xjs for all s) and 1 (samples completely disjoint: when there is a nonzero
abundance of a species in one sample, then it is zero in the other). This allows us to
write 1− bij as a measure of similarity, this is called the Bray-Curtis index.

A.2 Morisita's overlap index

This index is a statisticalmeasure of dispersionof individuals in a population [Morisita,
1959]. It is used to compare overlap among samples and can be used with genuine
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count data (integers) only. It is calculated as

CD =
2

NiNj

∑S
s=1 xisxjs
λi + λj

, (A.2)

with λi called the Simpson’s index values:

1
Ni(Ni − 1)

S∑
s=1

xis(xis − 1). (A.3)

The value shown in the phase diagram of chapter 4 is the Morisita dissimilarity, or
1− CD. As the Bray-Curtis dissimilarity, it can take values between 0 (very similar)
and 1 (very dissimilar).

A.3 Binomial deviation

The binomial index is derived from binomial deviance under null hypothesis that
the two compared communities are equal [Anderson and Millar, 2004]. Contrary
to the previous two dissimilarity measures, the index does not have a fixed upper
limit, but can vary among sites with no shared species. Let again xis and xjs be the
counts for species s in samples i and j, and let nij,s = xis + xjs. According to the null
hypothesis, we expect half of nij,s to fall in sample i and the other half in sample j.
Under likelihood theory, the binomial deviance under this hypothesis is defined as

deviance = xis log
(

xis
nij,s

)
+ xjs log

(
xjs
nij,s

)
− (xis + xjs) log

1
2
. (A.4)

A useful measure of ecological dissimilarity between the two samples is the sum of
these deviances across all S species. By dividing by nij,s we obtain a scale-invariant
measure:

dij =
S∑

s=1

1
nij,s

{
xis log

(
xis
nij,s

)
+ xjs log

(
xjs
nij,s

)
− (xis + xjs) log

1
2

}
. (A.5)

A.4 The Euclidean distance

The Euclidean distance needs little introduction, we merely mention it for the sake
of completeness. For two samples i and j, the Euclidean distance is given by

dij =

√√√√ S∑
s=1

(xis − xjs)2. (A.6)
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The Kolmogorov–Smirnov
statistic

TheKolmogorov–Smirnov statistic [Wang et al., 2003] quantifies a distance between
the empirical distribution functions of two samples. The null hypothesis states
that the samples are drawn from the same distribution. The Kolmogorov–Smirnov
statistic quantifies the deviation of this assumption:

Dij = sup
x

∣∣Fi(x)− Fj(x)
∣∣ , (B.1)

where Fi and Fj are the empirical distribution functions of the two samples and sup
is the supremum function. For an illustration, see figure B.1. In chapter 4 we used
this statistic to measure the deviation from the species abundance distribution of
the Hubble neutral model, which is Gaussian shaped. As the connectivity of the
network increases, the distribution becomes more fat tailed and Dij will increase.

Figure B.1
Red and blue lines each cor-
respond to an empirical distri-
bution function, and the black
arrow is the two-sample KS
statistic.
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Multidimensional scaling

Multidimensional scaling is a way of visualizing the level of similarity of individual
samples of a high-dimensional data set [Borg and Groenen, 2005], by performing di-
mensionality reduction. Imagine q samples, each represented by an N-dimensional
data-vector xxx. The distances between the samples are the entries of the dissimilarity
matrix

Δ ≡


d11 d12 · · · d1q
d21 d22 · · · d2q
...

... . . . ...
dq1 dq2 · · · dqq

 , (C.1)

with dij the distance between the ith and jth data set. The aim of MDS is to find two
dimensional points ppp1, ppp2, ..., pppq ∈ R2 in the MDS plane such that

||pppi − pppj|| ≈ dij, ∀i, j. (C.2)

Stated differently: anMDS algorithm tries to place each object in a two dimensional
space such that the beween-object distances are preserved as well as possible. In
this way, possible clustering in the high dimensional space should be preserved in
the MDS plane.

In classical (metric) MDS, dij is calculated using the Euclidean distance. In a
broader sense, itmaybe anydistancemeasure (non-metricMDS) [Kruskal andWish,
1978]. All theNMDSplots in chapter 5weremadeusing theBray-Curtis dissimilarity
(appendix A), because raw Euclidean distances are not ideal for this purpose. They
are sensitive to total abundances, somay treat siteswith a similar number of species
as more similar, even though the identities of the species are different. In the same
way they are also sensitive to species absences, so may treat sites with the same
number of absent species as more similar.
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Finding the points pppi is usually done by formulating MDS as an optimization
problem, where (ppp1, ..., pppq) is found as theminimizer of a given cost function, which
is called the stress of the problem. The algorithm we used [Dixon and Palmer, 2003]
has a stress function given by

STRESS =

√√√√√∑q
i<j

(
||pppi − pppj|| − dij

)2
∑q

i<j ||pppi − pppj||
. (C.3)
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k-means clustering

D.1 The k-means algorithm

We will consider the particular case of k-means clustering in the two-dimensional
(NMDS) plane, but it can easily be generalized to higher dimensions. The algorithm
takes two arguments as input: a set of n points {ppp1, ..., pppn} and the number of clus-
ters k [MacKay, 2003]. Figure D.1 gives an illustration of the algorithm for k = 2.
The following steps are executed:

1. Place k centroids ccc1, ..., ccck (triangles in the figure) at random positions in the
plane;

2. For each point pppi:

• find the nearest centroid cccj

• assign the point pppi to j

3. For each cluster j ∈ [1, K]:

• update the position of the centroid cccj to be in the middle of the cluster
(calculate x and y positions as themean of those of the points belonging
to the cluster)

4. Repeat steps 2 and 3 until convergence is reached: the centroid positions are
fixed and none of the cluster assignments change.
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1 2

3 4

Figure D.1
Illustration of the k-means al-
gorithm in R2 for k = 2. The
numbers represent the steps
on the previous page.

D.2 The silhouette index

The silhouette index (SI) is away of quantifying howwell each point pppj lieswithin its
cluster [Rousseeuw, 1987]. Every pppj has a corresponding silhouette value sj ∈ [−1, 1]:

sj(k) =
bj(k)− aj(k)

max{aj(k), bj(k)}
, (D.1)

where k is the number of (a priori) designated clusters, aj is the average dissimilarity
between the point pppj and all other points within its own cluster, bj is the average
dissimilarity between pppj and the elements of the nearest cluster. Let C(j) represent
the cluster to which point pppj belongs. Then we can define the quantity aj as

aj(k) =
1

|C(j; k)| − 1
∑

pppi∈C(j;k)

d(pppi, pppj), (D.2)
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where |C(j)| denotes the cardinality of the cluster, i.e. the number of points in the
cluster. The bj is then given by

bj(k) = min
Cm ̸=C(j;k)

1
|Cm|

∑
pppi∈Cm

d(pppi, pppj). (D.3)

The silhouette index for a set of points is the mean silhouette value for each total
number of clusters:

SI({ppp1, ...pppn}) =
1
n

n∑
j=1

sj(k). (D.4)

The optimal number of clusters is determined by finding the k that maximizes the
silhouette index (D.4). The higher SI, the ‘stronger’ the clustering will be.
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Stability of equilibria in
non-linear systems

E.1 The Hartman-Grobman theorem

In section 1.2, we discussed the classification of all possible equilibria that can be
observed in two-dimensional linear systems. We will now consider a general n-
dimensional non-linear system

ẋxx = fff(xxx) (E.1)

and show that we can get a picture of the behaviour of orbits nearby xxx∗ by develop-
ing fff(xxx) in a Taylor series near xxx∗ and restricting to linear terms: xxx(t) = xxx∗ + ζ(t).
Recall the Jacobian matrix J is defined as

Jij(xxx0) =
(
∂fi
∂xj

)
xxx0
. (E.2)

We start with the definition of topological equivalence, which is themathematical
way to express what what we intuitively describe as having similar phase portraits
[Strogatz, 2014]:

Two dynamical systems ẋxx = fff(xxx) and ẋxx = ggg(xxx) are said to be topologically equivalent
if there exists a homeomorphism that maps the orbits of the first system to the orbits of
the second system, while preserving the direction of the flows.

It can bemathematically proven that under certain assumptions the phase portrait
of a nonlinear dynamical system near an equilibrium is topologically equivalent to
that of the linearized system. For this, weneed to define the concept of hyperbolicity:
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If in an equilibrium point of ẋxx = fff(xxx) all eigenvalues of the Jacobian matrix have a
nonzero real part, then the equilibrium is hyperbolic.

All equilibria we discussed for linear systems in section 1.2 are hyperbolic. Non-
isolated equilibria corresponding to Δ = 0 arenot hyperbolic. TheHartman-Grobman
theorem [Hartman, 1960] asserts that linearization is effective in predicting quali-
tative patterns of behaviour near a hyperbolic equilibrium point:

Hartman-Grobman theorem
If ẋxx is a hyperbolic equilibrium of the system ẋxx = fff(xxx), then there exists a neighbour-
hood of ẋxx within which ẋxx = fff(xxx) is topologically equivalent to the linearized equation
ζ̇ = J(xxx∗)ζ .

This is an important conclusion, as it allows us to perform the same analysis we saw
in section 1.2 for nonlinear systems, where the Jacobian matrix J plays the role of
the matrix A.

Also in higher dimensions, the Hartman-Grobman theorem assures that one can predict
the stability or instability of an equilibrium by means of linearization, except when one of
the eigenvalues of the Jacobian is zero.

This justifies the following theoremonasymptotic stability in a generaln-dimensional
system [Strogatz, 2014]:

If in an equilibrium point of ẋxx = fff(xxx) all eigenvalues of the Jacobian matrix have a
negative real part, the equilibrium is asymptotically stable.

If at least one eigenvalue of the Jacobian matrix has a positive real part, the equi-
librium is unstable. A useful theorem by Lyapunov states [Gibson et al., 2016]

The eigenvalues of a real matrix A have all real parts less than zero if and only if there
exists a P such that ATP+ PA < 0.

A matrix A is said to be diagonally stable if there exists a matrix P such that ATP +
PA < 0.
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E.2 Stability of the Generalized Lotka-Volterra equations

Consider the generalized Lotka-Volterra equations (2.9)

ẋi(t) = rixi(t) + xi(t)
S∑

j=1
Ω̃ijxj(t), i = 1, ..., S, (E.3)

which can be summarized as the matrix equation

ẋxx(t) = diag(xxx(t))(rrr+ Ω̃xxx(t)). (E.4)

The following assumptions are made [Gibson et al., 2016]:

(1) the matrix Ω̃ is invertible;

(2) the steady state solution xxx∗ of (E.3) lies in the positive orthant, i.e. all xi > 0;

(3) the matrix Ω̃ is diagonally stable (definition on previous page).

A matrix that is full rank, is always invertible. The existence of the Verhulst
terms Ω̃iixii increases the likelihood of Ω̃ to be full rank. Indeed, in the extreme
case that all Ω̃ij = 0 for i ̸= j, a necessary and sufficient condition for Ω̃ij to be full
rank is that all diagonal elements are non-zero.

If the system (E.3) satisfies all three assumptions above, the steady state xxx∗ is asymp-
totically stable for all initial conditions in the positive orthant.

The proof is given in the supplementary text of [Gibson et al., 2016]:
Consider the Lyapunov candidate

V(xxx, t) = 2
n∑

i=1
pi(xi − x∗i − x∗i log(xi/x∗i )), (E.5)

where pi is the ith diagonal element of a diagonal positivematrixP such that Ω̃T
P+ PΩ̃ <

0. One can differentiate the Lyapunov candidate as

V̇(xxx, t) = 2
∑n

i=1 pi
(
ẋi − x∗i

ẋi
xi

)
= 2

∑n
i=1 pi(xi − x∗i )

ẋi
xi

= 2
∑n

i=1 pi(xi − x∗i )
(
bi +

∑n
j=1 Ω̃ijxj

)
= 2

∑n
i=1 pi(xi − x∗i )

∑n
j=1 Ω̃ij(xj − x∗j )

= (xxx− xxx∗)T(Ω̃T
P+ PΩ̃)(xxx− xxx∗).

The Lyapunov candidate is positive definite in xxx− xxx∗ and its derivative is negative
definite in xxx− xxx∗.
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