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Summary 

The time-dependent deformations of concrete due to creep and shrinkage phenomena can influence the long-

term serviceability of the structures. The concrete age, the loading history, the structure geometry and the 

environmental conditions are factors that influence the creep and shrinkage deformations and they can lead large 

deflections.  

The construction activities generate changes in the structural loads. And generally, the quasi-permanent load is 

used for the structures long-term calculations when the creep is considered but without taking into account the 

loading history.  

However, this approach does not allow deformation predictions considering the early age creep of the structure 

and concrete is more susceptible to creep at young age. Furthermore, the loading history influence the moment at 

which cracking of the element will occur, leading to a reduced stiffness of the element. Hence, the expected 

loading history of a structural element should be considered in the design. 

In order to investigate creep deformations caused by load changes at young age and its effect on the long-term 

behaviour, T-shaped concrete beams have been tested. They have been subjected to different loading scenarios to 

simulate a construction process. 

This master dissertation presents the experimental tests and obtained results. Also a cross-section numerical 

procedure is proposed in order to calculate the deflections of the beams and try to predict their long-term 

behaviour. 

Keywords: concrete beam, creep, shrinkage, cracking, stress, strain, deflection. 

 

 



Analysis and modelling of long-term behaviour of 

T-shaped concrete beams subjected to a load history  

Coloma M. Gili Millán 

Supervisor: Prof. .dr. ir. Stijn Matthys, Prof. dr. ir. Robby Caspeele 

Abstract-Creep and shrinkage are important time-dependent 

phenomena to consider in concrete structures. Their effects are 

influenced by several factors: loading history, concrete age, 

geometry or environmental conditions. Furthermore, creep 

influences concrete in a different way depending on the age and 

also the loading history of a structural element influences 

strongly the point at which cracking occurs, leading a reduced 

stiffness. 

In order to investigate creep deformations in concrete beams at 

young ages and its effects on the long-term deformations a series 

of T-shaped beams has been subjected to experimental tests. 

A cross-section numerical procedure to estimate the beams 

deformation along the time is proposed based on the experimental 

obtained results and literature examples. This is a step-by-step 

method based on the Age-Adjusted Effective Modulus. 

Keywords- concrete beams, creep, shrinkage, cracking, stress, 

strain, deflection. 

I. INTRODUCTION 

 

The time-dependent deformations of concrete due to creep 

and shrinkage effects can influence severely in the long-term 

serviceability. Creep can lead deflections that may influence in 

the durability of the structure. Concrete age, geometry, loading 

history and environmental conditions are effects that influence 

on creep. 

Since creep rate decreases with an increase of the hydration 

degree, concrete is more susceptible to creep and young ages 

In construction, the structures are typically subjected to 

loads and load variations at young ages and the early creep 

may be influential during this time. Consequently, its effects 

will influence the long-term behaviour. 

To analyze and study this phenomena a step-by-step 

approach is considered appropriate. Through the principle of 

superposition the creep can be predicted and it yields accurate 

results [1]. However, if a decrease in load is applied it is 

treated as a negative load that induces creep equal but 

opposite to that which an equivalent positive load would cause 

and generally, the obtained results for the unloading will be 

overestimated. 

Creep present irreversibility. The strain variation caused by 

an unloading is always less than the strain variation caused by 

a loading [2]. 

Moreover, the loading history influences strongly the 

cracking and creep. When cracking occurs, the structure 

stiffness is lower. Due to this lower stiffness, cracking also 

influences the concrete creep since creep only affects the 

uncracked concrete. So, the impact of cracking on the 

irreversible part of creep remains important [3]. 

In order to investigate the creep deflection and its influence 

in the long-term behaviour, four T-shaped concrete beams 

have been subjected to experimental test sustaining different 

loading scenarios. The experiments have been performed in 

the Magnel Laboratory for Concrete Research. 

Through this paper, the experimental results obtained and 

the proposed numerical procedure in order to predict the 

deflections of the beams are presented.  

Due to this master dissertation is part of another research 

that still continues, here only three of the beams are analyzed. 

II. EXPERIMENTAL PROGRAM ON BEAMS 

A. Materials and geometry 

All the concrete beams present the same T-cross-section and 

they are reinforced with three steel layers. The steel 

reinforcement consist of two layers of bars Ø20mm and 

Ø16mm in the bottom of the section and four mode bars 

Ø8mm in the top. 

Three beams are simply supported with a span of 5m and 

total length of 5.3m (T5-1, T5-2 and T5-3). The fourth 

statically indeterminate beam has 8.4m total length with two 

4m spans (T8).  

The beams are designed following Eurocode 2 

specifications and. The casting took place in laboratory 

conditions. 

During all the experiments the beams are placed on its 

supports under constant environment characteristics: 20ºC and 

relative humidity of 60%. 

The type of cement used is CEM I 52,5N 

B. Testing devices and test procedure 

The purpose of the experimental setup is to apply loads to 

the beams and measure their deflections. Hence, linear 

variable differential transformer (LVDT) are used n order to 

measure the deflection on each span. 

The loads are applied to the beams through a hydraulic jack 

and distributed by a steel profile. The bending moments 

applied to the beams have a trapezoidal shape. 

This experiment is designed in order to determine the effects 

of different load scenarios, so for each beam the loads were 

chosen to simulate construction phases and they were applied 

at various moments in time. 

The frequent load combination is applied to each beam 

during a period of 7 days at a certain age and after this the 

beams are unloaded until the quasi-permanent load. 

C. Experimental results 

The results obtained from the laboratory measurements are 

presented inFigure II.1. 



The deflections for T5-1 and T5-2 for the first 56 days are 

very similar due to the same loads were applied. The duration 

of the loads steps for T5-3 are longer.  

The non-recoverable deflection due to cracking can be seen 

between beam T5-1 and T5-2 after day 63: the deflection 

reached by T5-1 after the frequent load application lies above 

the T5-2 deflection. 

 

Figure II.1: Experimental results for the different beams 

III. NUMERICAL MODELLING OF CREEP IN CONCRETE BEAMS 

The beam deflections are calculated through a proposed 

cross-section step-by-step model based on the Age-Adjusted 

Effective Modulus. 

A. Strains and curvature 

In order to calculate the final deflection in concrete beams 

the strain and curvatures along the beams are required. Finally, 

the deflections are obtained through the integration of the 

curvatures [4]. 

Based on the principle of superposition the total curvature 

can be obtained as the sum of the curvatures caused by the 

load variations (elastic strains) and the time dependent effects 

(creep and shrinkage). So, these three curvatures can be 

calculated for every time-step to obtain the deflection at the 

considered age. 

First of all, the instantaneous strain and curvature at a 

certain age t can be determined by: 

  (1) 

 

where A(t), B(t) and I(t) are respectively the area, the first 

moment of area and the moment of inertia of the transformed 

cross-section. These cross-section characteristic must be 

calculated from a fixed reference point O. Ec(t) is the modulus 

of elasticity of the concrete at the age of the calculation. N(t) 

and M(t) are respectively, the axial force and the bending 

moment. 

Creep and shrinkage effect will produce changes in the 

strain and curvature. When these effects are considered they 

are treated as equivalent forces that would restrain their 

deformations and then these forces are applied to the 

transformed-cross section to determine the strain and 

curvature. 

The equivalent forces can be calculated as: 

  (2) 

 

  (3) 

 

where (t,t0) is the creep coefficient for the time period 

considered. cs(t,t0) is the concrete shrinkage for the same time 

period. Ac, Bc and Ic are the area, the first moment or area and 

the moment of inertia of the concrete section but calculated 

around the same reference point as the transformed cross 

section. c (t) is the age-adjusted effective modulus of 

elasticity: 

  (4) 

 

(t,t0) is the aging-coefficient which takes into account the 

gradually changing stress in the concrete due to creep and 

shrinkage effects [5]. 

Once the equivalent forces are calculated, the strain and 

curvature can be obtained through:  

  (5) 

 

where the loads vector is the sum of (2) and (3). And the 

properties of the matrix are calculated for the age-adjusted 

transformed cross-section. 

This procedure is repeater over the time for every cross-

section. A detailed description of this procedure can be found 

in [6]. However, one important aspect to be considered is the 

effect of cracking in the concrete.  

B. Cracking 

When a moment applied in a section reaches the value of the 

cracking moment the tensile strength of concrete is exceeded 

and consequently, concrete cracks. When this happens the 

stiffness of the section is reduced. 

The rigidity of a fully cracked section will overestimate the 

deformations since it only considers as resistant one part of the 

section. It does not take into account the tension stiffening 

effect which consists on assuming that the tensile concrete 

carries stress due to the perfect bond between the 

reinforcement steel and the concrete. On the other hand, the 

deformations assuming uncracked section will be 

underestimated. Hence, the value of the real stiffness will lie 

between the two situations. 

Eurocode 2 suggests a curvature calculation through the 

uncracked and the fully-cracked curvatures [7]: 

  (6) 

 

   (7) 

 

The interpolation of the two curvatures is performed through 

equation (6) where cr and uncr are, respectively, the 

curvatures calculated for the cracked or the uncracked section. 

The  coefficient is calculated with equation (7) where Ms 

should be taken equal to the maximum moment at the time (or 

before) of the calculation. Mcr is the cracking moment obtained 

from the cross-section properties.  is a coefficient than takes 

into account the duration of the loading. 

IV. TIME-DEPENDENT ANALYSIS AND VALIDATION  

The previously explained step-by-step numerical procedure 

is implemented in a spreadsheet in order to obtain along the 

time the deflections of the three beams presented. 



The objective is to perform a calculation that fit the obtained 

results with the experimental data. 

From the first obtained results some improvements in the 

calculation model have been proposed and they yield more 

accurate results: 

-The neutral axis position is recalculated for every time step 

when a load is introduced. 

-The use of the measurements of the modulus of elasticity 

from the concrete specimens allows obtaining better 

instantaneous deformations.  

-The principle of superposition is used for the loading but 

the model proposed by Yue L.L. [8] for the creep recovery 

improves the deflection predictions. 

 

Based on the previous assumptions, the results obtained for 

one of the examples (beam T5-3) are represented in Figure 

IV.1. The calculated results are represented through the 

continuous blue line and the experimental results are 

represented through the orange dotted line. 

As can be seen from the graph the results show great 

accuracy for the loading part. However, the unloading gives 

feasible results which tend to be underestimated. In order to 

reduce this inaccuracy the Yue L.L. model is used for the 

creep recovery and the obtained results are represented 

through the blue dotted line, the underestimation continues but 

it is lower.  

Nevertheless, the calculation procedure obtains the 

deflection increment in every time-step so the underestimation 

will propagate in time and the prediction of the long-term 

behaviour can continue being estimated. 

 

Figure IV.1: Model results for beam T5-3. Use of the Principle of 

superposition and the Yue L.L. model for creep recovery 

The predictions obtained for the rest of the beams, T5-1 and 

T5-2, are similar to the obtained for T5-3 but changing the 

loading scenarios. 

Also the influence of the frequent load combination in the 

long-term deflection has been analyzed through different 

calculations in the beams. As a conclusion, it can be 

mentioned that the creep at young ages has a great influence in 

the long-term behaviour.  

Also when the frequent load is applied early the recoverable 

part of the creep will be lower. 

V. DISCUSSION AND CONCLUSIONS 

Based on the obtained results from the proposed numerical 

modelling and the experimental results some conclusions can 

be drawn. 

 

The analysed beams present a non-recoverable creep strain 

since the application of the frequent load combination affects 

to the unloading. The deflection after the unloading do not 

reach the same value as it had before the loading of the 

frequent load combination. 

The different loading scenarios produce significant 

differences in the concrete beams deflection. For instance, 

beams T5-1 and T5-2 present the same loading scenario until 

day 56 and the deflections differ significantly after the 

application of the frequent load to T5-2, while T5-1 remains 

under the quasi-permanent load. Thus, with this example can 

be seen the impact of cracking on the irreversible part of 

creep. 

The recalculation of the neutral axis position over time 

yields better deflection results since the properties of the 

considered fully-cracked section are more similar to the 

properties of the real section. 

The use of the modulus of elasticity measured in the 

laboratory improves the deflection predictions. However, the 

proposed model using Eurocode formulation also gives 

feasible results which tend to be overestimated. 

The larger inaccuracy of the results is reached at the 

unloading time. The creep recovery curves obtained through 

the principle of superposition show a similar trend to the 

experimental results but the estimation of these curves with the 

model proposed by Yue L.L is improved. Despite the 

inaccuracy for the creep recovery, the calculation procedure 

obtains the deflection increment in every time-step so, the 

underestimation will propagate in time and the prediction of 

the long-term behaviour can continue being estimated 

assuming this fact.  
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List of symbols and acronyms 

    Normal stress, positive when tensile 

    Normal strain, positive for elongation 

    Time or age (generally in days) 

    Modulus of elasticity 

 (    )   Creep coefficient of concrete. Ratio of creep to the instantaneous strain due to a stress applied 

at time    and sustained to time   

    Variation 

  (       )  Creep recovery function (stress-dependent recovery strain at time   caused by a unit stress 

applied at age    and removed at age  ) 

 (    )   Creep function (stress-dependent strain at time   caused by a unit stress applied at age  ) 

 (    )  Relaxation function. Concrete stress at time   due to a unit strain imposed at time    and 

sustained to time   

      Shrinkage coefficient 

      Drying shrinkage coefficient 

      Autogenous shrinkage coefficient 

Ø  Diameter 

      Loads 

   Cross-sectional area 

   First moment of area 

    Moment of inertia 

    Ratio between different modulus of elasticity 

      Mean value of the concrete cylinder strength 

    Coordinate defining location of a fibre or a reinforcement layer 

    Bending moment 

    Axial force 



 

xii 

 

   Curvature. Positive curvature corresponds to positive bending moment 

    Instant of time 

 (    )   Aging coefficient of concrete 

 ̅    Age-adjusted elasticity modulus of concrete 

  (    )  Aging coefficient × creep coefficient 

       Mean value of axial tensile strength of concrete 

    Depth of compression zone in a fully cracked section 

     Recalculated depth of compression zone in a fully cracked section 

    Distance between extreme compressive fibre to the reinforcement layer 

    Width of the flange of a T-section 

 ̅  ̅ and   ̅ Area, first moment of area and moment of inertia of the age-adjusted transformed section 

      Deflection 

    Span 

   Coordinate along beam 

    Reduction factor/distribution coefficient 

    Duration coefficient 

    Section modulus  

      Cracking moment 

    Service moment 

         Mean flexural tensile strength of concrete 

        Cracking moment at a certain time 

    Rotation 

    Shear force 

      Characteristic compressive cylinder strength of concrete at 28 days 

          Characteristic compressive cube strength of concrete at 28 days 



 

xiii 

 

      Coefficient that takes into account the age of concrete 

    Beam self-weight 

     Notional size 

 (    )  Creep compliance function 

   Kelvin-chain number 

    Retardation time (in days) 

Subscripts 

    Concrete 

    Steel 

     Shrinkage 

    Mean 

    Elastic 

     Steel under tension 

     Steel under compression 

    Reference point 

    Initial or instantaneous 
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Chapter 1 Introduction 

Creep and shrinkage are important phenomena in reinforced concrete structures. Creep is defined as the increase 

of strain under a constant stress and shrinkage is an independent stress phenomenon. Some effects that they can 

cause are internal stresses redistributions or additional deflections. The concrete age, the loading history, the 

structure geometry and the environmental conditions are factors that influence the creep and the shrinkage. 

The creep rate decreases with an increase of the hydration degree which means that young concrete is more 

susceptible to creep and also a larger period of time sustaining a load implies a larger creep effect. In order to 

study creep strains, the principle of superposition can be applied when a structure is loading but when an 

unloading takes place this principle does not apply anymore (Bažant & L'Hermite, 1988). 

Another important aspect related with creep is its irreversibility. The results on an already loaded concrete show 

that the strain variation caused by an unloading is less than the strain variation caused by a loading and this 

effect is related to the creep irreversibility (Yue & Taerwe, 1992). 

Creep analysis under a sustained load is a well-studied phenomenon. However, the construction activities 

generate changes in the structural loads. Typically, the quasi-permanent load is used for the structures long-term 

analysis when the creep is considered but this does not represent the actual loading history. Hence, this approach 

does not allow deformation predictions considering the early age creep of the structure and, as said before, 

concrete is more susceptible to creep at young age. 

Furthermore, the loading history influence the moment at which cracking of the element will occur, leading to a 

reduced stiffness of the element and leading more deformations. Hence, the expected loading history of a 

structural element should be considered in the design. 

Moreover due to the reduced stiffness of the section, cracking also influences the concrete creep since creep only 

affects the uncracked concrete. So, the impact of cracking on the irreversible part of creep remains important 

(Rossi, et al., 2013). 

In order to investigate the creep deformation caused by load changes at young age and its effect on the long-term 

deformation, a research in the Magnel Laboratory for Concrete research has been performed. Four reinforced 

concrete T-shaped beams have been casted and analysed under load variations. Three of these beams are simply 

supported and one of them is statically indeterminate on three supports. 

In this master dissertation, the three simply supported beams have been studied and a cross-sectional step-by-

step numerical model is proposed to predict their deflections along the time. The proposed numerical model is 

based on examples found in literature but also improvements have been proposed in order to obtain accurate 

results. All the calculated results have been validated and compared with the experimental results obtained from 

the laboratory.  
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During the beams experiments in the laboratory, also concrete specimens (with the same characteristics of the 

beam’s concrete) have been tested in order to contrast some measurements and results.  

This thesis explains in different chapters the experimental and theoretical investigations that have been executed.  

Chapter 2 provides general information about the main aspects included in this research. The chapter 

summarizes the results of the performed literature study. Creep, shrinkage, creep recovery phenomena, their 

mechanisms and some models that exist for their prediction are presented. 

Chapter 3 contains the information about the experimental program on beams. The materials, geometry and 

characteristic of the concrete beams are presented, as well as, the testing devices and procedure. Finally, the 

experimental results are collected. 

Chapter 4 presents the numerical modelling of creep in concrete beams. This is step-by-step method based on the 

Age-Adjusted Effective Modulus. The cross-sectional numerical procedure is used to estimate the beams 

deformations along the time. 

Chapter 5 presents the deflections along the time predicted to the beams. The calculations are based on the 

proposed model from Chapter 4. Through the Chapter 5 the results obtained and the experimental data from the 

laboratory are compared in order to validate the model. Furthermore, improvements for the calculation are 

proposed and they are commented and justified. Also, different simulations are performed in order to analyse the 

influence of the loading scenarios in the long-term behaviour of beams. 

Chapter 6 provides the analysis and modelling performed in the concrete specimens that have been also tested. 

This modelling has been performed in order to validate the obtained results and measurements from the 

laboratory. 

Finally, Chapter 7 contains the conclusions drawn after the evaluation of the model and the experiments. 
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Chapter 2 Literature review 

2.1 Composition and mechanical properties of concrete 

The modern concrete can be very varied in its composition and the properties are related to it. There are many 

types of concrete and they are used for different applications. The main component of concrete is the cement 

which holds the rest of the aggregates together. Due to the hydraulic process that takes place between water and 

cement, the ratio water/cement is also one of the most important properties of the concrete since the water fills 

the voids in the concrete. The presence of too much water in the concrete increases the distance between the 

particles before hydration starts. In fact, this decreases the strength of concrete since the voids are not supportive 

for the concrete structure (Higginson, 1966). 

Other important elements in the concrete mixture are the aggregates. Their role in concrete is to fill the space 

that exist between the cement and obtain a strong mixture. There are different types of aggregates and they may 

differ in shape and size. Depending on the application of the cement and the properties that want to be reached 

the aggregates vary (Wallevik, 1990). 

The main property used for the concrete characterization is the compressive strength and also other properties 

are expressed as a function of this. For instance, Eurocode classifies the types of concrete depending on their 

strength (CEN EN 1992-1-1, 2004). Another of the main properties is the modulus of elasticity and since the 

concrete is a composite material, this value is dependent on the cement phase and the aggregate phase. The 

stress-strain relation for obtaining the modulus of elasticity is a combination of the two previous phases and this 

phenomenon is represented in Figure 2.1. 

 

Figure 2.1: Stress-strain behaviour of concrete represented at the same time with the aggregate and cement behaviour 
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2.3 Viscoelastic behaviour of concrete  

Concrete structures are subjected to a wide range of loads during their service life; self-weight, external loads, 

environment conditions changes or settlements. These loads have a great influence in the young concrete since 

they may cause deformations and they propagate in time. Consequently, they have an important influence in the 

long-term behaviour.  

The response (instantaneous and long-term) of concrete to the loads is a complex phenomenon and it is 

composed of various types. There are elastic and plastic deformations as well as their combinations, such as 

elasto-plastic or viscoelastic. Most of the theories for linear viscoelasticity of concrete are described by means of 

rheological models. These models are composed of viscous elements that follows Newton’s law of viscosity and 

elastic elements which follows linearity through Hooke’s law (Folker & Wittmann, 1971). 

Different strains are developed when concrete is sustaining loads. Some of them are stress-dependent whereas 

others are stress-independent and also, they may be time-dependent or time-independent. Another classification 

may be the irreversibility nature since part of the strain is recoverable whereas other is irreversible. The 

irreversibility is due to the viscous and plastic nature of the material. 

Several parts are involved in the total strain at any time  : elastic, creep, shrinkage and thermal strains. Elastic 

strain and creep present a direct influence on the stress. Shrinkage and thermal effects are influenced on the 

environment conditions (temperature, relative humidity). 

For constant environment characteristics, a concrete specimen sustaining a stress suffers a total strain that 

depends on the elastic strain, strain due to creep and shrinkage strain. The two first terms (elastic and creep 

strain) are dependent on the applied stress but the shrinkage strain is stress-independent. 

At the time of a load removal, another instantaneous elastic strain undergoes in the concrete and after that a time-

dependent recovery continues (creep recovery).  

Thus, the total response of concrete is a combination of different time-effects, mechanical properties and 

environmental characteristics. Creep is greatly influenced by the age of concrete. On the other hand, the elastic 

strains depend directly on the magnitude of the load but also on the concrete age due to the modulus of elasticity 

evolution and the hydration degree. Finally, the environmental characteristics influence directly in the shrinkage.  

The first reference that can be found related to the creep phenomenon in concrete is from 1907 when Hatt 

discovered it, but there was any reference to shrinkage in this study (Hatt, 1907). Later McMillan introduced 

studies including time-dependent deformations with loaded and unloaded concrete hence, the interaction 

between shrinkage and concrete was supposed (McMillan, 1915). The next step was developed by Smith who 

presented that an unloading in concrete develops an elastic strain and a creep recovery strain (Smith, 1917). 

From this moment, several researches in time-dependent effects in concrete have been performed. 

Due to the importance of the time-dependent effects that concrete presents, the study of models for predicting the 

behaviour of concrete seems necessary. Moreover, because of the complex composition of concrete and all the 

elements such as aggregates, type of cement, additives, mixtures etc. that affects its behaviour it does not seem 
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either possible to develop a code-type taking into account, quantitatively, all these parameters and 

characteristics. Furthermore, the strength of concrete (the compressive strength at an age of 28 days) 

complemented by information such as the type of cement, used additives or concrete’s age is the fundamental 

internal parameter to be used for concrete modelling (Müller & Anders, 2013). The concrete models found in the 

literature consider the type of cement by introducing certain factors in the corresponding formulations.  

Currently, there is a wide knowledge of the phenomenon in which concrete is involved. Since this, there are 

different frameworks for creating technical specifications in concrete properties. The technical regulations and 

codes set technical rules for the structural design, i.e. Eurocode, CEB-FIP (International Concrete Federation), 

Canadian Standars Association (CSA), American concrete Institute (ACI). These technical specifications present 

models for concrete effects and properties estimation. Thus, all these different codes collect the knowledge and 

research in concrete. Also they establish the procedures in order to obtain and calculate the different properties 

of concrete. 

2.3.1 Elastic strain 

The concrete exhibits an elastic behaviour when a load is applied. The instantaneous strain at loading is mainly 

elastic and it corresponds to the modulus of elasticity  ( ) at the age when the load is applied. Furthermore, it 

should be noted that the longer the period of time sustaining a load, the larger the strain will be due to it 

increments the creep effect. However, the instantaneous strain is understood as the strain which occurs 

immediately after the application of stress and this is dependent only on the load magnitude and age of concrete. 

The instantaneous elastic strain    of concrete at a certain age is expressed through equation 2.1. 

   
  ( )

  ( )
 2.1 

 

So the elastic strain can be considered an instantaneous deformation that occurs immediately after the load 

application   ( ) and it is dependent on the modulus of elasticity at the corresponding age. After this, the creep 

effect starts developing in the concrete. 

2.3.2 Creep and creep recovery 

Creep is a time-dependent phenomenon that causes concrete deformations when a stress is sustained, in other 

words it is the tendency of the concrete to slowly deform under the stress action. This means that the 

deformations increase with time and they also depend on the degree of stress, temperature and the age of 

concrete when the load is applied. These are an important part of the total deformations of concrete. In addition, 

the long-term effects can be larger than the elastic deflections and they may result in structural failure whereby 

they must be considered for concrete structures design.  
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Figure 2.2: Constant stress applied in concrete (left). Elastic strain and creep development strain due to the load application 

(right) 

 

Figure 2.2 shows the response of concrete over time under a load application. The deformation that concrete 

exhibits is greatly influenced by the concrete age and the load applied. As explained in the previous section, the 

instantaneous strain is first developed and after this, the strain due to creep continues. This effect is presented in 

equation 2.2. 

 ( )  
 (  )

  (  )
    (    )  2.2 

 

where  (    ) is a dimensionless coefficient and it is also a function of the age at loading    and the age  for 

which the strain is calculated. 

When concrete is loaded at an early age the creep effect can be very large if it is compared to a specimen loaded 

at 28 days or later. So, the creep function is expressed as both characteristics: the concrete age and the concrete 

age at loading. 

Not always the load variations are positive as presented in Figure 2.2, in some cases the loads applied can be 

negative which means that the specimen is unloaded. The elastic strain produced by an unloading is a recovery 

strain and the consequent creep evolution is designed as creep recovery. Thus, in a loading or an unloading 

scenario the creep developed is designated as creep or creep recovery, respectively. 

At the moment when the broad effects of loading and unloading in concrete were established, their study has 

been well developed and gained importance for the concrete structures improvements, especially for long-span 

pre-stressed and tall concrete buildings.  

Creep causes variations in the internal concrete structure: additional deformations, redistribution of internal 

stresses and reduction of strength due to the increase of strains and possible cracking. In a composite section i.e. 

concrete and steel reinforcement, the stress redistribution may be favourable when it tends to relax the maximum 
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stress but on the other hand, it may be harmful when the stress produces differences among various parts of the 

element so, cracking and reduction of structural stiffness occur.  

So, all these changes can modify the safety margin against collapse which implies that the critical loads for 

instability may be less than the elastic critical loads. Since this, creep is certainly one significant aspect for 

understanding and its behaviour has been widely studied and reported (i.e. Neville, 1983; Gilbert, 1988; Bažant, 

1972). Serviceability and durability are also well related to creep so, it is necessary to pay attention to the 

analysis of this phenomenon due to the fact that it compromises the long-time reliability. 

Moreover, concrete properties are greatly influenced by relative, humidity, moisture, temperature, loading 

history, strength of concrete, aggregates, water/cement ratio and others. So, this implies that creep is a 

complicated phenomenon to be studied and to be modelled. But in order to understand its nature, the mechanism 

of concrete creep has been modelled based on the hydrated cement paste behaviour (Young, 1986). 

It is well assumed that concrete suffers deformations due to the loads applied but there are different mechanisms 

that also influence the creep evolution. Concrete also exhibits stress-independent deformations due to changes in 

water content or long-time chemical processes since the structure of the cement paste changes while the concrete 

is hardening. There are differences in the concrete behaviour depending on whether the chemical changes occur 

before or after the loading. If the state of loading occurs before the chemical changes finish, the creep rate is 

significantly increased. Moreover, chemical reactions with carbon dioxide can also occur and they cause an 

irrecoverable creep. 

The complexity and the several parameters that influence in creep has been presented and in order to facilitate 

the interpretation of its results, creep is separated into components: basic and drying creep and recoverable and 

irrecoverable creep.  

First of all, creep can be categorized into the basic creep and the drying creep. The former is the concrete strain 

developed without any moisture exchange when the sample is isolated and kept with a constant relative humidity 

and temperature. Secondly, drying creep is the total strain when there is a moisture exchange between concrete 

and the environment. Moreover, it can be assumed that the difference in deformation between basic and drying 

creep should be the shrinkage deformation. But this is not the real situation because drying creep is more than 

the combination of shrinkage plus basic creep and this difference is the Pickett effect (see Figure 2.3).  

This difference may be explained through a micro-cracking effect and stress-induced shrinkage (Pickett, 1942). 

From relevant test data found in literature, Bažant declared that drying creep is affected by four sources: stress-

induced shrinkage, tensile strain softening due to progressive micro-cracking, irreversibility of unloading 

contraction after tensile strain softening and increase of material stiffness due to aging (hydration) (Bažant & 

Chern, 1985). 
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Figure 2.3: Effects of shrinkage and creep in concrete, including Pickett effect 

 

In order to obtain measurements of the real creep that occurs in experimental tests, two specimens are necessary 

because it is impossible to separate the effects between creep and shrinkage since they occur simultaneously. So 

the two specimens used are: one subjected to the loads variation and another being free of loads but both of them 

exposed to the same environment (both of them affected by shrinkage). The stress-dependent strain due to creep 

is measured as the difference between the specimens but also it is necessary to subtract the elastic strain for 

obtaining the creep itself (Bažant & Chern, 1985). In Figure 2.4 these terms are shown. 

Another important aspect to consider in the creep effect is the creep recovery. If creep is the deformation that 

concrete experiments under a sustained load, creep recovery is the phenomenon that occurs when the sustained 

load is removed. This stress removal causes a reduction of deformation (recovery).  

At the time of unloading, there is an elastic strain called initial recovery or instantaneous recovery and this strain 

is less than the elastic deformation when loading. This may be explained by the non-elastic deformations at 

unloading time (irreversible strains). This instantaneous strain is followed by a gradual decrease in strain called 

creep recovery and influenced by the magnitude of the removed load, concrete and ambient characteristics 

(Neville, 1959). 

Figure 2.5 illustrates a creep and creep recovery curve for a young concrete specimen loaded and unloaded. The 

development of the recoverable creep exhibits a rapid increase but it reaches rapidly a constant value. So the 

final irreversible deformation (residual deformation) is relatively large and although the creep recovery is small 

it must be considered because it is important for the prediction of deformations. 

The knowledge of this phenomenon compared to creep is limited and it may be explained because of the fact that 

the results of creep recovery are a product of creep experiments (Yue & Taerwe, 1992). But information about 

creep recovery is important for concrete behaviour prediction, especially in the long-term effects when possible 

unloading has been performed. 
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Figure 2.4: Strain of a specimen free of load affected only by shrinkage (up). Strain of a specimen sustaining a load and 

affected by shrinkage (down) 

 

A frequently accepted explanation for creep recovery is a theory of reversibility of creep proposed by McHenry 

(McHenry , 1943). This theory is referred to as the principle of superposition where creep is considered as a 

delayed elastic phenomenon which full recovery is impeded by further hydration of cement. The basis of this 

principle is that “strains produced in concrete at any time   by a stress increment applied at any time    are 

independent of the effects of any stress applied either earlier or later than   ”. So, creep recovery may be 

estimated by the principle of superposition with the assumption that a removal of load is treated as a negative 

load which induces a creep equal but opposite to that which would be caused by a positive load applied at the 

same time. But it should be explained that creep recovery is represented by the difference between the actual 

strain at any time and the strain that would exist at the same time if the load had continued. 
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Figure 2.5: Concrete deformations under loading and unloading. Evolution of creep and creep recovery 

 

Unfortunately, when the results of this principle are analysed and compared with data collected from 

experiments generally they present inaccuracy. The model overestimates the creep recovery and due to this it can 

be considered that creep might consist in two parts: one recoverable and other irrecoverable. 

In Figure 2.5 a recovery curve is shown and as it can be seen in the graph, creep recovery presents differences in 

the development if it is compared to a creep curve. The first part of the creep recovery is very fast after the few 

days from load removal and also the full recovery is completed in a relatively short time period. 

The deformations caused by creep in concrete are affected by a dimensionless coefficient  (    ) as a function 

of the age at loading    and the age of concrete   when the strain is calculated. Eurocode defines this creep 

coefficient as a function of the ambient humidity, the dimensions of the element and the composition of the 

concrete. But creep is also influenced by the duration and magnitude of the loading. When concrete is loaded at 

an early age the creep may be higher compared to creep when a load is applied at 28 days and Eurocode takes 

into account this fact (CEN EN 1992-1-1, 2004). 

The coefficient  (    ) represents the ratio of creep to the instantaneous strain and this value increase with the 

decrease of age when the load is applied and it also increases with the increase of the period length during the 

load is sustained. When the compressive stress of concrete at an age of loading exceeds 45% the value of the 

characteristic cylinder strength, then the non-linearity of creep should be considered and it is also assumed that 

after unloading creep recovery occurs. 

The basic equations for determining the creep coefficient can be found on Eurocode 2 “Design of concrete 

structures – Part 1-1: General rules and rules for buildings” (CEN EN 1992-1-1, 2004). All the results and data 

used throughout this thesis are based on these formulations. 

Based on the assumption that strains depend linearly on the sustained stresses, creep calculation is facilitated by 

the principle of superposition when the stresses vary. This principle assumes the hypothesis of linearity for the 
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relation between stress and strain histories. Hence, the effects of each stress increment are added for the full 

calculation when there are load variations in a creep prediction. 

As creep recovery is one of the main points for this thesis, another model for this is introduced. This model is 

used and also its application is assessed in concrete beams since it was modelled based on concrete prisms 

experiments. This model was proposed by Yue L.L. (Yue & Taerwe, 1992) for creep recovery in concrete prisms 

and accurate results were obtained. On the other hand, the use of this model in this present work (application in 

concrete beams sustaining bending moments) will need a validation. 

As mentioned before, the principle of superposition considers an unloading as a loading treated with a negative 

value but for the Yue L. model, the effect of a stress decrease is accounted for by using another creep recovery 

law. 

Considering a situation of loading and unloading of a specimen, the removed stress is which causes recovery but 

the remaining part of stress after the removal still acts on the specimen inducing creep. Thus, the total strain 

caused in the process of creep recovery will be a combination of the removed stress and the stress that is still 

being sustained by the specimen.  

In the first stage of the history load presented in Figure 2.6 a constant stress is applied and maintained. The strain 

generated for this stage can be obtained as a normal creep (see equation 2.3). In the second stage, there is an 

unloading but after this a stress still continues (creep recovery stress) inducing creep to the specimen. 

Hence, the resulting strain in the second stage will be the sum of the two time-dependent strains.    is a constant 

creep stress applied at age    and a constant creep recovery stress           is removed at an age   . So, the 

resulting strain is: 

      (     )       (    )    (     )       (       ) 2.3 

 

where  (     ) is the creep function (stress-dependent strain at time   caused by a unit stress applied at age   ) 

and   (       ) is the creep recovery function (stress-dependent recovery strain at time   caused by a unit stress 

applied at age    and removed at age   ) (Yue & Taerwe, 1992). 

So this model proposes adding two additional terms to the stress-dependent deformation at the end of the first 

stage. And the formulation used for the creep coefficient in the recovery was obtained through an experimental 

program with concrete prisms. 

The creep recovery function is presented trough equations 2.4 and 2.5. 
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Figure 2.6: Loading history 

2.3.3 Shrinkage  

Shrinkage is another time-dependent effect that occurs in the concrete when it changes its phase from plastic to 

solid since the water volume changes by an exchange with the environment. Shrinkage is caused by loss of the 

water particles through the material and this cause a variation in volume. The knowledge of the shrinkage is 

necessary in concrete structures design due to the cracking and strains that are induced. 

This phenomenon may develop in an increase of volume by shrinkage or by swelling when the concrete is in 

water ambient. If concrete were free to shrink (or swell) without any restrain, shrinkage would not be a major 

concern for study. However, the changed volume is generally restrained in concrete structures by its supports, 

adjacent structures, reinforcement bonds or connexions. These restrains cause a tensile force with a gradually 

increase which may lead to cracking. 

So, shrinkage as a material property (called true shrinkage) is the change in volume of an element with zero 

stress and variable humidity. However, the true shrinkage is not possible to measure due to the process of drying 

is very slow at normal temperatures (low diffusivity). If this true shrinkage has to be measured, it would be 

necessary to use a thin specimen and vary the relative humidity slowly in order to fulfil that the humidity 

throughout the wall of the specimen remains uniform at all times (Bažant, 1998). 

In general, various types and components can be distinguished in the shrinkage development (Müller & Anders, 

2013). Shrinkage may be classified based on the causes of volume change and the state of concrete. Thus, there 

are different mechanisms: plastic shrinkage, autogenous shrinkage, drying shrinkage and carbonation shrinkage.  

Plastic shrinkage is manifested when concrete is still in a plastic state and it has not reached any significant 

strength. The mechanism of this shrinkage is the evaporation of the water in the concrete surface, the absorption 

of water by the aggregates and consequently, the loss of water causes the volume reduction. The rate of the 

evaporated water depends on the concrete mixture and on the environmental characteristics (temperature, 

relative humidity). The highest evaporation is reached for high temperatures and low relative humidity. The 
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change in volume produces tensile stresses in concrete and they produce cracks in the plastic concrete (Panarese, 

et al., 1998). 

Drying shrinkage occurs in hardened concrete when a relative humidity gradient between the concrete structure 

and the environment exists. Consequently, there is a volumetric deformation due to the moisture movements 

within the material. For drying shrinkage study, the variable adopted is the relative humidity but there are also 

other mechanisms such as capillary tension, surface tension, and interlayer water movement. It is important to 

notice the difference between plastic and drying shrinkage, the mechanisms are similar but the difference is the 

age of concrete ( Neville, 1981). 

The main effect of this shrinkage is the strains that induce to the concrete. Thus, nonlinear strain distribution 

undergoes. Also there is a differential drying that causes stresses in the inner layers and when the concrete 

strength is exceed cracking will develop. When the drying is starting, several micro-cracks will develop 

perpendicular to the drying surface and they will induce a higher drying.  

Autogenous shrinkage is also known as chemical shrinkage. This shrinkage is the volume change that occurs 

without moisture transfer with the environment. The desiccation of the cement results when the rate of water 

cement is low (consumed by the hydration reactions). It is remarkable that autogenous shrinkage is also different 

from drying shrinkage due to autogenous starts when water of drying is finished ( The concrete society, 2008). 

Carbonation shrinkage occurs as the result of chemical reactions between hardened cement paste and carbon 

dioxide. When the concrete is in an atmosphere with carbon dioxide it reacts with the presence of water 

(hydrated cement). The calcium hydroxide Ca(OH)2 is converted to calcium carbonate and also other 

components of the cement change. Carbonation shrinkage is caused by the dissolution of calcium hydroxide 

crystals and deposition of calcium carbonate in its place. The new product has a smaller volume than the product 

replaced and the shrinkage takes place. The carbonation is a slow process although the rate of carbon dioxide 

penetration depends also on the moisture content of the concrete and the relative humidity of the concrete.  

So, finally the most important factor that affects shrinkage is always the relative humidity of the environment. In 

a situation of 100% relative humidity concrete swells so, any shrinkage is developed. And moreover, the rate of 

shrinkage decreases rapidly with time (Lea, 1970). 

Some models (i.e Eurocode 2 or CEB-FIB MC 90) establish for the shrinkage effects prediction that the total 

strains produced are composed of the drying and autogenous shrinkage strains. Hence, the total value of 

shrinkage is the sum of these effects. 
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Figure 2.7: Relaxation stress effect in concrete 

 

Based on all the previous explanations, the changes that concrete experiment come from different mechanisms 

and properties. But there is also another phenomenon that may occur when the analysed element is used under 

certain conditions.  

If a concrete specimen is subjected to an imposed load it will develop a strain that is directly obtained through 

equation 2.2  where the parameters involved are calculated at the age of the load application and the considered 

time-period. After this, if the length of the member is held constant, the elastic strain    will not change. 

However, the stresses will decrease and the value of the stresses at an older age will be reduced. This 

phenomenon is considered as concrete relaxation (Bažant, 1972) and it is represented in Figure 2.7 where the 

stress variation over time is represented on the right graph where the stresses vary due to the shrinkage effect and 

also due to the concrete relaxation, because of the redistribution of inertial stresses. The formulation that 

expresses this effect is presented in equation 2.6  which represents the relaxation function as the stress 

introduced at time   due to a unit strain introduced at time    and sustained without change during the period 

(    ). 

  ( )      (    ) 2.6 

 

where  

 (    ) is the relaxation that concrete suffers during a certain time period.  

  ( ) is the stress change over time  

    is the constant elastic strain 
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Chapter 3 Experimental program on beams 

In order to investigate creep deformation caused by load changes at young concrete and its effect on the long-

term behaviour of concrete beams some experiments have been executed in the Magnel Laboratory of Concrete 

Research. 

Four T-shaped reinforced concrete beams were casted in the laboratory and they have been tested and subjected 

to different loads scenarios. All the beams present the same cross-section and the same mix proportions of 

concrete. The loads which the beams are subjected to were chosen to simulate construction phases so, they were 

applied at various moments in time. 

The experiments started on September 2013 and the research still continues. This master dissertation, as part of 

the research, analyses and studies only three of the beams. 

In this chapter the laboratory experiments performed are presented and explained, as well as the materials, 

geometry, instrumentation and test procedure. Finally, the experimental results are collected. 

3.1 Materials and geometry 

As said before, three beams are analysed and they are referred as T5-1, T5-2 and T5-3 throughout this work. 

These are T-shaped reinforced concrete beams with a cross-section of 400mm height and 400mm of width. The 

flanges and web have a thickness of 150mm. The total length of the beams is 5.3m with a 5m span. The concrete 

cover is 25mm. 

The steel reinforcement consists of two bottom layers Ø20mm and Ø16mm, respectively and one layer Ø8mm in 

the top. The stirrups Ø8mm are placed every 250mm near the mid-span and every 200mm near the supports. 

Figure 3.1shows a detailed cross section of the beams. 

 

Figure 3.1: T-shaped beam cross-section 
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The beams are designed in accordance with Eurocode 2 specifications and in the serviceability limit state the 

deflections are limited to 20mm. The three beams are simply supported and they withstand the self-weight and 

the applied loads. 

The casting took place in laboratory conditions and at the same time concrete test specimens were also casted. 

Each beam required five batches (including the tests specimens). The batches contained 180 litres of concrete 

each.  

After one day the formwork was removed and the beams were covered with a thick plastic layer to prevent them 

from drying. During all the experiment duration the beams are placed on its supports in the laboratory with 

constant environment characteristics: temperature of 20ºC and relative humidity of 60%.  

The water cement ratio (W/C) used for the mixture was 0,55 and the composition of the concrete is shown in 

Table 3.1. 

Table 3.1: Composition of the concrete mixture 

Concrete composition in kg/m
3
 

Cement CEM I 52,5 N 300 

Sand 0/5 mm 647 

Gravel 2/8 mm 467 

Gravel 8/16 mm 770 

Total water 165 

 

3.2 Testing devices 

The purpose of the experimental setup is to apply loads on the beams and measure the deflections generated. 

Hence, linear variable differential transformer (LVDT) are placed under each span to electronically capture the 

beam’s deflection. Besides, dial gauges were placed under each span to measure also the deflection. 

Manual measurements were executed daily during the first weeks and its frequency was later decreased except 

when the loads were changed. 

The loads are applied to the beams through a hydraulic jack which is monitored by an electronic manometer and 

a file of the measurements is generated every three hours. Also an accumulator was added to the hydraulic 

system to ensure constant pressure. 
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Figure 3.2: Beams test set-up 

 

3.3 Test procedure 

In this section the experimental program followed for the experiments execution is explained.  

As mentioned before, the applied load sequences were chosen in order to simulate the stages in a construction 

process so, the loads suffer different variations over the time.  

After five days from casting each beam was transported to the climate controlled room and positioned on its 

supports. The beams are placed in a loading frame where the hydraulic system that apply the loads is installed 

and also the measurement gauges. The final configuration is shown in Figure 3.2 and Figure 3.3.  
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Figure 3.3: Loading frame 

 

Loads are applied directly through the hydraulic jack and distributed by a steel profile (as it can be seen in Figure 

3.3). The load system is a four-point bending test since the beams are simply supported and there are two 

application points of the steel spreader. Consequently, the bending moments in the beams have a trapezoidal 

shape. The load application points are located at 1,25 meters from the supports. And the geometrical 

configuration is the same for all the beams. 

Nevertheless, the beams are sustaining also their self-weight and the bending moment generated by this load 

present a parabolic shape. 

This experiment is designed in order to determine the effects of different history loads. Hence, the loads are 

applied at different ages although it is important to mention that beams T5-1 and T5-2 present same the loading 

history until day 56. Each beam sustains the frequent load combination (G1+G2+Q) during a period of time of 7 

days and afterwards, the quasi-permanent load combination (G1+G2+0,3Q) is applied on each beam. A period of 

7 days was chosen to represent singular occurrences of these situations. 

Table 3.2, Table 3.3 and Table 3.4 give the information of the loading scenarios used for each beam. These load 

scenarios differ only in the sequence and the duration of the load. 
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Table 3.2: Load scenario. Beam T5-1 

Loads scenario 

T5-1 
From day Until day Duration [days] 

Max.bending 

moment [kN.m] 
Total jack load [kN] 

G1 5 14 9 3,125 - 

G1+0.5G2 14 28 14 43,75 35 

G1+G2 28 56 28 43,75 70 

G1+G2+0,3Q 56 147 91 18,75 85 

G1+G2+Q 147 154 7 43,75 120 

G1+G2+0.3Q 154 - 4 years -43,75 85 

 

Table 3.3: Load scenario. Beam T5-2 

Loads scenario  

T5-2 
From day Until day Duration [days] 

Max. bending 

moment [kN.m] 
Total jack load [kN] 

G1 5 14 9 3,125 - 

G1+0.5G2 14 28 14 43,75 35 

G1+G2 28 56 28 43,75 70 

G1+G2+Q 56 63 7 62,50 120 

G1+G2+0.3Q 63 - 4 years -43,75 85 

 

Table 3.4: Load scenario. Beam T5-3 

Loads scenario 

T5-3 
From day Until day Duration [days] 

Max. bending 

moment [kN.m] 
Total jack load [kN] 

G1 5 42 37 3,125 - 

G1+0.5G2 14 126 112 43,75 35 

G1+G2+Q 126 133 7 106,25 120 

G1+G2+0.3Q 133 - 4 years -43,75 85 

 

    : This beam was casted on 25/09/2103. During the first days no load was applied and after five days the 

beam was positioned on its supports. So, the self-weight was supported by the beam from the fifth day.  

During the first 56 days two point loads were applied through the jack and the quasi-permanent load combination 

(G1+G2+0.3Q) was applied sustained until day 147. Afterwards, the frequent load combination (G1+G2+Q) was 

applied during 7 days and after this, the beam was unloaded until reaching the quasi-permanent load. 

    : This beam was casted on 02/10/2013 and the sequence of loads is the same as T5-1 until day 56. On day 

56 the frequent load combination (G1+G2+Q) was applied and sustained during 7 days. Then the beam suffered 

an unloading and the quasi-permanent load was maintained. 

    : The beam was casted on 09/10/2013. The first moment applied by the jack was on day 42 (quasi 

permanent load) and it was sustained until day 126 when the frequent load combination (G1+G2+Q) was applied 

and sustained during 7 days. After this the beam was unloaded until reaching the quasi permanent load 

(G1+G2+0,3Q). 



Chapter 3. Experimental program on beams 

20 

 

Figure 3.4, Figure 3.5 and Figure 3.6 represent the jack variations over time. 

 

Figure 3.4: Jack load variations over time for T5-1 

 

 

Figure 3.5: Jack load variations over time for T5-2 

 

Figure 3.5 represents the variations of the jack loads for the beam T5-2 and this graph shows some peculiarities 

due to situations that occurred in the laboratory.  
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First of all, when the frequent load combination is applied the measurements shows variations like a saw tooth 

pattern and this can be explained due to the accumulator for the hydraulic system was not installed. T5-1 and T5-

3 do not present this problem.  

Afterwards, there is also another singular point at day 169 and continues during seven days. This variation is 

produced by a connexion failure in the system. The increment of load was not applied in reality. 

 

Figure 3.6: Jack load variations over time for T5-3 

 

3.4 Experimental results 

The results obtained from the laboratory measurements are given in Figure 3.7. They correspond to the 

experiments performed from September 2013 until April 2014 for T5-1, T5-2 and T5-3. 

As it can see in the graph, the deflections of T5-1 and T5-2 for the first 56 days are very close since the beams 

were subjected to the same loading scenario. From this moment the deflection presents differences between 

them: T5-2 was subjected at day 56 to the frequent load combination while T5-1 remained subjected to the 

quasi-permanent load. Thus, the cracking influence on the reversible part of creep has been proven. 

Moreover, T5-3 presents larger steps for the load applications. The frequent load combination is not applied until 

day 126 and the reached deflection is smaller compared to the other beams. This may be explained by the aging 

effect of concrete. Another reason that explains the deflection differences of T5-3 is that this beam sustains 

fewer loads along the time. The integral of its load history is lower if it is compared to T5-1 or T5-2. 

From these measurements, it can also be said that a non-recoverable behaviour is observed in the deflection 

results of all the beams. 
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Figure 3.7: Measured results of the mid-span deflection for the different beams during at least 200 days 
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Chapter 4 Numerical modelling of creep in concrete beams  

This chapter concerns the calculation of the stress, strain and deflections of concrete beams along the time. This 

calculation is required in order to analyse the beams presented in Chapter 3. Concrete beams sustaining a history 

load will be affected by several phenomena such as creep, shrinkage and cracking. The objective of this chapter 

is to present a cross-section step-by-step method based on the Age-Adjusted Effective Modulus to calculate the 

concrete beams deflection considering all the previous mentioned effects.  

When a load is applied in a concrete structure, instantaneous strains are firstly developed and after this, the time-

dependent effects will cause changes in the structure. Creep and shrinkage change the stress and strain in the 

beams but they do not change the total reactions and resultant stresses. These time effects will produce changes 

in the compression concrete. 

As mentioned before, cracking is another important effect that concrete suffers under load applications. Cracking 

occurs when the tensile stress at a certain fibre exceeds the tensile strength of concrete and it yields a reduction 

of the resistant section stiffness. Thus, the cracking effect must be considered since the behaviour of concrete 

will be greatly affected. 

Hence, this chapter presents a calculation of strains and stresses along the time and also the calculation of the 

corresponding deflections. This is applicable to reinforced concrete beams and it takes into account time-

dependent effects and the possible load variations. All the assumptions and considerations are explained through 

the chapter. This proposed calculation model will be used in the next chapter in order to obtain the deflections in 

the previously presented beams. 

4.1 Assumptions and basic equations 

The formulation and methodology presented in this section can be used independently for the beams T5-1, T5-2 

and T5-3 since the dimensions, boundary conditions and properties are equal for all of them. 

A perfect bond is assumed between the concrete and the steel so, the strains remain equal along a fibre of the 

cross-section independently whether there is reinforcement or not. It is assumed a linear variation along the 

cross-section for the stress and strain distributions. It is also important to mention that the reinforcement has non-

pre-stress. 

For the considered beams the elongations and end rotation are not restrained since they are simply-supported. 

The cross-sections are normally assumed to be subjected to bending moments (only in some specific cases there 

are axial forces) caused by the external loads of the hydraulic jacks and also the sustained self-weight of the 

beams. The assumption of no-cracking is first considered in the calculation but, normally, cracks are expected to 

occur and to develop through the concrete. 
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The beam deflection calculation along the time is the main objective of the proposed model and this will be 

predicted with a step-by-step cross-sectional method based on the Age-Adjusted Effective Modulus (AAEM), 

(Bažant, 1972). For this method a transformed cross-section will be used.  

The strains and curvatures along the beams are first calculated in order to determine the deflections. Based on the 

principle of superposition, the total curvature can be expressed as the sum of the curvature due to a load increase 

(elastic strain) and the curvature due to creep and shrinkage (Khor, et al., 2001). Hence, the instantaneous strain 

and curvature are fist determined when a load is applied and then when the time-dependent effects cause changes 

in the structure. 

The beams’ cross-section is presented in Figure 3.1 and based on its characteristics the transformed cross-section 

can be calculated. The characteristics of the transformed cross-section are referenced always to a fixed point  . 

The centre of gravity of the concrete section (250mm from the bottom) is used as the reference and it will remain 

constant for all the calculations. It is remarkable that the reference point can be chosen randomly at any fibre but 

this value must be maintained constant. 

The total area of the transformed cross-section is calculated as the actual area of each part transformed by 

(       )  . 

    is the reference modulus of elasticity used for the cross-section.    and    are the modulus of elasticity and 

the area of each part considered in the cross-section, respectively. In this case, the sub index   conrresponds to 

the concrete and the three layers of reinforcement. The ratio between    and      is designed as  .  

     is the tangent modulus of elasticity of concrete    at the time of the calculation. This value is used as the 

reference since it is also used for creep and shrinkage calculations. The tangent modulus of elasticity is defined 

in Eurocode 2 as             , where     can be estimated through the compressive strength     as: 

   ( )   (   ( )    ⁄ )       4.1 

 

where the modulus of elasticity    ( ) and the mean cylinder compressive strength of concrete    ( ) are the 

values at the age of the calculation. On the other hand,     and     are the values determined at an age of 28 

days.  

Hence, the total area of the transformed cross-section at a certain time is obtained as follows 

 ( )        ( )    4.2 

 

with  

  ( )   
  

  ( )
 4.3 
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where    and    are the area and modulus of elasticity of the steel, respectively. And    is the area of the 

concrete. 

The first moment of area and the moment of inertia of the transformed section are required for the section 

stiffness calculation. They can be obtained as: 

    (     ) 4.4 

 

and 

    (     )
     4.5 

 

where 

  is the area considered 

  is the first moment of area 

  is the moment of inertia 

   and    are coordinates 

These values are calculated about the reference point   which coordinate is   .    represents the coordinate of 

each part that contribute to the cross section (in this case the three reinforcement layers and the concrete). 

Figure 4.1 represents the cross-section with its reference point  , coordinates system and a bending moment   

applied. 

 

Figure 4.1: Reference point, coordinate variation and bending moment applied in the transformed cross-section 
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It is assumed that the cross-section can be subjected to bending moments   and axial forces  . Other 

assumption considered is that plane sections remain plane after their deformation which means that the strain 

distribution is assumed to be linear as Figure 4.2 shows.  

The strain   at any fibre can be expressed as: 

          4.6 

 

And the stress   at any fibre is obtained through: 

        4.7 

 

where    is the strain at the reference point.   is the coordinate of the considered fibre and this coordinate is 

positive as the corresponding variation showed in Figure 4.1 (from the reference point to the bottom).    is the 

modulus of elasticity of the considered fibre. Finally,   is the curvature of the cross-section. 

 

Figure 4.2: Strain and curvature distribution in a cross-section 

 

The equations for stresses and strains in a cross-section subjected to an axial force and bending moment are 

derived. These formulations are needed throughout the explanation for the final deflection calculation. 

The forces acting in the section are designated as   and   for the axial force and bending moment, respectively. 

They can be calculated through the integration of the stresses across the area and taking the moment about an 

axis through  . This integration is performed for all the parts   that compose the cross-section: 

   ∫      4.8 

 

   ∫       4.9 
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The substitution of equation 4.7 into 4.8 and 4.9 gives: 

       ∑  

 

   

 ∫      ∑   

 

   

 ∫      4.10 

 

       ∑  

 

   

 ∫      ∑   

 

   

 ∫       4.11 

 

The sub-index   indicates the different parts that compose the cross-section. Finally, the expression that relates 

the forces with the strains and curvature at an age   is expressed as: 

[
 
 

]    ( ) [
  
  

] [
  

 ] 4.12 

 

The same expression is used in order to calculate the strain and curvature when the loads are known. 

[
  

 ]  
 

  ( )
 [
  
  

]
  

 [
 
 

] 4.13 

 

The sign convention adopted for using the presented formulations is the following: 

Axial forces   developing tensile stresses are positive. The bending moments   that produces compression in 

the top of the section and tension in the bottom are positives. The tensile stresses are positive   and also their 

corresponding strain  . 

Through all the previous formulation (equation 4.13), the instantaneous changes in stress and strain can be 

calculated when a load is applied. But along the time the stress and strains suffer changes. So, the time-

dependent effects must be also considered. Creep and shrinkage are time-dependent effects that influence greatly 

the variation of stress and strains. And the modulus of elasticity is a property that also changes in time and it 

affects the concrete stiffness.  

When a concrete beam is sustaining a load during a period of time, it yields a progressively strain increase due to 

the creep effect in concrete. These strains are also influenced by the length of the time period sustaining the load 

and the age of concrete, since for larger periods the creep effect is larger and also creep is more influential at 

young ages (Ghali, et al., 2006). 

An instantaneous concrete strain due to a load application at a specific age    is expressed as: 

 (  )   
 (  )

  (  )
 4.14 
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Furthermore, the concrete strain under a sustained load increases with time. So, for taking into account the effect 

of creep in the strain evolution, the previous expression is modified as: 

 (  )   
 (  )

  (  )
      (    )  4.15 

 

where  (    ) is the creep coefficient for a certain time period. 

The effect of shrinkage works in a different manner as creep does. Shrinkage is not affected by stresses or their 

variations. Shrinkage depends on the environment conditions. The total shrinkage strain     (equation 4.16) is 

composed by the drying shrinkage     strain and the autogenous shrinkage     strain (as presented in Chapter 2). 

             4.16 

 

Based on equations 4.15 and 4.16, the total strain of concrete is proportional to the applied stress, the creep 

coefficient and also depends on the environmental conditions.  

When the stress varies within the time range considered, the superposition of creep effect is allowed. If the 

magnitude of a stress varies over time consequently, the strain will also vary. 

Hence, when there are load variations, the total strain of concrete due to the stresses and time-dependent effects 

(creep and shrinkage) is expressed as equation 4.17 shows. 

 ( )   (  ) 
    (    )

  (  )
  ∫

    (   ) 

  ( )

  ( )

 

   ( )      (    ) 4.17 

 

where 

   and   are the ages of concrete when the initial stress is applied and when the strain is calculated 

  is an intermediate age between    and   

This equation represents the dependency of the strain with the magnitude of the stresses applied. It represents the 

total strain as an instantaneous strain plus creep and shrinkage. The increment (or decrement if it is negative) of 

stress at a certain age   ( ) is introduced gradually (as an integration) during the period   and    when it is 

sustained. However, a stress introduced gradually, in this way, produces a smaller creep magnitude if it is 

compared to a stress of the same magnitude applied at age    and sustained until age  .  

In presence of stress and strains redistributions over time, the creep response of concrete can be estimated by the 

Age-Adjusted Effective Modulus method (AAEM) (Bažant, 1972). This method was developed in 1972 and 

during the last times it has been considered the most efficient and accurate method for creep and shrinkage 

analysis in concrete structures under the assumption of a linear creep law (Jakoc & Vera, 1984). So, since this 

calculation is time-dependent and it considers the effect of creep and shrinkage this method is used. 
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Because of this assumption a new coefficient is introduced: the aging coefficient   (    ) which is related to the 

concrete relaxation  (    ).  

This method allows using a gradually introduced load as if it was an instantaneous one. In order to do this, the 

term with the load variation must be modified with the corresponding aging coefficient. With this assumption 

equation 4.17 can be simplified and expressed without the integrations: 

 ( )    (  )
   (    )

  (  )
    ( )

    (    ) 

  (  )
    (    ) 4.18 

 

Equation 4.18 represents the strain at a certain time assuming load variations over time and creep and shrinkage 

effects. The first term is related to the instantaneous strain and the consequent creep due to the application of a 

constant stress   at   . The second term refers to the instantaneous strain plus the creep due to a variation in the 

stress which magnitude changes gradually from zero at    to another value at  . The last term is related to the 

shrinkage of concrete. 

As said before, the AAEM simplifies the use of equation 4.17. The aging coefficient can be simply assumed or 

obtained from tables and graphs presented in the literature. Its value generally varies between 0,6 and 0,9. 

4.2 Instantaneous stress and strain 

This section concerns the calculation performed in order to obtain the instantaneous stress, strain and curvature 

in a beam cross-section when a load is applied. The formulation presented in section 4.1 will be also used. 

The situation analysed in order to introduce the formulation is a beam cross-section (Figure 4.1) subjected to a 

bending moment.  

The values that are assumed to be known before this calculation are: cross-section geometry and properties, 

modulus of elasticity at the age of the load application and the magnitude of the bending moment applied. The 

objective of the calculation is to obtain the strain, curvature and stress on the concrete and the steel of a beam 

cross-section. 

Through equation 4.13 the instantaneous axial strain    and curvature   can be directly obtained since the loads 

are known.  ,   and   are respectively the area, first moment of area and moment of inertia of the transformed 

cross-section at the age of the load application (see equations 4.2, 4.4 and 4.5). The modulus of elasticity used as 

the reference is the modulus of the concrete at the age of the calculation. 

It is important to mention that all the formulations maintain the same reference point which means that the strain 

and curvature obtained through equation 4.13 are referred to the gravity centre of the cross-section. 

Consequently, the instantaneous strain and stress in the cross-section at any fibre may be expressed as: 

  (  )    (  )    (  )   4.19 
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   (  )    (  )    (  )    (  )    4.20 

 

where   is the coordinate of the fibre considered (in the reference of Figure 4.1) and the sub-index   is referred to 

the element considered in the calculation (concrete or steel).  

4.3 Changes in stress and strain during a time period 

When a calculation along the time is performed, creep and shrinkage effects must be considered. 

It is assumed that the initial stress and strain are known (section 4.2) and also the shrinkage, creep and aging 

coefficients. So the analysis presented in this section gives the variations occurring during a certain period of 

time, from    when a load is applied and sustained until  . These variations are expressed as     and    for 

strain and curvature, respectively. 

In the proposed calculation method, the effects of creep and shrinkage are treated as restraining forces. Strain 

and curvature changes in concrete are first artificially restrained by the application of these forces at the 

reference point   and then, the forces are removed by the application of equal but opposite forces on the 

transformed cross-section. This is performed in order to determine the strain and curvature variation for a certain 

time period. 

The equivalent restraining forces (equation 4.21) are obtained in relation to the creep and shrinkage coefficients 

through equations 4.22 and 4.23. 

[
  
  

]   [
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  [
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  (  )
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[
  
  

]
         

    ̅ (    )    (    ) [
  

  
] 4.23 

 

  ,    and    are respectively, the area, the first moment of area and the inertia moment of the concrete section 

calculated around the same reference point as the transformed cross-section.  (    ) is the creep coefficient for 

the time period analysed and    (    ) is the shrinkage coefficient for the same period.   (  ) and  (  ) are the 

instantaneous strain and curvature calculated as explained in the previous section (section 4.2). 

 ̅ (    ) is the age-adjusted effective modulus of elasticity and it can be calculated through equation 4.24. It is 

necessary to use the age-adjusted modulus because the forces    and    are developed gradually in the time 

interval from    until  . 
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 ̅(    )  
 (  )

     (    )  
 4.24 

 

 (    ) is the aging coefficient which takes into account the gradually changing stress in the concrete due to 

losses caused by the effect of creep and shrinkage. 

Once the restraining forces are calculated, they are removed and applied as negative loads in the section in order 

to obtain the strain and curvature due to the creep and shrinkage effect. The discharge is applied following 

equation 4.25. 

[
   

  
]  

 

 ̅(    )
 [ ̅  ̅
 ̅  ̅

]
  

 [
   
   

] 4.25 

 

It is also important to mention that the values of the vector {  (  )  (  ) } from equation 4.22 are a consequence 

of a load applied at   . However, if other loads have been introduced earlier they must be taken into account and 

the vector must be replaced with the values equal to the sum of products of instantaneous strains and curvatures 

by the appropriate creep coefficients. 

Finally, the stress variation     at any concrete fibre may be calculated as follows: 

      ̅ (    ) (           )                4.26 

 

where the              is the stress in concrete required to prevent creep and shrinkage at any fibre 

                ̅ (    )   (    )  (  )      (    )  4.27 

 

In equation 4.27, it is also assumed that all the loads are applied at age    but if loads are introduced earlier, they 

also have to be considered and introduced by replacing the term  (    )  (  ) by the sum of products of all the 

instantaneous strains with their corresponding creep coefficient in time.  

Equation 4.28 can be used for obtaining the reinforcement stress variation    . The coordinate    indicates the 

position of the reinforcement layer considered (using again the previously explained reference). 

                     4.28 

 

It is important to mention another consideration which is assumed in the presented formulation. The 

reinforcement effect in reducing the absolute value of the change in strains and curvature due to creep and 

shrinkage is not taken into account. In order to consider this effect, it would be necessary to modify equation 

4.25 with reduction factors which may be calculated as the ratio of the area and moment of inertia of the concrete 

section to the area and moment of inertia of the age-adjusted transformed section. However, this consideration is 

not included. Hence, the results will be slightly overestimated (Ghali, et al., 2006). 
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4.4 Cracking effects 

Cracks in concrete are generally expected to occur. Cracking can be the result of one or a combination of 

different factors: thermal conditions, drying shrinkage, external actions or settlements. It is difficult to prevent 

but it can be reduced, controlled and estimated (Concrete foundations association, 2005). 

When the applied moment on a cross-section reaches the cracking moment     the tension stress in the bottom 

of the section exceeds the tensile strength of concrete and it cracks while the concrete in the compression zone 

remains uncracked. At this moment, the section stiffness becomes lower which yields more deformations.  

So, after cracking the section becomes weaker and only the uncracked part of the section can resist compression. 

The tensile stress must be sustained by the reinforcement and also some part by the concrete in tensile due to the 

perfect bond between concrete and steel.  

The stiffness varies from a minimum value at the location of the crack to a maximum value away from the crack. 

Thus, the final stiffness of the section must be a combination between these values. The rigidity of the fully 

cracked section will overestimate the deformations of the section since it does not take into account the tension 

stiffening effect which consists on assuming that the tensile concrete carries stress due to the perfect bond 

between the reinforcement steel and the concrete. The value of the real stiffness will lie between the uncracked 

and the fully cracked properties hence, for the strain and curvature calculations in a section expected to crack, it 

is needed to take a mean value of the rigidity.  

The main assumption for the calculations in cracked sections is to consider two main stages: uncracked section 

and fully cracked section. The former assumes that the full cross-section is resistant and strains in concrete are 

compatible with the strains in the reinforcement. On the other hand, the fully cracked section assumes that the 

effective cross-section is composed of reinforcement and concrete in compression avoiding tensile concrete. 

However, the real behaviour of a cracked section will lie between these two scenarios so, in order to consider 

both stages an interpolation between them is performed. 

The mean axial tensile strength of concrete      is the parameter that will define whether cracking occurs or not. 

So, when the tensile stress in the cross-section exceeds the value of the tensile strength cracking occurs and at 

this moment the formulation presented for stress and strains calculation in sections 4.2 and 4.3 need some 

modifications since the behaviour of concrete will be different. 

4.4.1 Basic assumptions for cracking 

This section deals with the assumptions considered in order to analyse a cracked section subjected to bending 

moment and load variations along the time. Cracking occurs is concrete when the moment applied on the cross-

section reaches the cracking moment    . Consequently, the tension at a certain fibre of the section exceeds the 

tensile strength of concrete and cracking starts. 

The two stages mentioned before are referred as stage 1 (un-cracked scenario) and stage 2 (fully-cracked 

scenario). When a concrete section is sustaining a load, it is assumed that the section remain in stage 1 (if the 

tensile strength is not exceeded at any fibre) with the full-section working as the resistant section.  
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When a load is applied and it produces stresses that exceed the tensile strength of concrete cracking starts. If the 

tensile strength is not exceeded, concrete is assumed as in stage 1. The load produces internal forces that 

generate instantaneous changes in stress and strain and also the cracking. Besides if this load is sustained over 

time, the effects of creep and shrinkage which occur after cracking must be also considered for the cracked 

section. 

When cracks are developed, the tension area of concrete is considered ineffective and the resisting section is 

composed of concrete in compression and the reinforcement area. Other assumptions are that plane sections 

remain plane after deformations and also it is considered a perfect bond between concrete and steel.  

A transformed fully-cracked section is also used in the calculations and it is composed by the concrete area in 

compression plus the area of steel modified by        ( )⁄  where   ( ) is the modulus of elasticity of the 

concrete at the age of the load application when cracking started.    is the modulus of elasticity of steel. If there 

are reinforcement layers under compression they must be multiplied by (   ). 

The compression zone of the concrete will change over time due to creep and shrinkage effects and also due to 

the development degree of cracking. Cracking is also affected by the load history since new loadings will cause 

more cracking. So, it is assumed that the effective resistant area will vary over time. 

4.4.2 Neutral axis in a cracked section 

Regarding the strain and stress calculation in a cracked section, the resistant area of concrete is required in the 

two stages mentioned before (uncracked and fully cracked section). For the fully cracked situation, the area of 

concrete in tension is discarded and the concrete in compression is considered resistant. Hence, the depth of the 

compression zone   is a value that must be known and this depth will define where the neutral axis is positioned 

over time. 

Based on an equilibrium calculation for a T-cracked section, the depth of the compression zone can be found 

assessing equation 4.29. This equation is obtained from an equilibrium performed in a cracked cross-section 

considering the tension zone in the bottom and compression in the top (Ghali, et al., 2006). 

 

 
     [  (    )         (     )   ]   

 

 
(    )  

           

 (     )         

4.29 

 

when         

  represents the depth of the compression zone measured from the top.   and    are the width of the flange and 

web, respectively and    is the height of the flange. The   coefficient represents the ratio between the modulus 

of elasticity of the steel and the concrete at the age of the calculation.  

The sub index    is used for the reinforcement situated in the tension zone and    for the compression zone.   

and   with their respective sub-indexes refer to the area and distance of the considered element, respectively. 
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The distances are measured from the top of the section. Figure 4.3 shows the geometrical interpretation of the 

values used in the previous formulation.  

Once the compression depth is known, the centroid of the transformed cracked section can be also calculated. 

This point will be considered the reference for the stress and strain calculation. Furthermore, the properties of 

this transformed fully-cracked section ( ,   and  ) can be determined as explained for a normal cross-section in 

section 4.1. 

 

Figure 4.3: Symbols used for the compression zone determination in a fully cracked section 

 

4.4.3 Instantaneous stress and strain of a cracked section 

This section deals with the calculation of the instantaneous stress and strain developed in a cracked section when 

a load is applied. The procedure followed is based in a calculation method found in literature examples (Ghali, et 

al., 2006) (Tadros, 1982). 

If a load is applied on an uncracked cross-section and the tensile strength of concrete is reached at any fibre, 

cracking will occur. Consequently at this time instantaneous strain and stress develop and after this, there will be 

changes due to creep and shrinkage effects. 

It is assumed that the situation before cracking is known (stress and strain distribution and time-dependent 

changes due to creep and shrinkage). At time    it is supposed to apply a load that will cause cracking.  

For the next steps calculation, it is required to divide the load in two parts. The division proposed is:  

-The internal forces that will bring the stresses in the concrete to zero (decompression forces). 
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- Other forces working as the reminder of the internal forces.  

Thus, the bending moment and axial force that cause cracking may be expressed as equation 4.30. 

        

        
4.30 

 

In this analysis the two situations considered, stage 1 (uncracked) and stage 2 (fully cracked section), are referred 

in the formulations by the sub-index 1 or 2.  

So, the analysis will continue in two parts: first a calculation in the uncracked situation using the decompression 

forces and then a calculation in the fully-cracked situation using the load that causes cracking. 

In stage 1 the loads are obtained from a calculation using the uncracked section properties, reversing the sign and 

considering the history load until the moment of the calculation    as shown in equation 4.31. All the history 

loads must be included in the equation i.e. if there are two loads introduced previously at      and       their 

instantaneous stress and the stress due to creep and shrinkage must be also considered. 

[
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 ̅  ̅
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] 4.31 

 

Once the loads for the state 1 are obtained, they are applied to the cross-section for calculating the strain and 

curvature. It is important to mention that the application of these loads will bring the unloading of the section 

and this is why these loads are considered as decompression forces. The instantaneous strain and curvature are 

obtained through equation 4.32. 
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] 4.32 

 

In equation 4.31 and 4.32 the age-adjusted transformed area, first moment of area and moment of inertia of the 

cross-section are used ( ̅,  ̅ and  ,̅ respectively). These values are calculated as explained in section 4.1 but for 

the corresponding time   . 

The second part of the calculation is related to the stage 2 where a situation of fully-cracked section is assumed 

and where the properties of the section must be recalculated since the concrete in tension is not considered as 

resistant. 

The loads applied in state 2 can be expressed as a function of the loads applied in stage 1 and the external loads: 

        

        
4.33 
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So, the procedure in order to obtain the strain and curvature for the stage 2 is the same as explained in section 4.1 

through equation 4.13 but considering the loads {       }. The properties of the transformed section must be 

recalculated in the situation of fully-cracked section at the time of cracking (  ).  

The strains and stresses are also calculated through equations 4.19 and 4.20, respectively and considering the 

coordinates with the reference positioned in the neutral axis of the fully-cracked section.  

4.4.4 Changes in stress and strain over time of a cracked section 

Through all the formulation presented, the instantaneous strain and stress at the cracking time    can be 

determined. Furthermore, the effects of creep and shrinkage will also modify the stresses and strains in the 

cracked section. And there are some considerations to take into account for these changes. This section is 

focused on the calculation of the changes during a specific period of time (       ). 

As mentioned before, the neutral axis position of the fully-cracked section will change along the time because 

the amount of concrete in tension does not remain constant. But in order to simplify the calculations, in a first 

instance the amount of concrete in compression will be considered constant. However, this is not an accurate 

assumption and for a better estimation, the neutral axis must be recalculated for every time event. This situation 

will be also discussed in Chapter 5. 

Nevertheless, the analysis of the stress and strain changes can be performed exactly in the same way as explained 

in section 4.3. The same assumptions are considered but the new properties of the section (fully-cracked section 

with age-adjusted transformed section) must be used.  

So first of all, the properties of the age-adjusted transformed section are calculated. Then, the equivalent 

restraining forces are obtained through equations 4.22 and 4.23. Finally, the concrete changes in strain, curvature 

and stress can be obtained through 4.25, 4.26 and 4.27. 

Annex II contains a summary of the methodology explained from section 4.1 until section 4.3 in order to 

summarize the main ideas. The scheme presented is based on the calculation sequence that must be performed 

for obtaining the strain, curvature and stress in a cross-section sustaining a load history. 

4.5 Deflection of beams 

This section presents a procedure for the deflection calculation of reinforced concrete flexural elements 

subjected to a load process. 

The calculation of a beam deflection requires the curvatures along the member. Through Chapter 4, the general 

procedure for the strain, curvature and stress calculation has been explained including the effects of cracking, 

creep and shrinkage.  

This procedure can be performed for different time-steps over time, in order to fulfil a time-dependent analysis. 

Also it can be performed in different cross-sections along the beams since the calculation of the deflection 

requires this data. 
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The time-dependent deflection in a certain point along a beam can be obtained by double integrating the 

curvature over the length as presented in equation 4.34. 

 ( )   ∬  (   )
 

 

     4.34 

 

where  (   ) is the curvature at any location along the beam,  ( ) is the deflection for a certain age and   is the 

span (Khor, et al., 2001). 

As said before, the procedure for the curvature calculation is explained through this chapter assuming two 

different situations: either fully-cracked section or uncracked section. The stiffness for both situations will not be 

the same as in reality. This means that assuming a fully-cracked section will overestimate the deformations since 

the considered stiffness will be low. Besides, this assumption does not consider concrete in tension and this 

affects the creep and shrinkage calculation. And also the stress that tensile concrete carries due to the perfect 

bond between concrete and reinforcement is ignored. 

On the other hand, a assuming uncracked sections will underestimate the deformations due to it considers the full 

section as resistant and the stiffness will be overestimated.  

In order to improve this situation, Eurocode 2 suggests that a suitable method for determining the curvature in a 

section expected to crack is to calculate the cracked and uncracked curvatures and then calculate and average 

between them (CEN EN 1992-1-1, 2004).This is proposed because the real stiffness of a cross-section expected 

to crack will lie between the stiffness evaluated in a situation of fully-cracked and uncracked.  

So, the average curvature can be estimated as: 

           (     )        4.35 

 

where      is the curvature calculated under the assumption of cracked section and        is the curvature 

calculated for uncracked sections.   is a distribution coefficient given by: 

     (
   

  

)
 

 4.36 

 

where   is a coefficient that takes the duration into account.     is used for a single short-term loading and 

      is used for sustained loads or many cycles of loads. 

   is the service moment applied in the cross-section at the time of the analysis or at a time before if the moment 

was larger which means that the service moment must be taken as the maximum in the load history.     is 

defined as the cracking moment.  

A reinforced concrete member subjected to a bending moment will be free from cracks if the bending moment is 

lower than    . 
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              4.37 

 

    is the bending moment value that produces the first cracking and it is calculated through equation 4.37.    

is the section modulus in stage 1 (uncracked situation).        is the mean flexural tensile strength of concrete 

(modulus of rupture which can be obtained from Eurocode 2 for the different types of concrete). 

There are also other similar models for the calculation of  . Gilbert proposed a modification for the tension 

stiffening using: 

    (
     

  

)
 

 4.38 

 

with       as the cracking moment at the time under consideration and    the maximum in-service moment that 

has been imposed to the member at or before the time instant when deflection is determined. When the 

calculation is focused on the short-term, the recommended value for the cracking moment is       

         when the time is less than 28 days after the starting of drying. For time greater than 28 days and long-

term deflections calculations the cracking moment should be taken as               , (Gilbert, 2012). 

With all the previous formulation, the curvature for each cross-section along the beam can be obtained. The next 

goal to fulfil is the determination of the total deflection along the beam. 

A method of displacements calculation in a framed structure with axial strain and curvatures known is presented. 

Once the strains and curvature are known, the displacement calculations can be performed considering only a 

geometry problem. So, this implies that the proposed calculation will remain the same whether cracking occurs 

or not. (Ghali, et al., 2006). 

The method used for the beams deflections is the method of elastic weights since the examples to analyse are 

simple supported beams without especial considerations. The procedure of this method is based on the 

calculation of rotation and deflection of the beam as the shearing force and the bending moment, respectively, in 

a conjugate beam. So, there are two situations: the conjugate beam used as an auxiliary calculation and the real 

beam where the real displacements and rotations take place.  

The conjugate beam is subjected to a load of intensity numerically equal to the curvature of the actual beam 

(value already known for each section). This load is referred to as elastic weight. The characteristic of the 

conjugate beam must be the same in length as the actual beam and the supports conditions can be different but 

due to the beams are simply supported they will remain the same for both beams.  

So, the curvature (  diagram obtained with the considerations of equation 4.35) of the actual beam is applied to 

the conjugate beam as the load and the shear forces   and the bending moments   in the conjugate beam are 

equal to the rotation   and the deflection   at the corresponding coordinate of the actual beam. The positive 

moments are taken as positive loads (downward) (Ghali & Neville, 1997) 
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Figure 4.4 is a scheme of the actual beam. The real deflections and rotations take place in this beam. Figure 4.5 

represents the conjugate beam sustaining a load numerically equal to the curvature of the actual beam. 

 

Figure 4.4: Actual beam in the elastic weights method. Real deflection and rotation 

 

Figure 4.5: Conjugate beam in the elastic weights method. Real curvature applied as the load. 

 

Once the two systems are defined, the reactions and bending moments in the conjugate beam must be obtained. 

In order to simplify the calculation due to the irregular and complicated loads, equivalent concentrated loads are 

applied at certain node points.  

The beam deflections are obtained by a static calculation. The deflection is calculated through the integration of 

the equivalent forces. The total length of the beam is divided in eleven nodes (from 0 to 10) where the equivalent 

concentrated loads will be applied assuming a second-degree parabolic variation between them. 

The total beam deflection is obtained by five point’s calculation. So to determine the deflection, the beam is 

divided in five sections with three points each (as can be seen in Figure 4.6) and for each section (1 to 5) the 

three equivalent loads are applied following the formulation from equations 4.39, 4.40 and 4.41. 

The parabolic variation between the loads can be changed to any other variation. But this option was chosen 

because it is assumed to obtain an accurate solution of this problem.  

 

Figure 4.6: Nodes division along the beams span for the method of elastic weights application 
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4.6 Deflection in time 

All the sections (from section 4.1 until 4.5) presented in this chapter can be used to calculate the deflections 

along a concrete beam considering creep, shrinkage and cracking effects. But the final objective is to perform 

this calculation along the time. Hence, due to the application of superposition, all the procedure presented can be 

repeated for every cross-section along the beam and for every time step.  

The choice of the time steps and the duration is free so, in order to compare the model results with the 

experimental results presented in Chapter 3, the total duration chosen is 220 days. 

For each considered day, the maximum deflection of the beam always takes place in the mid-span. This value is 

obtained for all the time-steps and then it is represented as a time function in a graph. The calculation results and 

the experimental data obtained from the laboratory are plotted together in order to compare and verify the 

proposed calculation model.  

Chapter 5 presents the results obtained for the beams T5-1, T5-2 and T5-3 when the calculations are executed as 

explained through this chapter.  
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Chapter 5 Time-dependent analysis and validation 

This chapter is focused on the executed calculations in order to obtain the total deflection over time in simply 

supported concrete beams. For this, a model based on the formulations and assumptions presented in the 

previous chapter is proposed. Once the deflections are obtained, they are compared with the experimental results 

from the laboratory for beams T5-1, T5-2 and T5-3 (see Chapter 3) in order to validate the model. Furthermore, 

different calculations are performed for the beams to analyse the different loading scenarios influence.  

For the calculations execution a spreadsheet implementation is used. This spreadsheet contains a step-by-step 

calculation over time and it has been developed from a previous existing version based on hollow core slabs 

(Reybrouck, 2014). 

The experimental results obtained in the laboratory from T5-1, T5-2 and T5-3 are compared to the step-by-step 

calculations executed for the three beams with their respective loading scenario. Through the calculation, it is 

expected to obtain similar results to the experimental data. Moreover, improvements on the calculation are 

proposed after the comparison with the data. 

The structure of this chapter is similar to the spreadsheet structure used for the calculations, so every section 

contains the necessary data for the each calculation.  

The first point collects required data such as the beams geometry, material properties, environmental 

characteristics and other parameters. In the second section, the step-by-step calculation is explained following 

the specific example for T5-2. The rest of the beams are calculated in the same way, only some input data and 

the results will differ but they will be also presented through this chapter. The last point contains the obtained 

results for every beam and their analysis. Besides, the proposed improvements for the calculation are explained 

and justified. Also the influence of the loading scenario in the long-term behaviour is discussed and analysed 

through different calculations. 

5.1 Input data: materials, geometry and environmental conditions 

The spreadsheet presents a structure following the order used to calculate the final beam deflection over time. So 

in the first part, the input data of material properties, geometry and environmental characteristics is collected. 

As mentioned in Chapter 3 the beams have been designed following Eurocode 2 specifications. The strength 

class of concrete used for the beams is C35/45 which means that the characteristic compressive cylinder     and 

cube          strength of concrete at 28 days are 35MPa and 45MPa, respectively, and the mean cylinder 

compressive strength     used for this concrete is 43MPa.  

Continuing with the Eurocode 2 specifications the modulus of elasticity used for each time-step is the tangent 

modulus of elasticity calculated following the expression 5.1 and 5.2.  
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The factor of 0,9 in equation 5.1 is due to the limestone aggregates that causes a reduction of 10% for this factor. 

The value of the parameter   in equation 5.2 depends on the type of cement and for the analysed case 

corresponds a value of 0,2. 
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    is a coefficient that takes into account the age of concrete 

Hence, the elasticity modulus used for each time step can be obtained through the previous equations at the 

corresponding days when loads are applied. For each beam the time-steps of the calculation will differ since the 

loading scenarios are different. 

The concrete properties creep, shrinkage, aging-coefficient and age adjusted elasticity modulus are calculated 

since they will be used in the step-by-step calculation. In order to define for which days these parameters are 

calculated, the time periods are required and they are presented in Chapter 3 in Table 3.2, Table 3.3 and Table 

3.4. These tables also contain the load values. So, for each beam the coefficients are calculated at their 

corresponding ages and time-periods. Besides, the calculations are performed for all the beams until day 220. 

The shrinkage coefficient    (    ) is calculated for a relative humidity and a temperature of 60% and 20ºC, 

respectively. Thus, the total shrinkage at each time step is calculated as the sum of autogenous shrinkage and 

drying shrinkage, following the formulations presented in Eurocode 2. 

The creep coefficients  (    ) are also calculated for the time steps defined for each beam. For their calculation, 

the relative humidity and temperature used is the same as previously mentioned, due to the ambient conditions 

are maintained constant during all the experiment.  

The next coefficient which is needed is the aging coefficient  (    ). It is also calculated for the time steps 

defined for each beam. Its value generally varies between 0,6 and 0,9. In practical calculations, the aging 

coefficient can be taken from tables or graphs but due to the use of a spreadsheet for the calculation, a computer 

code found in literature has been used (Ghali, et al., 2006). 

The age-adjusted elasticity modulus can be calculated through equation 4.24 once the previous parameters are 

obtained.  

The loads applied on each beam through the hydraulic jack are known from Table 3.2, Table 3.3 and Table 3.4. 

But the input value used for the calculation in the spreadsheet is a bending moment. The bending moments 

distributions present a trapezoidal shape for the applied loads through the jack since the loads are applied 

vertically at a distance of 1,25m from the supports (see Figure 3.3). The maximum value of these bending 

moments is always reached in the mid-span. The self-weight bending moment distribution is different to the jack 
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load bending moments since the self-weight generates a parabolic shape bending moment but it also reaches the 

maximum value in the mid-span. 

Related to the steel reinforcement, the modulus of elasticity used for the steel is 195MPa. And as mentioned in 

section 3.1 there are three layers of reinforcement, two on the bottom and one on the top of the cross-section. 

The geometry properties of the transformed-cross-section will vary depending on the concrete situation: cracked 

or non-cracked section (see Figure 5.1). The full section is considered resistant for the uncracked situation on the 

other hand, only the concrete under compression is considered resistant in the fully cracked cracked situation. 

 

Figure 5.1: Beam cross-section considered concrete for uncracked (left) and cracked (right) situation 

 

For each situation, the geometric properties are calculated. It has to be noticed that the reference point used in the 

calculations must remain invariable between the two situations since the reference used is always the same (the 

centre of gravity of the full-section,   situated 250mm from the bottom).  

In Annex I, the results of all the parameters introduced in this section are summarized for each beam. 

5.2 Step-by-step calculation 

The calculation procedure used in order to obtain the beams deflections for a simulation of 220 days is based on 

a step-by-step method using the age-adjusted effective modulus. For each time step, first of all the curvature of 

each cross–section along the beam is calculated. 

In order to perform the calculation, the effect of creep and shrinkage must be considered for all the time-steps. In 

Chapter 4 the formulation used for this is developed: in section 4.1 the basic formulations are presented, in 

section 4.2 there is an explanation of how to calculate the instantaneous changes due to load applications and in 

section 4.3 the changes due to creep and shrinkage effects are introduced. Another important aspect to consider 

is the fact that during the loading cracking will occur at a certain age. It must be studied at which day it occurs 

since for the following days the cracking section properties will be used. The cracking effects and assumptions 

are explained in section 4.4. 

The method of the age-adjusted elasticity modulus is used due to the load variations along the experiment. 
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Throughout this section, the calculations performed for T5-2 are presented and explained. The other beams will 

be calculated in the same way as presented here, although the results will be different since the history load 

differs, but the procedure remains equal. 

The time-steps defined for this example are based on the T5-2 loading scenario presented in Table 3.3. 

- Day 5: self-weight action.  

- From day 5 until day 14: creep and shrinkage effects sustaining self-weight. 

- Day 14: first jack load increment.  

- From day 14 until day 28: creep and shrinkage effects sustaining self-weight and first jack load. 

- Day 28: second jack load increment. 

- From day 28 until day 56: creep and shrinkage sustaining all the loads. 

- Day 56: third jack load increment. 

- From day 56 until day 63: creep and shrinkage sustaining all the loads. 

- Day 63: unloading  

- From day 63 until day 220: creep and shrinkage effects. Creep recovery 

At day 5 the calculation starts when the beam is sustaining the self-weight. It is assumed that at this moment no 

cracking occurs (but the cross-section stresses are calculated and it is checked that they do not exceed the 

strength of concrete). Thus, the instantaneous stresses, strains and curvature are calculated following the 

procedure explained in section 4.2. 

The value of the bending moment distribution is known (see equation 5.3).   represents the self-weight of the 

beam,   is the total span (5 meters) and   is the coordinate along the beam (see Figure 5.2). 

 ( )  
  

 
(   ) 5.3 

 

 

Figure 5.2: Bending moment induced in the beam due to the self-weight 

 

The maximum value of the bending moment is reached in the mid-span so the corresponding cross-section will 

present the maximum curvature. Through equation 4.13 the strain and curvature in the reference point of the 

cross-sections is obtained. Equations 4.19 and 4.20 allow evaluating the strain and stress at any fibre of the 

cross-section. The obtained stresses at the top and bottom of the cross-section are: 
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The bottom is sustaining tension stresses and the top is under compression. The tension stress in the bottom is 

much lower than the tensile strength of concrete (            ). So the assumption of no-cracking is 

obviously correct. 

For the next step, the creep and shrinkage effects must be evaluated from day 5 until day 14. Equations 4.22 and 

4.23 are used for obtaining the equivalent loads for creep and shrinkage, [
  
  

]
     

 and [
  
  

]
         

. Then, 

the sum of these loads is introduced in equation 4.25 to obtain the changes in strain     and curvature    in the 

reference point. The stresses variation in concrete     and steel     are calculated with equations 4.26, 4.27 and 

4.28. After the period of time from day 5 until day 14, the accumulated stresses in the section are: 

                

                   

 

At day 14, the first jack load increment is introduced. This load induces a maximum bending moment of 

43,75kN.m. The bending moment distribution presents a trapezoidal shape where the maximum values are 

reached in the centre zone of the beam at 1,25m from the supports (see figure Figure 5.3). 

 

Figure 5.3: Bending moment induced in the beam due to the hydraulic jack load 

 

The instantaneous changes (strain, curvature and stresses) can be obtained in the same way as day 5. Through 

equation 4.13 the strain and curvature at the reference point are obtained and equations 4.19 and 4.20 are used 

for assessing the stresses at the top and bottom of the section. The stresses obtained for day 14 are: 

               

                  

 

At this moment the stress in the bottom exceeds the tensile strength of concrete (3,2MPa) which means that 

cracking stats. So, due to the cracking, the calculation method to be followed from day 14 is presented in section 

4.4. As mentioned before, cracking will affect the section stiffness, it will become weaker and the strains 

developed will be larger.  
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The cross-section properties must be recalculated due to the cracking. In the first instance the neutral axis 

position is calculated through 4.29. This formulation only depends on geometrical properties and the value 

obtained is 95mm (measured from the top of the section). So, only a part of the flange is considered to be under 

compression and the rest of the concrete is ignored. The new properties of the cross-section can be recalculated 

and the instantaneous stress and strain are obtained following the steps presented in section 4.4.3 of Chapter 4. 

For the analysis of the stage 1 (uncracked section), the instantaneous strain and curvature can be obtained 

through equations 4.31 and 4.32 Then, for the second part of the calculation (stage 2) the properties of fully-

cracked section are assumed and the final strain and curvature are obtained from 4.13 (using loads 4.33). 

After day 14 and until day 28, the creep and shrinkage effects have to be considered assuming the new situation 

of cracked section. Again the procedure explained in section 4.3 is followed to obtain the strain and curvature 

variations. With the obtained properties of the cracked section, it is assumed that creep and shrinkage will be 

underestimated in equations 4.22 and 4.23 since   ,    and    are calculated considering only the concrete in 

compression (neutral axis positioned 95mm from the top of the section). 

It is also important to mention that in equation 4.22 the values of the vector {  (  ) ,   (  )} must consider the 

previous strains at earlier ages. This vector must be the sum of products of instantaneous strains and curvatures 

by their corresponding creep coefficients. 

Finally, equation 4.25 allows obtaining the change in strain and curvature due to the creep and shrinkage in the 

cracked section. Equations 4.26 and 4.28 give the stress variation in the concrete and steel. 

The next step of the calculation is at day 28 when the second load is introduced by the hydraulic jack. The fully-

cracked section is considered since the concrete cracked at day 14. The instantaneous strain and curvature are 

again obtained from equation 4.13 considering the properties of fully cracked section at the age of 28 days and 

the bending moment applied is the same as at day 14. Again, the stress at any fibre can be obtained through 

equation 4.20 and consequently it can be calculated the total accumulated stress in the top and bottom section. 

The top and bottom section are the fibres where the maximum values are reached and at the age of 28 days, 

whose values are: 

                

                   

 

An important assumption that has been made for this calculation step is that the compression depth of concrete 

(the neutral axis position) has been considered the same as at age of 14 days. This fact is not generally true since 

cracking develops. If more loads are applied the cracks tend to increase and consequently, the stiffness of the 

section and the amount of concrete under compression becomes lower. Nevertheless, this fact is analysed later. 

The next step to analyse is the creep and shrinkage effect from day 28 until day 56 but the procedure is exactly 

the same as explained for the analysis from day 14 until day 28, so the calculations are repeated considering the 

corresponding ages. 
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The rest of the steps: load increase at age 56 and creep and shrinkage changes from day 56 until day 63 are 

calculated as explained previously. For day 63 the applied load is not an increase, it is a decrease but the 

formulation used is again the same as if it was an increase. The only difference is that the force is considered 

negative instead of positive. This is performed in that way due to the application of the principle of superposition 

assuming linearity. 

The previous explanation is used to calculate the strain, curvature, stresses and determine when the cracking 

starts.  

The next point of the calculation is aimed to the total deflection calculation over time but first, the deflection line 

has to be obtained. For the deflection line determination, the values of the curvature along the cross-section are 

required (see equation 4.34).  

As said in section 4.5, it is known that the real stiffness of a section expected to crack will lie between the 

situation of uncracked and the fully cracked section and Eurocode proposes performing the analysis of the real 

curvature through an average of the two situations (CEN EN 1992-1-1, 2004). 

For each point along the beam (specifically, for the eleven points as Figure 4.6 shows) the curvatures are 

obtained for the uncracked section (      ) and also for the fully cracked section (    ) (using a compression 

depth of 95mm). 

The   coefficient (equation 4.36) is used for the total curvature interpolation. The value of the cracking moment 

    is obtained based on the cross-section geometry through equation 4.37 where the value for the mean flexural 

tensile strength         is 4,8MPa and the section modulus is calculated for an uncracked section. The cracking 

moment obtained is 22,865 kN·m which means that if the moment applied in the considered cross-section 

exceeds this value, cracking will take place. 

At day 14 the maximum bending moment sustained by the beam is 43,75kN·m and this value exceeds the 

cracking moment so it can be said that some cross-sections along the beam will crack. This result was obtained 

in the previous stress calculation of the cross-section. 

Due to the cracking of concrete, from day 14 onwards the cracking properties will be assumed. But it may 

happen that not all the sections along the beam (at a certain time) suffer cracking because not every section along 

the beam is sustaining the same value of bending moment. 

Hence, every cross-section is also analysed to check if cracking occurs. As mentioned before, the bending 

moments applied in the beams have a trapezoidal (jack loads) or parabolic (self-weight) shape. If the bending 

moment in a section exceeds the cracking moment     the concrete will crack at the considered point and the 

total curvature of this section will be a combination of two curvatures (cracked and uncracked assumption). In 

other case (non-cracking), the curvature in the section will be the calculated with the considerations of uncracked 

properties (      ). 
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Table 5.1: Some curvatures obtained along beam T5-2 and its interpolation 

Coordinate[m] (      ) (    ) Check crack     

0 0,000431908 0,000628871 0 0 0,000431908 

0,5 0,00242819 0,003181191 1 0,714436737 0,002966162 

1 0,004410543 0,005720461 1 0,928316299 0,005626561 

 

Table 5.1 contains some curvatures obtained for beam T5-2 (for the first three sections). In the first column of 

the table it is shown the coordinate along the beam where the value is obtained (in the same reference as Figure 

5.2). Then the curvature for non-cracking or cracking consideration is calculated (these values are obtained using 

the step-by-step calculation).  

A checking (0 or 1) is performed in order to define if the cross-section presents cracking or not. This is a 

verification assessing if the value     is exceeded. The results obtained show that all the sections crack, except 

the ends of the beam (the supports). So due to this, the   coefficient is calculated through equation 4.36 for all the 

sections except for the ends. In the last column of Table 5.1 these values are presented. 

The total beam deflection can be obtained through the integration of the curvatures once the total curvatures are 

known. This procedure is implemented in the spreadsheet and explained in section 4.5 of Chapter 4 (the method 

of elastic weights using five points in order to obtain the deflections). 

 

Figure 5.4: Total deflection along T5-2 beam. Uncracked and cracked assumption 

 

Figure 5.4 presents the maximum deflection obtained for the beam T5-2 at day 220. This deflection is calculated 

assuming cracking from day 14 but also assuming that cracking never occur. 

The deflection for the cracked situation is larger than for the uncracked since the stiffness of the uncracked 

situation is larger so, it is more resistant. The most critical section along the beam length is the mid-section 

where the maximum deflection is reached. The end points have a zero deflection since this is a simply supported 

beam. The values presented in Figure 5.4 correspond to the beam T5-2 (neutral axis of the cracked-section 

positioned at 95mm from the top of the section, cracking starting at day 14, unloading performed at an age of 63 

days). 
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The deflection over time is obtained using the maximum deflection (the mid-section). The time steps can be 

chosen by the user and the simulation is performed from day 0 until day 220.  

For each day, the deflection of the beam is calculated and its maximum value is plotted in a graph in order to 

obtain the evolution in time. The results for T5-2 are presented in Figure 5.5 where the continuous red line 

represents the deflection obtained with the proposed model and the dotted line represents the experimental 

results measured in the laboratory. 

 

Figure 5.5: Calculated deflection over time for T5-2. Compression depth of 95mm and cracking at age 14 days 

 

The procedure presented in this chapter for T5-2 beam calculation can be used in the same way for the rest of the 

beams assuming the differences due to the corresponding loading scenario. 

5.3 Model results and validation 

Section 5.1 presents the needed information to obtain the beams deflection and section 5.2 explains the 

procedure used to calculate the total deflection over time for beam T5-2. 

The results obtained for all the beams are presented in this section. All the calculations are performed with the 

same spreadsheet and in the same way as explained previously for T5-2 but changing the loading scenario and 

the time steps for each case.  

This section concerns the results analysis and comparison with the experimental measurements obtained from 

the laboratory. It is expected to fulfil a fit between the model results and the experimental results. So, 

modifications and improvements are proposed in model to obtain a more accurate calculation in the three beams 

deflection. Furthermore, the loading scenarios influence in the beams behaviour is also analysed. 
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First, beam T5-2 is presented and then T5-3 and T5-1. 

5.3.1 Beam T5-2 

This beam T5-2 suffers three load increments applied through the hydraulic jack and finally an unloading. The 

total deflection calculation is performed using the data and following the procedure presented in section 5.1 and 

5.2, respectively.  

The first results obtained for this beam are presented in Figure 5.5 where the experimental results (dotted line) 

and the obtained results with the model (continuous line) are compared. As it can be seen in this graph, there is a 

general overestimation of the total deflection over time. The maximum difference between the model results and 

the measurements is reached at day 63 when the frequent load combination finishes. At day 63, the experimental 

data reaches a deflection of 19,38mm and the model predicts a deflection of 21,97mm, so the maximum 

difference between the data for all the time steps is 2,59mm. Also for the creep recovery the model overestimates 

the total deflection but this is also due to the accumulated error from the previous time steps. 

It can be said that this is not an accurate estimation since several approximations have been assumed for this 

calculation. First of all, the neutral axis position for the fully-cracked section (95mm from the top section) is 

obtained through equation 4.29 as a first approximation. Consequently, the stiffness of the fully-cracked section 

is very small since only part of the flange is considered with concrete under compression. Hence, large 

deflections are obtained through this calculation because the model is not considering the real stiffness of the 

section when the concrete cracks. 

Furthermore, the creep and shrinkage curves deflection are calculated considering only the area of concrete 

under compression which means that the effects of creep and shrinkage are underestimated (see equations 4.22 

and 4.23). 

So from these obtained results, the first improvement proposed is to recalculate the location of the actual neutral 

axis. Hence, the neutral axis is calculated through stress equilibrium in the cross-section for day 14 (when 

cracking starts) and this new neutral axis position will be considered constant for the fully-cracked sections 

along the time. 

At day 14 cracking starts (the bending moment applied in the beam exceeds the cracking moment and the tension 

stress in the bottom exceeds the tensile strength of concrete). For the recalculation of the real neutral axis, 

equilibrium of the stresses in the cross-section can be performed. Hence, the stresses in the top and bottom at day 

14 are calculated:  

               

                  

 

The neutral axis position is supposed to be positioned at the fibre where the tensile strength of concrete is 

reached (3,2MPa). Figure 5.6 shows the equilibrium performed in order to calculate this new neutral axis 

position and a value of 240mm (from the top) is obtained. 
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So, the new compression concrete depth    differs greatly compared to the previous 95mm. This change will be 

significant for the recalculation of the area, first moment of area and moment of inertia of the fully-cracked 

section. These values will be larger than previously and consequently, the stiffness of the section will be 

increased, so less deflection is expected. 

Furthermore, the creep curves will be better estimated due to the fact that the amount of concrete considered is 

larger than previously. 

 

Figure 5.6: Recalculation of the neutral axis for T5-2 at day 14 

 

The results obtained for the total beam deflection considering a compression depth of 240mm are presented in 

Figure 5.7 where the laboratory measurements (dotted line) are also represented. These results are calculated 

assuming that cracking starts at day 14 and assuming also the same fully cracked section properties for all the 

time steps. 

Figure 5.7 represents also the beam deflection assuming that the concrete never cracks which means that the full-

section works as the resistant (red dashed line). The obtained results under non-cracking assumption show an 

underestimated deflection since the section stiffness for this calculation is considerably larger than in reality. It is 

already known that the assumption of non-cracking lies far away from the real results since the stiffness 

considered but this calculation is performed to ensure that the model works correctly. 

The measurements will lie between the obtained model results with the assumption of cracking and non-cracking 

(continuous line and dashed line). 
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Figure 5.7: Calculated results for T5-2. Compression depth 240mm. Cracking and no-cracking assumptions 

 

Continuing with the analysis of the previous results, it can be said that the new calculation gives more accurate 

results than the calculation for a constant compression depth of 95mm. This situation was expected since the 

stiffness of the section considered in the new calculation is more similar to the actual one. However, there are 

still differences between the obtained results and the experimental data. 

The overestimation that still exists in the results can be justified by two reasons: the use of the modulus of 

elasticity (and age-adjusted modulus of elasticity) calculated from Eurocode 2 formulations and the use of the 

same neutral axis position for the fully-cracked section properties over time. 

During the experimental program, concrete cylinders and prisms have also been tested. They were casted at the 

same time as the beams and with the same material; also they have been tested under the same laboratory 

conditions.  

The modulus of elasticity of the cylinders has been measured during the experiment and these data may be used 

in the calculation model in order to introduce actual values instead of using calculated values. 

It is expected that if real data is used the model gives more accurate predictions of the deflections. The measured 

values in the cylinders are presented in Table 5.2. But if these values are analysed it is apparent that they are not 

physically correct, at least the last value. The modulus of elasticity at day 65 is less than at day 28 and it is not 

possible. So, it will be assumed a measurement error for the last value and the value at 28 days will be also used 

for day 65. 
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Table 5.3 shows the modulus of elasticity calculated with Eurocode formulations and if they are compared with 

the cylinder measurements in general, the calculations underestimate the actual values. This fact affects the beam 

deflection calculations since a larger modulus of elasticity implies greater stiffness and less deflection. 

If the cylinder measurements are used in the calculations, it is expected to obtain a better adjustment of the 

results for the instantaneous strains when the loads are applied. 

Table 5.2: Modulus of elasticity measured in the cylinders for T5-2 

Measured E. Prism T5-2 [GPa] 

E(14) 34,41 

E(28) 35,65 

E(65) 33,90 

 

Table 5.3: Modulus of elasticity calculated from Eurocode formulation for T5-2 

E calculated values for T5-2 [GPa] 

E(5) 29,66 

E(14) 31,41 

E(28) 32,21 

E(56) 32,77 

E(63) 32,85 

 

The other reason mentioned that may cause inaccurate results in the model is the use of a constant neutral axis 

position over time. It is known that this consideration is not real because cracking will develop over time and 

when a new load is introduced it generates more cracking that will weaken the resistant section. So, the area of 

concrete under compression will also change and it will become smaller under loadings. 

The new position of the neutral axis at days 28, 56 and 63 can be recalculated performing stress equilibrium in 

the cross-section as explained for the calculation at day 14 but considering the different stresses at every 

moment, see Figure 5.6. 

Table 5.4 summarizes the stresses in the cross-section at different ages and the position of the neutral axis for 

these ages (measured from the top section). 

Table 5.4: Stresses in the cross-section and neutral axis position at different ages. Beam T5-2 

Day      [MPa]         [MPa] Recalculated neutral axis [mm] 

14 -5,29 8,27 240 

28 -13,13 19,60 193 

56 -21,01 35,47 161 

63 -14,03 19,45 194 
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Hence, the measurements of the modulus of elasticity and the recalculated neutral axis position for every age are 

introduced in the model for calculating again the total deflection of the beam. The expected results to be obtained 

must be more accurate than the obtained previously. 

Figure 5.8 shows the obtained results including the previous modifications. These deflections are accurate when 

the beam in loaded but there is an underestimation when the beam is unloaded. The instantaneous deflection 

predictions have improved and the creep and shrinkage curves present a trend more similar to the experimental 

results. 

For the unloading at day 63 the model underestimates the total deflection. The instantaneous strain for the 

unloading and the creep recovery present an underestimation with an average of 1,7mm. Since the calculation 

procedure calculates a deflection increment in every time-step, the underestimation of the deflection for the 

creep recovery will propagate in time. 

 

Figure 5.8: Calculated results for T5-2 using different neutral axis for every load change. E measurements from cylinders 

 

A step further can be done to improve the proposed model. As mentioned before, creep and shrinkage is 

calculated following the Eurocode 2 formulations. So, the next proposed change is to introduce a specific model 

for the creep recovery calculation. 

Hence, the creep recovery curve from day 63 until day 220 is recalculated with the model proposed by Yue L.L 

presented in Chapter 2. All the previous results are calculated using the principle of superposition and the 

unloading is treated as a negative creep by using a negative load. 
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It appears that after a period of compression creep (loading), the experimental creep recovery is significantly less 

than predicted with the principle of superposition. The non-linear behaviour of the creep recovery is modelled 

with a specific function in the Yue L.L. model. However, it is important to remark that Yue L.L. model was 

formulated by experimental tests in concrete prisms and here, it is proposed to use it for concrete beams 

sustaining bending moments.  

Hence, the T5-2 deflections are calculated again considering the assumptions from the previous calculation (see 

Figure 5.8) but using Yue L.L. model for the creep recovery. In order to introduce this model for the creep 

recovery the formulations presented in Chapter 2 (see equations 2.3, 2.4 and 2.5) are used to obtain new creep 

coefficients and introduce them in equation 4.22 for the calculations from day 63. Finally, the results are 

represented in Figure 5.9. 

As it can be seen from the results, the new model (red dotted line) also underestimates the total creep recovery 

but this underestimation is less pronounced than using the principle of superposition (continuous red line). 

Nevertheless, the calculation procedure obtains the deflection increment in every time-step so the 

underestimation propagates in time and the prediction of the long-term behaviour can continue being estimated. 

 

Figure 5.9: Calculated results for T5-2 using Yue L.L. creep recovery and the principle of superposition 

 

To conclude the analysis and validation of the model in beam T5-2, it can be said that from the first calculation 

until the last proposed calculation the model gives more accurate predictions of the deflections. The best 

improvement introduced is the use of the measured modulus of elasticity and the variation of the neutral axis 

position over time. These assumptions allow obtaining more accurate instantaneous deflections and better creep 
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curves estimations, respectively. Finally, the obtained results tend to fit with the experimental data since the 

properties considered along the calculation are similar to the actual ones. 

5.3.2 Beam T5-3 

In this section, the analysis and calculations for beam T5-3 are presented. The main differences with beam T5-2 

are related to the loads. Beam T5-3 presents a new loading scenario and also the integral of the load history is 

lower if it is compared to beam T5-2. 

Table 3.4 summarizes the load scenario used for this beam. The first jack load is applied at an age of 42 days and 

it shows a lower deflection if it is compared to the first instantaneous deflection of beam T5-2. This phenomenon 

can be explained by the aging effect of concrete. The modulus of elasticity reached by the beam at an age of 42 

days is larger than at age 28. Due to the larger stiffness, the section is more resistant and consequently the 

deflections will be smaller. 

The first calculation performed for T5-3 is the same as for T5-2. At day 5 the beam is sustaining the self-weight 

but this does not cause cracking. The cracking effect will start at day 42 when the first load is applied. For this 

first calculation, equation 4.29 is used to obtain, as a first approximation, the compression depth. As said before, 

this equation only depends on geometric parameters so the same neutral axis as in T5-2 is obtained (c =95mm). 

In order to perform the following calculations, the spreadsheet is reformulated with the required time steps for 

this case. Then all the time-dependent parameters and coefficients are recalculated. 

So, the deflection over time is calculated assuming a constant neutral axis at 95mm from the top, the cracking 

effect starting at day 42 and the frequent load combination applied during 7 days from day 126.  

The obtained results are presented in Figure 5.10 by the blue continuous line. In the same graph the experimental 

data is represented by the orange dotted line and the deflection obtained with the assumption of non-cracking is 

represented by the blue dashed line. 
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Figure 5.10: Calculated results for beam T5-3. Compression depth of 95mm and cracking at age 42 days 

 

When the obtained results are analysed, it can be seen that they tend to be overestimated, especially during the 

days when the frequent load combination is applied. As in the example of T5-2, this overestimation can be 

explained related to the neutral axis position used for the fully cracked section (c=95mm). This assumption 

derives in an underestimation of the stiffness, so the position of the neutral axis can be recalculated through a 

stress equilibrium in the cross-section. 

The calculation of the new neutral axis is performed at day 42 when cracking starts. The stresses in the top and 

bottom of the section are calculated in order to perform the equilibrium: 

               

                  

 

The value obtained for the new neutral axis    position is 239mm from the top of the section (see Figure 5.11).  

The deflections are calculated again using this new neutral axis position. The expected results to be obtained 

must present less deflection than for the previous results since the stiffness of the cracked section is now larger. 
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Figure 5.11: Recalculation of the neutral axis for T5-3 at day 42 

 

 

Figure 5.12: Calculated results for beam T5-3. Compression depth of 239mm and cracking at age 42 days 

 

Figure 5.12 represents the obtained results with the new neutral axis position. As it can be seen in the graph, the 

maximum deflection reached along the time is lower than in the previous calculation. For a compression depth of 

95mm, the maximum deflection reached at day 133 is 20,61mm and the maximum deflection obtained with a 

compression depth of 239mm is 19,94mm.  
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From the previous results, it can be said that the new calculation obtains deflections that fit better with the 

experimental data. However, two main approximations have been assumed and they may explain the inaccurate 

obtained deflections for some time-steps. First of all, the neutral axis position is considered in a fixed position 

and it is already known that this axis varies along the time due to the cracking effect becomes more severe. So, a 

lower stiffness is obtained when new loads are applied in a cracked section. In order to consider this effect, the 

neutral axis position has been recalculated for days 126 and 133 when the load variations are applied.  

Secondly, another reason concerning the inaccurate obtained results is related to the modulus of elasticity. They 

are calculated through the Eurocode formulation but there are avaiable measurements of the modulus of 

elasticity on cylinders so they can be used for the calculation. 

Table 5.5 collects the data measured in the laboratory specimens. Again, as it was explained for T5-2, the last 

measurement at day 127 is lower than the rest of the values and this is not possible so, the last measurement will 

not be used.  

If the measurements of the modulus of elasticity are compared with the calculated values (Table 5.6), in general, 

the measurements are larger. Hence, if the measured values are used in the model it is expected to obtain less 

deflection in the results since the stiffness will be larger.  

Table 5.5:Modulus of elasticity measured in the cylinders for T5-3 

Measured E. Prism T5-3 [GPa] 

Ec(5) 32,10 

Ec(28) 35,85 

Ec(35) 35,85 

Ec(127) 33,31 

 

Table 5.6: Modulus of elasticity calculated from Eurocode formulation for T5-3 

E calculated values for T5-3 [GPa] 

Ec(42) 32,55 

Ec(126) 33,24 

Ec(134) 33,26 

Ec(220) 33,47 

 

The other assumption mentioned before is related to the position of the neutral axis for every time step. Table 5.7 

collects the stresses in the section at the days when the loads vary and also the recalculated position of the 

neutral axis for each day. 
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Table 5.7: Stresses in the cross-section and neutral axis position at different ages. Beam T5-3 

Day      [MPa]         [MPa] Recalculated neutral axis [mm] 

42 -5,37 8,88 239 

126 -19,75 39,59 155 

133 -12,22 22,44 217 

 

Hence, the deflection for T5-3 is recalculated using the measured modulus of elasticity from the specimens and 

changing the position of the neutral axis for every time-step. The obtained results are presented in Figure 5.13 

and if these results are compared with the previous (Figure 5.12) it can be said that the new obtained deflections 

fit better with the experimental results. There is a good fit between the experimental results and the calculated 

values until day 133.  

 

Figure 5.13: Calculated results for T5-3 using different neutral axis for every load change. E measured from cylinders 

 

However, the results are inaccurate when the beam is unloaded. The instantaneous calculated deflection is very 

large at day 133 and consequently, the creep recovery curve lies below the measurements. Concerning the creep 

recovery, the Yue L.L. model is also used in order to improve the creep recovery prediction. 

Figure 5.14 represents the results obtained using Yue L.L. for the creep recovery (dotted blue line). These results 

show less deflection than using the principle of superposition but the deflection continues underestimated. As 

mentioned for the previous example, the calculation procedure obtains the deflection increment in every time-

step so, the underestimation will propagate in time. 
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Figure 5.14: Calculated results for T5-3 using Yue L.L. creep recovery and the principle of superposition 

 

The analysis of the beam T5-3 continues with other proposed calculations in order to investigate the influence of 

the loading history and the frequent load combination in the long-term behaviour. 

Different loading scenarios are proposed for the beam calculations and the obtained deflections are represented 

in Figure 5.15. The results have been calculated applying the principle of superposition and considering the 

neutral axis at a constant position (239mm from the top of the cross-section). It is already known, by the 

previous explanations, that this assumption for the calculation does not yield the best results but this new 

proposed calculation is more focused on the deflection differences in the long-term caused between the 

scenarios. 

Table 5.8: Different load scenarios for beam T5-3 

Load scenario Loads application [days] 

Scenario I 28, 112 and 120 

Scenario II 28 ,98 and 105 

Scenario III 28, 56 and 63 

Scenario IV 28, 42 and 49 

 

The four loading scenarios presented differ only on the age of concrete when the load is applied. For all of them, 

the first load is applied at an age of 28 days and the frequent load combination is sustained during 7 days. The 
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magnitude of the loads is the same as in the previous T5-3 examples (see Table 3.4). Table 5.8 collects the 

information for the different new scenarios proposed. 

 

 

Figure 5.15: T5-3 deflections under different load scenarios 

 

From the obtained results it is expected to observe the effect of the aging of concrete and the influence of the 

frequent load combination in the long-term deflection. 

The loads of the scenarios start acting at the same age and the final deflection (from creep recovery) is different 

for all of them. Scenario I (blue continuous line) presents a final deflection (at age 220 days) of 17,09mm and 

scenario IV (purple continuous line) reaches a deflection of 18,13mm at the same age. This difference is 

associated to the load history variation. 

For the scenario IV, the frequent load combination is applied at day 42 (84 days earlier than in scenario I) and 

this will cause more deflection on the beam due to the concrete stiffness is lower at day 42 than at day 126 so, 

larger instantaneous deflections will be reached. Scenario IV is assumed to present more cracking when the 

frequent load combination is applied and this cracking will affect the irreversible part of creep. 

On the other hand, it is remarkable that the final deflection between the different scenarios does not differ more 

than 1,04mm. From this result can be concluded the influence of the frequent load on the final deflection since 

the earlier this load is applied the less the recoverable part of the creep is. However, a difference of 84 days in 

the application of this load only causes a difference in the final deflection of 1,04mm (measured at an age of 220 

days). The intermediate models present the same explained behaviour. 
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Figure 5.16 represents the calculated value for the maximum deflection at an age of 220 days (from all the 

previous scenarios). As it can be seen in the graph, the variation of the deflections presents an almost linear 

trend. In the same graph, the total deflection at an age of 1000 days is also represented and its behaviour is 

approximately the same as in the previous case. 

Summarizing these results, it can be said that the influence of the frequent load age generates a deflection 

difference of 1,04mm at an age of 220 days and 0,79mm at an age of 1000 days for the proposed load scenarios. 

In real constructions, it is usually unknown when a frequent load will be sustained so, from this specific analysis 

it can be said that the final deflection difference between the different scenarios is not very large. 

 

Figure 5.16: Deflection at day 220 and day 1000 for the different scenarios 

 

Concerning the influence of the frequent load combination one more run with the model calculation has been 

performed for beam T5-3. In this new analysis, it is assumed that cracking occurs when the first load is applied 

and the compression depth used for the calculations is supposed 239mm (constant over time). 

During the beams experiments, the frequent load combination G1+G2+Q was sustained during 7 days.  

Two situations are simulated in this new calculation: the frequent load combination is sustained from day 28 and 

from day 42 until day 220 without any other load variation. Figure 5.17 represents the calculated deflections for 

these two scenarios. 
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Figure 5.17: Different load scenarios for T5-3. Model simulations 

 

If the two examples results are compared, the maximum deflection is reached by the later application of the 

frequent load (red line). The deflection difference between the two examples at age 220 days is 0,58mm and this 

can be explained by the young creep strain since creep has a larger effect at young ages of concrete.  

The beam with a load application at 28 days (blue line) suffers less creep effect at young ages but on the other 

hand, the load is applied at day 28 when the stiffness of the concrete is less than at day 42. 

The creep rate that the beam suffers when the load is applied at day 42 is larger than in the previous example. 

However, the concrete stiffness at day 42 is larger than at day 28 and less deflection is expected. 

Nevertheless, from the obtained results it can be said that the creep influences significantly in the long-term 

deflection. Besides for this specific example in the long-term behaviour, the creep effect is more important than 

the concrete stiffness when the loads are applied. 

5.3.3 Beam T5-1 

After the analysis for the beams T5-2 and T5-3, one more analysis is presented for T5-1.  

Again the difference between this beam and the two others is related to the load history. This load history is 

exactly the same as beam T5-2 until day 56 and due to this, the experimental results obtained (see Figure 3.7) 

and also the calculations until day 56 will be the same for beam T5-3 and T5-2. 
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To perform the required calculations, the spreadsheet is reformulated with the required time steps for T5-1. Then 

all the time-dependent parameters and coefficients are recalculated. 

The first calculation performed with the proposed model for T5-1 is the same calculation presented for T5-2 in 

section 5.3.1. Cracking also starts at day 14 and for a first instance, through equation 4.29 the neutral axis 

position is calculated and obtained again 95mm measured from the top of the section.  

Hence, the deflection over time is calculated for T5-1 assuming: constant position of the neutral axis (95mm), 

the cracking effect starting at day 14 and the frequent load combination applied during 7 days from day 147. 

The obtained results are presented in Figure 5.18 where the continuous green line represents the maximum 

deflection calculated and the orange dotted line represents the measurements obtained from the laboratory. The 

results obtained assuming no-cracking over time are also represented in the same graph (green dashed line).  

As it can be seen in the graph (as in the previous examples) the model gives feasible results which tend to be 

overestimated. This fact may be explained due to the considered stiffness for the fully-cracked section is lower 

than the actual one.  

Furthermore, the maximum difference obtained between the model calculations and the experimental results is 

reached when the frequent load finishes. At that age (154 days) the experimental results show a deflection of 

20,40mm and the calculations predict a value of 23,90mm. So, the overestimation (3,5mm) of this calculation is 

larger than the overestimations reached in T5-2 and T5-3. This phenomenon may be explained by the influence 

of creep because the frequent load combination is applied on T5-1 much later than in the other beams. 

 

Figure 5.18: Calculated results for beam T5-1. Compression depth of 95mm and cracking at age 14 days 
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In order to improve the model results, the same modifications and calculations proposed in the previous sections 

are performed here. Hence, the neutral axis position is recalculated at day 14 when cracking starts, through stress 

equilibrium in the cross-section. Since the obtained stresses at day 14 are the same as in beam T5-2, the 

calculation performed in Figure 5.6 for the neutral axis recalculation can be used and the value obtained is 

240mm.  

So, the deflection over time is recalculated for this new neutral axis position assumed constant during all the 

calculation. Figure 5.19 presents the calculated results and they show a better fit with the experimental results. 

But the neutral axis position is considered constant over the calculation. And also the modulus of elasticity used 

is obtained from the Eurocode formulations. 

So, the next improvement proposed for the model is to recalculate the neutral axis position for every time event 

when there is a load change and also introduce the modulus of elasticity measured from the specimens associated 

to T5-1. 

 

Figure 5.19: Calculated results for beam T5-1. Compression depth of 240mm and cracking at age 14 days 

 

Table 5.9 and Table 5.10 collect the modulus of elasticity measured in the specimens and calculated through 

Eurocode formulation, respectively. It can be seen from the values that the modulus of elasticity measured in the 

specimens are larger than the calculated values. So this fact can explain why the instantaneous deflections are 

overestimated in the previous calculation (see Figure 5.19). 

As for the other beams (T5-2 and T5-3) the last the modulus of elasticity measurement from the respective 

specimen is lower than the others. As said before this phenomenon is not possible so the last value measured is 
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avoided and not used for the calculation So, in that case the modulus of elasticity used at day 147 will be the 

same as the measured at day 55. 

Concerning the neutral axis changing position, Table 5.11 collects the stresses in to the top and bottom of the 

section for every time when the load is modified. With this data the calculation of the neutral axis position can be 

performed through the stress equilibrium in the cross-section and its position is also presented in Table 5.11. 

Table 5.9: Modulus of elasticity measured in the cylinders for T5-1 

Measured E. Prism T5-1 [GPa] 

Ec(6) 32,68 

Ec(13) 30,74 

Ec(28) 35,45 

Ec(55) 35,31 

Ec(147) 34,49 

 

Table 5.10: Modulus of elasticity calculated from Eurocode formulation for T5-1 

Calculated E. Prism T5-1 [GPa] 

Ec(5) 29,66 

Ec(14) 31,41 

Ec(28) 32,21 

Ec(56) 32,77 

E(147) 33,31 

Ec(154) 33,33 

 

Table 5.11: Stresses in the cross-section and neutral axis position at different ages. Beam T5-1 

Day      [MPa] 
        

[MPa] 
Recalculated neutral axis [mm] 

14 -5,29 8,27 240 

28 -13,13 19,60 193 

56 -15,82 23,9 187 

147 -21,25 35,76 161 

154 -12,61 14,68 217 

 

Hence, the total deflection of the beam is recalculated introducing all these changes in the model and in Figure 

5.20 the results are presented. They show a better fit with the experimental data. This fact was expected since the 

values used are similar to the actual ones. The measured modulus of elasticity allows obtaining better 

instantaneous deflections and the change of the neutral axis allows estimating better creep curves. But again the 

creep recovery is overestimated.  
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Figure 5.20: Model results for T5-3 using different neutral axis for every load change. E measured from cylinders 

 

 

Figure 5.21: Model results for T5-3 using Yue L.L. creep recovery and the principle of superposition 

 

As in the other beams examples, this proposed model never predicts good creep recovery since the estimated 

deflections lie always lower than the actual deflections. In order to improve the creep recovery, the Yue L.L. 

model is also used and the obtained results are presented in Figure 5.21.  
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Comparing the deflections for creep recovery from Yue L.L. model (green dotted line) and principle of 

superposition results (green continuous line) it can be seen that the values do not present much difference 

although it is obtained a better estimation with Yue L.L.model. Finally and again due to the calculation 

procedure, the underestimation of the creep recovery will propagate in time and it has to be considered for the 

long-term behaviour predictions. 
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Chapter 6 Analysis and numerical modelling in concrete 

specimens 

The previous chapters deal with the experimental tests and results in reinforced concrete beams and a prediction 

model is proposed in order to assess their long-term behaviour. 

A series of concrete specimens were casted with the same material as the beams in order to investigate the early 

life or concrete properties. These specimens were casted at the same time as the beams experiments. 

The specimens have been used along the time for measuring different properties of concrete and these 

measurements have been useful in order to improve the proposed model for the beams’ deflection. 

6.1 Experimental program on concrete specimens 

As mentioned before, this master dissertation is part of a research that continues under study. So, only some 

specimens are analysed here although, in this section all the specimens used for the experiments are introduced. 

During the laboratory experiments four beams have been tested. T5-1, T5-2 and T5-3 are studied and analysed in 

this master dissertation but there is also a fourth beam T-8. This is a two span beam, each span being 4m in 

length. The cross-section is the same as the other beams.  

Concrete specimens were casted for every beam at the same time in order to measure the strength of concrete 

along the time. Also some tests have been performed for the specimens to assess the creep and shrinkage effects. 

Some specimens were subjected to the same load variations applied on the beams but also as a reference mode, 

others were subjected to a constant load.  

The creep experiments were performed for sealed and not sealed specimens and besides and the shrinkage of 

plain concrete prisms was measured. 

For each beam, two cubes and two cylinders were tested to measure the mechanical properties along the time. 

And two extra cubes and cylinders were used to measure the properties at an age of 28 days. The cube 

compressive strength was tested on 150mm x 150mm x 150mm cubes by a load-controlled compressive test. The 

compressive strength and the modulus of elasticity were measured by a load-displacement test on concrete 

cylinders (Ø 150mm x 300mm). All the specimens were placed in the same climate control room where the 

beams were (20ºC, 60% RH).  

The results obtained from the modulus of elasticity of the cylinders are presented in Table 5.2, Table 5.5 and 

Table 5.9 for T5-2, T5-3 and T5-1, respectively. 

Each concrete beam is associated to one plain concrete prism (150mm x 150mm x 500mm) for the shrinkage 

measurements. The measurements on the prisms started 5 days after casting and they were performed daily 

during the first months of the experiment but afterwards, the frequency was reduced to one each week. Figure 
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6.1 represents the results obtained for the not-sealed prism associated to beam T8 (the data is available for the 

first 140 days).  

 

Figure 6.1: Axial shrinkage measurements. Not-sealed concrete prism T8 

 

The abbreviations NV or V (niet-verpakte of verpakte) are used for the specimens to indicate not-sealed or 

sealed. 

For the creep experiments, the prisms were loaded under a compression pressure in a loading frame (see Figure 

6.3 and Figure 6.3). The sealed prism and the not sealed prism were positioned in the loading apparatus one over 

the other to apply them the same pressure.  

 

Figure 6.2: Tested prisms in the laboratory 
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Figure 6.3: Loading frame for prisms creep tests 

 

In order to measure the creep strains, four concrete prisms were provided for each beam. The total deformation 

due to creep is measured with two prisms: one is covered and sealed with an aluminium foil to prevent humidity 

exchange and the other is free. These creep experiments present also two different scenarios: the former keeps 

the pressure on the prisms constant the entire time and the second scenario changes the pressure in order to apply 

the same load variations as on the beams. 

The prisms under the constant load scenario (two prisms for each beam) were placed in the creep apparatus at an 

age of 14 days and they were loaded immediately with a load equal to 50% of the compression strength 

(0,5·   ). The specimens accompanying beam T5-3 were loaded at the same age but with a load equal to 20% of 

the compression strength (0,2·   ). The rest of the prisms were subjected to variable loads. 

Figure 6.4 and Figure 6.5 show some of the obtained results for the T8 prisms. Figure 6.4 represents the 

measurements from the non-sealed T8 prism under load variations. The variations have been applied at the same 

age as on beam T5-1 and the values are represented until an age of 180 days. On the other hand, Figure 6.5 

shows the same measurements but for an equivalent prism sustaining a constant load. 
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Figure 6.4: Creep measurements. Not-sealed prisms (T8) sustaining load variations 

 

 

Figure 6.5: Creep measurements. Not-sealed prisms (T8) sustaining a constant load 
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6.2 Concrete prisms analysis 

In this section the analysis presented is performed for the non-sealed T8 prisms.  

The objective is to validate the creep, shrinkage and modulus of elasticity measurements obtained from the 

laboratory comparing them with the same calculated results obtained with Eurocode 2 formulation and Yue L.L. 

model.  

Furthermore, the creep recovery model proposed by Yue L.L. and used previously was formulated from plain 

concrete specimens so, in this section the behaviour of this model is assessed in the concrete prisms.  

First of all, the creep formulation from Eurocode (CEN EN 1992-1-1, 2004) has been used in order to calculate 

the T8-NV prism creep strains. The results are compared with the measurements obtained from the laboratory 

presented in Figure 6.4. But it is important to remark that these data from Figure 6.4 includes the shrinkage, so 

the shrinkage data from Figure 6.1 is used in order to obtain the real creep measurements. 

Figure 6.6 represents the real creep measurements (blue line) and the creep strain calculated with Eurocode 

formulation (magenta line). 

 

Figure 6.6: Not-sealed T8 prism. Measured results versus calculated results 
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The concrete properties used for the Eurocode calculations are presented in Table 6.1. The relative humidity is 

maintained constant in the laboratory and the notional size (  ) is calculated as: 

   
    

 
 6.1 

 

where    is the concrete cross-sectional area and   is the perimeter of the part which is exposed to concrete. 

Table 6.1: Concrete properties for creep calculation 

Concrete properties 

    [MPa] 35 

RH [%] 60 

   [mm] 75 

 

The time steps used for the creep coefficients calculation are defined based on the days when the loads are 

changed. So the time steps, loads applied and modulus of elasticity used in the calculation are summarized in 

Table 6.2. 

Table 6.2: Non-sealed T8 prism characteristics 

Properties for T8 non-sealed prisms 

Time   [MPa]  [GPa] 

14 6 33 

28 6 35 

56 3 35 

148 5 35 

156 -5 35 

 

With all these data and following the Eurcode creep formulation is possible to obtain the creep curves. 

As it can be seen in Figure 6.6, the calculated values (magenta line) overestimate the strains in the prism. A 

possible explanation of this is related with the curve estimation for the first 28 days. Eurocode creep model can 

be used for calculations from age 28 days onwards. Hence, a recalculation of the curve for the first 28 days must 

be performed. 

The Kelvin-chain model which is one of the visco-elastic theoretical models can represent the creep of concrete. 

This model simplifies the concrete behaviour with a Hookean spring in parallel to a Newtonian fluid and this 

represents a solid which undergoes viscoplastic deformation. Under a constant load the material deforms at a 

progressively slower rate. 

The new proposed model for the creep strains during the first 28 days is presented in Figure 6.7 where the 

number of Kelvin-chain is 3 which is assumed sufficient for practical use (Kumagai, 2002). 



Chapter 6.Analysis and numerical modelling in concrete specimens 

76 

 

 

Figure 6.7: Schema of the analytical model proposed. Kelvin chain 

 

The total strain  ( ) and the creep compliance  ( ) at age   when the loading starts can be expressed with the 

principle of superposition for the Kelvin-chain model: 

 ( )   
 

  

  ∑
 

  

 {     ( 
    

  

)}

 

   

 6.2 

 

 ( )     ( ) 6.3 

 

where    is the modulus of elasticity of the concrete at the day when the load is applied (day 14) and      
 

  ⁄  

are the retardation time in days. For this model the number of Kelvin-chain   chosen is 3.  

For the three types of retardation time 15, 50 and 160 the modulus of elasticity    for  th spring must be 

estimated. Finally, the total strain due to creep estimated with this proposed model  ( ) can be obtained through 

equation 6.3 with the corresponding value of the applied load  . 

The least square method has been used in order to estimate the springs’ modulus of elasticity. Hence, the 

approach is to determinate the    values using the measurements from T8-NV sustaining a constant load and 

then these estimated values are used in the Kelvin-chain model for calculating during the first 28 days the T8-

NV creep strains sustaining load variations. 
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Figure 6.8: Least square fit for Ei on non-sealed prism T8 sustaining a constant load 

 

Figure 6.8 shows the fit of the Kelvin-chain model with the measurements obtained from the laboratory for T8-

NV sustaining a constant load from day 14. In Table 6.3 the Kelvin-chain parameters are summarized. 

Table 6.3: Kelvin-chain parameters. Creep model for T8-NV sustaining to load variations  

        

1 15 19 

2 50 162 

3 160 41 

 

This Kelvin-chain model obtained is used for the first 28 days creep strain calculation in the prism with load 

variations and Figure 6.9 shows the results (magenta line). At the same time, the previous model obtained with 

the Eurocode calculations (green dashed line) is represented. Finally, the laboratory measurements are also 

included in the graph (blue line). 

As it can be seen in the graph, the use of a Kelvin-chain model for the first 28 days instead of Eurocode model 

improves considerably the results due to the strains obtained for the first 28 days are more similar to the 

measurements. This result was expected since the Eurocode model is formulated for ages larger than 28 days. 

Despite of the reached improvements, there are still differences (an overestimation) for the creep strains although 

they may be caused due to the inaccuracy on the creep measurements because these experimental values 
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represented in Figure 6.9 are obtained through a combination of the creep and shrinkage measurements: the 

shrinkage (Figure 6.1) has to be removed from the creep measurements (Figure 6.4) but the amount of available 

data is not the same for both cases.  

 

Figure 6.9: Kelvin-chain model and Eurocode calculations for creep strain in T8-NV prisms 

 

Another aspect to assess in the prisms analysis is the creep recovery model proposed by Yue L:L. This model 

has been used in the concrete beams and it achieves improvements in the deflection calculation. Therefore, Yue 

L.L. model was formulated from concrete prisms experiments and it is expected to obtain better results for the 

creep recovery calculation. 

Figure 6.10 represents two creep strain calculations: the first one (green dashed line) is obtained from the 

Eurocode creep model for the loading and the unloading is calculated with Yue L.L model. The second (magenta 

line) is obtained from the Kelvin-chain model for the first 28 days, the Eurocode creep model for the rest of the 

loading and finally, the creep recovery is calculated through Yue L.L model. Also the creep measurements are 

represented in the same graph (blue line). 
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Figure 6.10: Kelvin-chain model and Eurocode calculations for creep strain in T8 prisms with Yue L.L. model for creep 

recovery 

 

Analysing the previous results from Figure 6.10 it can be said that the combination of Kelvin-chain, Eurocode 

and Yue L.L. model derives an accurate result. The creep recovery curves obtained through Yue L.L. model 

present the same trend as the laboratory measurements. Hence, the creep recovery calculation has been improved 

with this model if it is compared with the first recovery curve obtained through the principle of superposition. 
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Chapter 7 Discussion and conclusions 

This master dissertation concerns an analysis of the long-term behaviour of concrete beams. The creep 

deformations caused by load changes at young age and its effect on the long-term behaviour are the main points 

to analysed. To predict the long-term maximum deflection that the beams suffer, a model is proposed and it is 

validated and compared to the experimental results measured from the laboratory experiments performed.  

Through the first chapters, the main aspects to be considered for the study are set, such as the importance and 

influence of the history load, creep, shrinkage and cracking in concrete. Eurocode 2 is the reference used for 

some of the parameters calculated and also a model suggested by Yue L.L. has been used for the creep recovery 

prediction.  

The geometrical properties and characteristics of the analysed beams are collected and after this, the numerical 

modelling is presented. Chapter 4 presents the formulation used in the proposed model (cross-sectional step-by-

step numerical method) and through Chapter 5 the results are obtained, analysed and improvements are also 

proposed. 

As mentioned before, this master dissertation is part of a larger research that still continues. But form the current 

results of the experimental study and the numerical modelling proposed the following conclusions are drawn.  

All the analysed beams present a non-recoverable creep strain since the application of the frequent load 

combination affects the unloading. In other words the deflection after the unloading did not reach the same value 

as it had before the loading of the frequent load combination. The deflection presents a non-recoverable part 

after the unloading due to the impact of cracking. 

The different the loading scenarios produce significant differences in the concrete beams deflection. For 

instance, beams T5-1 and T5-2 present the same loading scenario until day 56 and the deflections differ 

significantly after the application of the frequent load to T5-2 while T5-1 remains under the quasi-permanent 

load. Thus, with this example can be explained the impact of cracking on the irreversible part of creep. 

The aging effect of concrete can be seen, for instance, in the behaviour of T5-3. This beam shows the smallest 

deflection after the application of the frequent load. This fact may be explained by two reasons: one related to 

the concrete stiffness and another related to the history load. The first load in beam T5-3 was applied 28 days 

later than on beams T5-1 and T5-2. This fact implies that the stiffness of T5-3 at that time was larger than in the 

two other beams and consequently, the caused deflection on T5-3 is smaller. Besides, the concrete is less 

susceptible to creep and shrinkage at higher ages and that is why the deflection for the last days in beam T5-3 is 

lower. Another reason to explain the differences in the deflection is that T5-3 beam sustains fewer loads along 

the time because the integral of the T5-3 load history is lower if it is compared to the load history integral for T5-

1 or T5-2. 

The effect of creep and shrinkage is underestimated in a fully cracked section when the equations presented in 

Chapter 4 are used. An explanation of this underestimation is that concrete under tension is avoided in the fully 
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cracked section. Thus, a proposed improvement is the recalculation of the amount of concrete under compression 

for every time step and that yields better results.  

The neutral axis position also varies in the cracked section due to the loads variation and the evolution of 

cracking. If the amount of concrete in compression is recalculated for every event (load variation), the 

corresponding creep curve estimation considers the actual amount of compression concrete and consequently, 

the results obtained are more accurate.  

In real constructions, the age of concrete when the frequent load is reached is usually unknown so, referring to 

the different loading scenarios performed for beam T5-3 (see Figure 5.15 and Figure 5.16), it can be said that the 

differences on the maximum deflection are not very pronounced after the application on the frequent load 

combination. 

Through the results analysis performed in Chapter 5, it has been proved that the use of the modulus of elasticity 

measured in the laboratory improves the deflection predictions. However, the proposed model using Eurocode 

formulation for the modulus of elasticity also gives feasible results which tend to be overestimated. 

When the beams are unloaded, the results obtained through the proposed model are inaccurate. The model 

calculates feasible deflections which tend to be underestimated. The creep recovery curves obtained through the 

principle of superposition show a similar trend to the experimental results and the estimation of these curves with 

the model proposed by Yue L.L is improved. Despite inaccurate creep recovery deflections, the calculation 

procedure obtains the deflection increment in every time-step so, the underestimation will propagate in time and 

the prediction of the long-term behaviour can continue being estimated. 
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Annex I 

I.1 Calculated properties for T5-1 

 

Bending moments and time steps for beam T5-1 

Age [days] Max. bending moment [kN.m] 

5 3,125 

14 43,75 

28 43,75 

56 18,75 

147 43,75 

154 -43,75 

 

T5-1. Calculated modulus of elasticity   ( ) [GPa] 

Ec(5)= 29,66 

Ec(14)=31,41 

Ec(28)=32,21 

Ec(56)=32,77 

Ec(147)=33,31 

Ec(154)=33,33 

Ec(220)=33,47 

 

T5-1. Shrinkage    (    ) 

   (14,5)= -0,000082 

   (28,14)= -0,000062 

   (56,28)= -0,000072 

   (147,56)= -0,000092 

   (154,147)= -0,000004 

   (220,154)= -0,000025 
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T5-1. Aging coefficient  (    ) 

 (14,5)= 0,82187 

 (28,14)= 0,88416 

 (56,28)= 0,90039 

 (147,56)= 0,92024 

 (154,147)= 0,92197 

 (220,154)= 0,93054 

 

T5-1. Age-adjusted modulus of elasticity  ̅(    ) [GPa] 

 ̅ (14,5)= 17,11 

 ̅ (28,14)=18,05 

 ̅ (56,28)=17,83 

 ̅ (147,56)=16,49 

 ̅ (154,147)=23,77 

 ̅ (220,154)=19,09 

 

Creep coefficients calculated for T5-1 

 Day 5 Day 14 Day 28 Day 56 Day 147 Day 154 

 (14,5) 0,892 - - - - - 

 (28,14) 0,278 0,837 - - - - 

 (56,28) 0,288 0,305 0,895 - - - 

 (147,56) 0,420 0,385 0,410 1,072 - - 

 (154,147) 0,020 0,018 0,019 0,020 0,436 - 

 (220,154) 0,151 0,141 0,132 0,136 0,4068 0,8139 

 

 

I.2 Calculated properties for T5-2 

 

Bending moments and time steps for beam T5-2 

Age [days] Max. bending moment [kN.m] 

5 3,125 

14 43,75 

28 43,75 

56 62,50 

63 -43,75 
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T5-2. Calculated modulus of elasticity   ( ) [GPa] 

Ec(5)= 29,66 

Ec(14)=31,41 

Ec(28)=32,21 

Ec(56)=32,77 

Ec(63)=32,85 

Ec(220)=33,47 

 

 

T5-2. Shrinkage    (    ) 

   (14,5)= -0,000082 

   (28,14)= -0,000062 

   (56,28)= -0,000072 

   (63,56)= -0,000012 

   (220,63)= -0,000107 

 

 

T5-2. Aging coefficient  (    ) 

 (14,5)= 0,82187 

 (28,14)= 0,88416 

 (56,28)= 0,90039 

 (63,56)= 0,92024 

 (220,63)= 0,91001 

 

 

T5-2. Age-adjusted modulus of elasticity  ̅(    ) [GPa] 

 ̅ (14,5)= 17,11 

 ̅ (28,14)= 18,05 

 ̅ (56,28)= 17,83 

 ̅ (63,56)= 22,10 

 ̅ (220,63)= 15,41 
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Creep coefficients calculated for T5-2 

 Day 5 Day 14 Day 28 Day 56 Day 63 

 (14,5) 0,892 - - - - 

 (28,14) 0,278 0,837 - - - 

 (56,28) 0,288 0,305 0,895 - - 

 (63,56) 0,051 0,049 0,057 0,525 - 

 (220,63) 0,541 0,486 0,497 0,7031 1,1893 

 

 

I.3 Calculated properties for T5-3 

 

Bending moments and time steps for beam T5-3 

Age [days] Max. bending moment [kN.m] 

5 3,125 

42 43,75 

126 106,75 

133 -43,75 

 

 

T5-3. Calculated modulus of elasticity   ( ) [GPa] 

Ec(5)= 29,66 

Ec(42)= 32,55 

Ec(126)= 33,24 

Ec(133)= 33,26 

Ec(220)= 33,47 

 

T5-3. Shrinkage    (    ) 

   (42,5)= -0,000186 

   (126,42)= -0,000109 

   (133,126)= -0,000005 

   (220,133)= -0,000036 
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T5-3. Aging coefficient  (    ) 

 (42,5)= 0,82127 

 (126,42)= 0,88426 

 (133,126)= 0,90024 

 (220,133)= 0,93147 

 

T5-3. Age-adjusted modulus of elasticity  ̅(    ) [GPa] 

 ̅ (42,5)= 14,13 

 ̅ (126,42)= 16,42 

 ̅ (133,126)= 23,39 

 ̅ (220,133)= 18,25 

 

Creep coefficients calculated for T5-3 

 Day 5 Day 42 Day 126 Day 133 

 (42,5) 1,337 - - - 

 (126,42) 0,475 1,110 - - 

 (133,126) 0,027 0,025 0,467 - 

 (220,133) 0,211 0,184 0,458 0,894 

 

 

 

 

 

 

 

 



Annex II 

87 

 

Annex II 

II.1 Stress and strain calculation procedure in a cross-section 

Scheme to calculate stress and strains increments in a cross-section due to the application of a history load. 

Calculation sequence in order to consider the cracking effect at the corresponding age. 
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