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Abstract

Recent studies have implicated rare genetic variants in a great number of complex traits
and diseases. These studies base themselves upon the Rare Variant, Common Disease
hypothesis which states that multiple low-frequency disease-causing alleles cumulatively
explain a large portion of disease susceptibility in the human population. Identifying
these variants therefore represents an important step in personalized medicine. As the
frequencies of these rare variants are low though, identifying them requires genotyping
large populations of individuals. Such an undertaking can either be done sequentially,
genotyping multiple samples or by pooling these samples and genotyping them as one.
Next generation sequencing technology is, due to its massively parallel nature ideally
suited for pooled genotyping. Such a strategy could therefore be used to identify rare
variants in targeted regions of the genome in large populations, whilst minimizing both
cost and time of such a project.

Keeping all this in mind, this dissertation aims at determining the presence of rare variants
in DNA sequences for a selected gene set, on a large number of tumors. More specifically,
we wish to scan for rare variants in selected target regions of 3-dimensionally pooled neu-
roblastoma tumor samples. For this purpose, we have developed a hierarchal statistical
model usable for data analysis, that incorporates an increasing complexity inherent to
the data gathering process and the 3-dimensional design of this study. Our model bases
itself on an assumed normal distribution for the expected number of copies of base pair
positions after amplification and a Poisson distribution of the observed number of copies
around their mean. The assumptions allow estimation of the parameters defining this
normal distribution (and their characteristics), relying on the Method of Moments.

With these two parameters estimated for our simulation studies, we were able to compute
the necessary probabilities of encountering a specific number of variants present in a pool,
at a specific base pair position. These simulation probabilities were computed in various
ways: ignoring the existence of sequencing errors, incorporating such errors, accounting
for only one or accounting for both complementary strands of DNA and/or taking some
of the 3-dimensional structure of our pooled data into account. Comparing the efficiency
of all these different probability equations, we found that the best estimates for the num-
ber of variants -in the presence of sequencing errors- were obtained by considering but
the product of the two individual strand probabilities, whilst relying on either of the two
estimation methods (the ’maximum probability’ and ’median of distribution’ methods for
estimation).

The estimators that were derived from the information at hand in the test data set showed
strange yet ordered patterns, so we decided to limit our analysis to one such subgroup
of base pair positions. When we naively estimated the number of variants present in
this subgroup (by considering but one of both DNA strands and choosing to neglect the
restrictions of the 3-dimensional data structure), we saw that estimation based on the
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’maximum probability’ method performed erratic at best, with no obvious explanation
as to why it faltered. The ’median distribution’ method seemed to do even worse, due
to a shift in the weighted estimation of the number of variants. We did not perform
any additional analyses on the test data set (such as taking both complementary DNA
strand or the 3-dimensional structure into account), as we thought it best to first improve
and adjust our current techniques and estimations. Due to the limited time scope during
which this master dissertation was made, we did not arrive at doing so, but recommend
further research to enlighten the observed shortcomings.

To conclude, we noted that our adjustments to the naive basic probabilities for estimating
the number of variants (considering both strands of DNA and part of the 3-dimensional
structure), did not entail all available information contained in our data structure and
data set. In light of this, we offered some possible perspectives on improving the current
statistical model and data structure.
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1 Introduction

Many common diseases and traits are believed to be influenced by several genetic as
well as environmental factors, but until recently the identification of genetic variants con-
tributing to these complex disease phenotypes, has been slow and difficult [1]. In the
past decade though, there has been an extensive development in sequencing technologies,
which has made it possible to produce far more sequence reads per instrument run at a
significantly lower cost [2]. These improvements are consequences of several notable differ-
ences between the so-called ’massively-parallel’ sequencing technology and the traditional
Sanger capillary sequencing. For example, the preparatory steps of ’massively-parallel’ or
’next-generation’ sequencing are fewer and simpler to perform than for Sanger sequencing,
which is a great time-saver.

Another relevant difference is that both platforms are affected dissimilarly by the required
amplification step mediated by polymerases. This polymerase chain reaction (PCR) is
necessary to ensure that the sequencing reactions can produce sufficient signal for detec-
tion by both platforms, but unfortunately provides a constant source of error as poly-
merases are never 100% accurate. The difference between both platforms though, is that
during Sanger sequencing, these PCR-errors are diluted, whilst this attenuation is not the
case in next-generation sequencing platforms. This is because Sanger technology looks
at a group of different molecules, whilst next generation sequencing platforms analyze
a group of molecules originating from the exact same original. As such, the latter tech-
nology enables the presence of PCR-errors in all or a majority of the molecules to be
sequenced. Beside this disadvantage, there is an upside to this sort of amplification too:
massively parallel sequencing will allow us to pick up on low-frequency variants (amidst
possibly amplified polymerase-mediated errors though), which represents a feat Sanger
technology can only dream of.

As such -because of its affordability and sensitivity- ’next generation’ sequencing is steadily
replacing traditional technology in various fields. For genetic studies, this new technol-
ogy even holds the promise of revolutionizing genome-wide association studies [2]. Mas-
sively parallel platforms have provided us with breathtaking results and hold enthralling
promises for the future, but these new sequencing engines have introduced several data
analysis challenges -owing to the massive scale of the data to be analysed, the decrease in
read length and the dramatically different error profiles. As such, data generation is now
more or less straightforward, but the corresponding analysis and inference is not. This
fact has forged world-wide alliances between experimentalists and computational biolo-
gists and makes master dissertations such as this one possible.
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1.1 Rare variant, common disease hypothesis

Once Sanger technology had laid the general foundations of DNA sequencing, several
projects to completely map the human genome were started. Two such projects were
the International Human Reference Genome [3] and the International Human Genome
project [4]. Subsequent to these projects, many laboratories began efforts to identify the
positions of common single-nucleotide polymorphisms (SNPs), which were known to be
present in the genome. These were named the ’HapMap’ projects, because they aimed
to map the haplotype diversity in the human genome [2]. At this time, ’next-generation’
sequencing began to make its entrance, entailing an almost explosive growth in the num-
ber of organism reference genomes and individually sequenced genomes. Keeping these
advances in technology and knowledge in mind, genome-wide association studies started
to represent a powerful new tool for investigating the genetic structure of complex diseases
[1] and testing the then-predominant ’common variants, common disease’ hypothesis. At
present, two distinct disease-explaining hypotheses are under debate [1],[5]: the ’common
variants, common disease’ hypothesis and the ’rare variant, common disease’ hypothesis.

The first hypothesis states that disease-causing alleles are common in the human pop-
ulation, with a frequency larger than 5% [6]. Genome-wide association methods base
themselves upon this ’common variants, common disease’ hypothesis, as mentioned
earlier. Although some conditions reflect contributions of several variants of large effect,
most common variants individually or combined confer relatively small increases in risk
(1.1 to 1.5-fold) and explain only a small proportion of heritability [7]. Consequently, the
question arises why genome-wide association studies and their supporting hypothesis leave
so much of the heritability apparently unexplained. Many explanations for this missing
heritability have been suggested, including a new hypothesis suggesting much larger, but
rarer number of variants of substantial effect sizes, yet to be found [1].

This ’rare variant, common disease’ hypothesis states that multiple disease-causing
alleles, which individually occur at low frequencies (<< 1%), cumulatively explain a large
portion of disease susceptibility [8],[9]. Rare variants with aminor allele f requency (MAF)
less than 0.5% are not sufficiently frequent to be captured by current genome-wide asso-
ciation arrays, nor do they carry sufficiently large effect sizes to be detected by classical
linkage analysis. These low frequency variants could therefore have substantial effect sizes
with two- to threefold increases in disease risk, without demonstrating clear Mendelian
segregation. This could possibly imply a contribution to the observed missing variability
mentioned earlier [1].

Recent evidence favors the ’rare variant, common disease’ hypothesis, as common vari-
ants have failed to explain many complex traits [1], while rare genetic variants have been
successfully associated with High Density Cholesterol levels [8], blood pressure [9] and
many other complex traits and diseases [10].
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Due to their low frequencies however, identifying rare, disease-associated variants requires
large cohorts in order to achieve the appropriate statistical power (e.g. 5000 individuals
are required to detect mutations present at 0.1% in the population with a probability of
96%) [10]. Current mechanisms for using sequencing to identify these rare variants and
at the same time reducing cohort size, include ’collapsing methods’. In these methods,
rare variants are grouped together to improve statistical power [11], but analysis of rather
large cohorts is unfortunately still required. Another recent strategy for genotyping the
required large cohorts consists of pooled-sample sequencing, where individual samples are
pooled before analysis on a next-generation DNA sequencing platform [12]. Because of
the many possibilities pooling samples bring forth, the data set provided for this master
dissertation was accomplished by means of this strategy.

1.2 Pooled sampling

Because of the massive simultaneous output of second- or ’next’-generation sequencing,
pooling samples allows fast and accurate sequencing and detection of rare variants in
thousands of samples at a fraction of the cost and time of traditional methods [10]. De-
spite the luring promise of this method for studying rare genetic variants, we are still
presented with several problems.

One problem with pooled samples is that it has proven difficult to quantify the preva-
lence of rare variants in these pools. SNP (S ingle Nucleotide Polymorphism) calling is
relatively straightforward in the analysis of sequencing data originating from individual
genomes, because the frequency of a candidate allele can only be 0 (non-variant), 0.5 (het-
erozygous) or 1 (homozygous). Despite the high sequencing errors of ’next-generation’
sequencing, a reliable call can easily be made given a high depth of coverage. Identifying
SNPs from pooled data is more challenging though, as pooled DNA is sampled from a
number of individuals, which will give rise to variant allele frequencies other that 0, 0.5
or 1 [13]. More specifically, when we are looking for rare variants these frequencies will
be very low (< 1%), implying the high error rates in second-generation sequencing can
complicate the distinction between rare variants on one hand and sequencing errors on
the other. Considering this, an optimal significance cutoff on the frequency of variant
calls is needed for the accurate discrimination of true variants from sequencing errors.
This cutoff value should ensure both high positive predictive values and low false positive
rates simultaneously.

As such, the goal of this specific data analysis is to determine the presence of rare variants
in DNA sequences for a selected gene set, on a large number of tumors. We wish to ac-
complish this whilst maximizing sensitivity and at the same time minimizing false positive
calls, the amount of input DNA and the total cost of the experiment. More specifically,
the object of this master dissertation is to develop and implement a statistical method to
scan for rare variants in selected target regions of (3-dimensionally) pooled neuroblastoma
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tumor samples.

1.3 Neuroblastoma

Neuroblastoma is the most common and most deadly extracranial tumor of childhood,
which probably derives from primitive cells of the sympathetic nervous system. About
half of all neuroblastoma’s arise in the adrenal medulla, while the other half originate
in paraspinal sympathetic ganglia. The tumor is well known for its heterogeneity, as
these tumors may either regress spontaneously and mature into benign ganglioneuroma’s
-particularly in infants- or show relentless metastatic progression -particularly in children
of more than one year of age. This variety allows neuroblastoma’s to be classified into
two genetic subtypes -though there are quite a few exceptions to this classification- that
are predictive of clinical behavior and useful in the selection of therapy [14].

The first type is characterized by near-triploid karyotypes with whole chromosome gains
and few if any structural rearrangements. These tumors generally express high levels
of the TrkA neurotrophin receptor and are prone to differentiation or programmed cell
death, which might both depend on the presence of the TrkA ligand: nerve growth factors.
Patients with these benign tumors usually show localized tumors, have a good prognosis
and are most often less than one year of age [14],[15].

The second tumor type on the other hand is characterized by near-diploid karyotypes
and many structural changes, including allelic loss at several sites and/or amplification
of the MYCN proto-oncogene. The MYCN proteins are transcription factors that lead
to deregulated growth and proliferation when overexpressed. As such, MYCN amplifi-
cation is predominantly associated with advanced disease stages and poor outcome, but
also with rapid progression and poor prognosis, even in infants and patients with lower
disease stages. Patients with these types of tumors are generally older (between 1 and 5
years of age), with more advanced and often fatal stages of disease [14],[15].

As such, the most important prognostic considerations predicting patient outcome include
clinical variables such as the stage of the disease, patient age and the primary tumor site.
The outcome of infants is substantially better than the outcome of older patients with the
same disease stages, especially for those with more advanced stages of disease. Moreover,
patients with primary tumors in the adrenal gland seem to do worse than patients with
tumors originating from other sites. Other prognostic factors include serum markers,
tumor pathology, genetic markers (for example MYCM amplification) and biologically
based risk groups [14],[15].
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Improved understanding of normal neural development of the sympathetic nervous system
will help identify key mutational events that initiate neuroblastoma tumorigenesis. As
such, genetic and molecular profiling of neuroblastoma’s might help in identifying these
events, as well as those that reliably predict the acquisition of high-risk phenotypes. This
might eventually direct us to the key pathways that could be exploited therapeutically.
Although the conventional modalities of surgery, chemotherapy and radiation therapy will
most likely continue to be important in the treatment of neuroblastoma, biologically based
therapies will hopefully be used with increasing frequency, to allow for more effective and
less toxic patient treatments [14],[15],[16].

7



2 Methods

2.1 Experimental design

Before explaining the design of the study, we first define some essential terms. Firstly, the
pooling dimension D is the dimension of the space in which samples are conceptually
arranged before pooling (so D = 2 for a matrix, 3 for a cube, and so on). Secondly,
a configuration is -depending on the dimension- a matrix, cube or hypercube with a
specific arrangement of all N tumor samples. Thirdly, a scheme is a set of pools which
contains each tumor sample exactly once, implying that in 2 dimensions, all the rows
together as well as all the columns together define a scheme. Finally, the side length
of a scheme is defined as its number of pools, so for example in 2 dimensions, the side
length is the length of the matrix. Therefore, a scheme represents exactly one copy of all
the tumor samples, while a configuration will correspond to D schemes and D copies of
the N tumor samples. As such, the side length will equal N1/D and a pool will contain
N/N1/D of the N tumor samples [17].

This study is based on a D = 3 dimensional multiple-pooling strategy for the N = 125 tu-
mor samples (see figure 1). As explained earlier, this method makes it possible to arrange
the 125 tumor samples in a 3-dimensional space (a cube) with 3 schemes of side length
N1/D = 1251/3 = 5. Pooling can be done according to the D ∗ N1/D = 3 ∗ 1251/3 = 15
possible planes of the cube, where each plane corresponds to a pool of N/N1/3 = 25
samples. A such, 3 copies of the 125 tumor sample libraries are needed.

When we next test each pool on rare variants, a ’positive’ tumor sample (where ’positive’
implies harboring a rare variant) will render its 3 intersecting plains ’positive’, implying
all ’positive’ tumor samples will be located at the intersection of 3 ’positive’ planes. As
such, the configuration of the 3-dimensional space, will make each tumor sample uniquely
identifiable by exactly 3 planes/pools belonging to 3 different dimensions. So when vari-
ants are called on all 15 pools, a variant found in exactly 3 pools will be a rare variant, and
can be mapped back to exactly 1 sample. Variants found in more pools can be mapped
back to a subset of samples, depending on the number of samples containing the variant
and the configuration of the pools.

The constitutional samples on the other hand undergo a 1-dimensional single-pooling
strategy. As there are 125 constitutional samples and these samples are pooled and se-
quenced 3 times, this amounts to 3 constitutional pools of 125 samples.
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Variant detection in 3D pooled tumor samples:

Figure 1: The 3-dimensional pooling strategy for tumor samples. The 125 tumor samples are
arranged in a cubic space with 3 schemes of side length N1/D = 1251/3 = 5. Pooling
can be done according to the D ∗ N1/D = 3 ∗ 1251/3 = 15 possible planes of the
cube, where each plane corresponds to a pool of N/N1/3 = 25 samples. A such,
3 copies of the 125 tumor sample libraries are needed. This pattern assures each
individual sample is uniquely identifiable by exactly three planes/pools from three
different dimensions. This structure also implies that pools within a dimension are
independent of each other, but pools originating from different dimensions are not.

2.2 Data gathering process

2.2.1 Tumor pools

The first step of the data gathering process accomplishing the above mentioned design,
consists of dividing the 125 samples over 5 pools according to a specific pattern, one time
(and specifically) for each of the three dimensions. This process yields 15 pools of 25
samples in total, where each pool contains a unique combination of tumor samples. Since
humans are diploid organisms, this design implies that not 25, but 50 haplotypes are
present in each of the 15 pools. As each individual contributes about 150 to 200 genomes
to one pool (obtained by pre-pooled DNA amplification), this design should account for
150 x25 x2 to 200 x25 x2 strands of DNA present in each of the 15 pools.

Next, the 1245 specific target regions of interest with varying length (ranging from 300
base pairs to over a thousand), present in these 50 haplotypes, are copied and amplified.
The polymerase chain reaction (PCR) happens in 45 cycles in which the amount of DNA
is approximately doubled per cycle. The word "approximately" is appropriate here, as the
efficiency of the DNA doubling per cycle evolves over time and over different regions. To
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ensure that these different efficiencies do not produce biases in the amount of DNA ampli-
fied per target region, the PCR procedure takes place with a preset amount of reagentia.
As such, the amplification per region can be assumed to be independent and can vary
(though not extremely), resulting in similar but slightly different amounts of amplified
regions originating from each haplotype per pool (although the time it takes to obtain
the specified amplifications may differ more severely between target regions).

The next step in the data gathering process is the sequencing of these regions of interest
in the 15 pools. As sequencing is only efficient when regions of 200 − 300 base pairs are
sequenced and most products of PCR are a lot longer than that, we require an extra
step before starting the sequencing procedure. This step consists of ligating all amplicons
together and breaking them up in random pieces of 200 to 300 base pairs long. This step
of the DNA processing has one major drawback though. As the ligating as well as the
breaking was done randomly, we are confronted with pieces of DNA of which the first
few bases might belong to one chromosome of one individual, whilst the last bases belong
to another chromosome of perhaps another individual. This makes the mapping process
quite difficult and prone to errors. When there is uncertainty about the mapping posi-
tion of a certain sequence, this sequence can either be deleted or accepted as originating
from a specific region, allowing a maximum amount of bases to differ from the reference
sequence. The balance between discarding the sequenced region and accepting it with a
certain amount of errors can be adjusted according to how strict we wish the mapping
procedure to be (for example: accept if the sequence differs two bases or less from the ref-
erence sequence). The stricter this procedure, the more information is lost, but the fewer
errors will be permitted. Of course, being too strict will yield no results whatsoever, as we
will not be able to observe a single variant (which also differs from the reference sequence).

How well the sequencing and mapping processes performed during the data gathering
process, can be expressed by means of quality scores. The sequencing base quality
is a measure of the quality of the sequencing process and represents the chance that the
sequencing platform and corresponding base-calling algorithm have incorrectly called a
base at a certain position. The mapping base quality score is a measure of the quality
of the mapping process and consequently represents the probability that the mapping
algorithm has mismapped a certain base. These two quality scores are available to us in
the data set, expressed in the Phred scale. Phred quality scores Q are assigned to each
base call and are defined as Q = −10 log10 P , where P represents the base-calling error
probability. This implies P = 10−Q

10 , so that when for example Phred assigns a quality
score of 30 to a base, the chances that this base is called incorrectly are 1 in 1000 [18],[19].
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2.2.2 Constitutional pools

The constitutional pools underwent the same PCR and sequencing strategy, but have a
five times lower coverage, as one constitutional pool contains the DNA of 125 instead of
25 individuals. This accounts to 150 x125 x2 to 200 x125 x2 strands of DNA per pool,
that are amplified by use of the same preset amount of reagentia, and therefore resulting
in a lower overall coverage.

2.2.3 Contingency tables

When the sequencing and mapping is over and done with, contingency tables can be made
for each possible variant at each position within each chromosome. In this table we count
the number of times the reference base was called for that position in the current pool
and the number of times one specific variant base was called. As this can be done for all
tumor pools, we obtain a 2 x 15 table for each variant at each position. Since there are
three possible variants per position (a T base can change into an A-, C-, or G-base) and
approximately 560′000 positions are sequenced, this amounts to more than 1.5 million
possible contingency tables.

2.3 Data analysis

2.3.1 Total coverage per pool

For now, we will consider everything at the level of these contingency tables per base pair
position, mentioned in the previous section. Let i represent the ith base copy of a specific
position before amplification, in pool p with p ranging from 1 to 15. As there are 25
samples in each pool and each sample is represented by two copies, i will range from 1 to
50. Let λpi furthermore represent the expected number of copies of a specific base pair
position for one haplotype, in tumor pool p after amplification and let Npi represent the
observed number of copies of a specific base, with mean λpi. Note that these 50 Npi’s
are not individually observable from the data, but their total sum Np = ∑50

i=1Npi for
pool p -registered as the total coverage per pool- is. We assume that these Npi’s were
all obtained independently from one another and stem from a Poisson distribution with
an expected value E(Npi) = λpi and consequently a variance of λpi. We also assume
that λpi itself represents a random draw from a normal distribution with expected value
E(λpi) = Λ and variance σ2, conditional on λpi (see figure 2). In other words, for every
base pair position and every tumor pool p, there will be exactly 50 theoretical λpi’s, with
50 independent Npi’s, which each are Poisson distributed with mean and variance of λpi,
given λpi. In summary, these assumptions provide every pool with 50 theoretical λpi’s v
N(Λ, σ2) and 50 independent Npi’s v P (λpi, λpi), given λpi, resulting in the observable
Np. As we assume these λpi’s show the above mentioned normal distribution N(Λ, σ2),
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this amounts to an expected value E(Npi) and a variance V ar(Npi) of:

E(Npi) = E(E(Npi|λpi)) = E(λpi) = Λ (1)

V ar(Npi) = E(V ar(Npi|λpi)) + V ar(E(Npi|λpi)) = E(λpi) + V ar(λpi) = Λ + σ2 (2)
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Figure 2: The assumed normal distribution for λpi, with mean Λ and variance σ2. Where
λpi represents the expected number of copies of a specific base pair position for one
haplotype, in tumor pool p after amplification.

This amounts to 50 independent and approximately normally distributed Npi’s, with a
mean value of Λ and a variance of Λ + σ2 (see figure 3). Similarly, the expected value
and variance of the observed total sum Np = ∑50

i=1Npi (= the total coverage per pool) per
pool p can be calculated as illustrated below:

E(Np) = E(
50∑
i=1

Npi) = E(
50∑
pi=1

Npi) =
50∑
i=1

E(Npi) = 50Λ (3)

V ar(Np) = V ar(
50∑
i=1

Npi) =
50∑
i=1

V ar(Npi) =
50∑
i=1

(Λ + σ2) = 50(Λ + σ2) (4)
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Figure 3: The assumed approximately normal distribution for Npi, with mean Λ and variance
Λ + σ2. Where Npi represents the observed coverage of haplotype i in pool p, gen-
erated from a Poisson distribution with mean and variance λpi. λpi itself represents
the expected number of copies of a specific base pair position for one haplotype, in
tumor pool p after amplification.

2.3.2 Estimation of Λ and σ2 by use of the Method of Moments

The equation in the previous section (equation 4) implies that Np follows a approximately
normal distribution v N(50Λ, 50Λ + 50σ2) (see figure 4). Since the 15 tumor pools are
assumed to be independently amplified, we are able to use the Method of Moments to
estimate both parameters, as these 15 total coverages Np for p = 1...15, their mean and
their variance, can be used for estimating 50 ∗ Λ and 50(Λ + σ2), respectively. As such
the average of these fifteen sums, divided by 50 should consistently estimate Λ. When we
have an estimate for Λ, we will be able to estimate σ2 by calculating the variance of these
fifteen sums, substracting 50 ∗ Λ̂ from it and dividing the resulting number by 50.

This method yields two estimators, Λ̂ and σ̂2, defined as follows:

Λ̂ =
(

∑15
p=1 Np

15 )
50 (5)
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Figure 4: The assumed approximately normal distribution for Np, with mean 50Λ and variance
50Λ + 50σ2. Where Np =

∑50
i=1Npi for pool p, registered as the total coverage per

pool and Npi represent the observed number of copies of a specific base pair position
for one haplotype, in tumor pool p after amplification.

σ̂2 =
ˆV ar(Np)

50 − Λ̂ =

∑15
p=1(Np−N̄)2

14
50 − Λ̂ (6)

And these definitions in turn result in the following properties for Λ̂:

E(Λ̂) = E(
(

∑15
p=1 Np

15 )
50 ) =

(E(
∑15

p=1 Np)
15 )
50 =

(15∗(50Λ)
15 )
50 = Λ (7)

V ar(Λ̂) = V ar(
(

∑15
p=1 Np

15 )
50 ) = 1

502V ar(
∑15
p=1Np

15 )

= 1
502

1
152V ar(

15∑
p=1

Np) = 1
502

1
152

15∑
p=1

V ar(Np)

= 1
502

1
152

15∑
p=1

50(Λ + σ2) = 1
502

1
152 15 ∗ 50(Λ + σ2)

= 1
750(Λ + σ2) (8)
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And σ̂2:

E(σ̂2) = E(
ˆV ar(Np)

50 − Λ̂) = E( ˆV ar(Np))
50 − E(Λ̂)

= 50(Λ + σ2)
50 − Λ = σ2 (9)

V ar(σ̂2) = V ar(
ˆV ar(Np)

50 − Λ̂) ≈ V ar(
ˆV ar(Np)

50 ) + V ar(Λ̂)

= 1
502V ar( ˆV ar(Np)) + 1

750(Λ + σ2)

= 1
502 (V ar(Np)2( 2

14 + κ

15)) + 1
750(Λ + σ2)

= 1
502 (502(Λ + σ2)2( 2

14) + κ

15) + 1
750(Λ + σ2)

= (Λ + σ2)2( 2
14 + κ

15) + 1
750(Λ + σ2) (10)

Where κ in equation 10 represents the excess kurtosis of the distribution of σ̂2. According
to the central limit theorem (n = 50), Λ̂ will be roughly normally distributed with Λ̂ v
N(Λ, 1

750(Λ + σ2)).

The distribution of σ̂2 is more difficult to come by, as we only know something about
the distribution of ˆV ar(Np) in equation 6: (n − 1) ˆV ar(Np)

V ar(Np) will be approximately χ2
n−1-

distributed with n = 15, so that 14 ˆV ar(Np)
50(Λ+σ2) v χ2

14. This only tell us something about the
distribution of ˆV ar(Np)

50 in equation 6 though, but this problem can be solved analytically:
if 14 ˆV ar(Np)

50(Λ+σ2) v χ2
14 than 14

Λ+σ2 ( ˆV ar(Np)
50 − Λ̂)+14 Λ̂

Λ+σ2 v χ2
14 also holds. This latter equation

can be reformulated as: 14
Λ+σ2 ( ˆV ar(Np)

50 − Λ̂) v χ2
14 − 14 Λ̂

Λ+σ2 , implying 14
Λ+σ2 σ̂

2 follows an
approximately shifted χ2

14 distribution v χ2
14 − 14 Λ̂

Λ+σ2 .

2.3.3 Number of variant reads per pool in the absence of sequencing errors

Ultimately, we wish to estimate the true number of variant reads, from the observed
number of variants. To derive this probability, we first wish to know what the chances
are of encountering an observed number of specific variant reads of one specific position
per pool - given the true number of variants. Let us call this observed number of variant
reads Wpq, with p representing the tumor pool (ranging from 1 to 15) and q representing
one of three possible variants at a specific position on the chromosome (q = 1...3).
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When we assume that no sequencing errors are made, the probability of having exactly
jpq haplotypes in pool p representing a specific variant q (with q = 1...3) then equals:

P (jpq|
jpq∑
k=0

Npk = Wpq) = P (∑jpq

k=0Npk = Wpq|jpq)P (jpq)
P (∑jpq

k=0Npk = Wpq)
(11)

We consider jpq ranging from 0 to 50, Np(k=0) = 0 and P (jpq) = 1/51, defined a priori.
Since Wpq is defined as ∑jpq

k=0Npk, with jpq representing the observed number of variants
(= true number of variants, as there are no sequencing errors assumed) of type q present
in pool p, we assume it shows an approximately normal distribution v N(jpqΛ, jpq(Λ+σ))
(see equations 3 and 4).

The expected value and variance for Wpq -given jpq- can be calculated as follows:

E(Wpq|jpq) = E(
jpq∑
k=1

Npk|jpq) =
jpq∑
k=1

E(Npk) =
jpq∑
k=1

Λ = jpq ∗ Λ (12)

V ar(Wpq|jpq) = V ar(
jpq∑
k=1

Npk|jpq) =
jpq∑
k=1

V ar(Npk|jpq) =
jpq∑
k=1

(Λ + σ2)|jpq = jpqΛ + jpqσ
2

(13)

Simulations:

We will base our simulations upon 10, 000 simulated 3-dimensional pooling struc-
tures, implying each simulation will generate 15 pools, containing 50 haplotypes
each. We can start a simulation in R by assigning fixed hypothetical values to Λ
and σ2, let us say Λ = 25 and σ2 = 25. When we draw 10, 000 times 15 times
50 random draws from a normal distribution with mean Λ and variance σ2, we ob-
tain 10, 000 x15 x50 λspi’s. Here, s represents the simulation number ranging from
1...10000, p the pool number within a simulation going from 1 to 15 and i repre-
senting haplotype number 1...50 in each pool, in each simulation. When we next
take one random draw from the 10, 000 x15 x50 Poisson distributions with mean
and variance = λspi, we obtain 10, 000 x15 x50 randomly generated Nspi’s.

We can also generate a number of specific variants for each pool p and variant q
(= jspq), by randomly drawing 10, 000 x 5 observations from a multinomial dis-
tribution with a preset probability of encountering 0, 1, 2, 3, ..., 50 variants in each
pool. We only draw random multinomial observations for 5 of the 15 pools (one
of the three dimensions), as the other two dimensions will merely represent re-
ordered combinations of the variants in the first 5 pools. As such, ∑5

p=1 jspq will
equal ∑10

p=6 jspq as well as ∑15
p=11 jspq, for simulation s and variant type q. For
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now, we define P (jspq = 0) = 0.60, P (jspq = 1) = 0.20, P (jspq = 2) = 0.10,
P (jspq = 3) = 0.05, P (jspq = 4) = 0.03, P (jspq = 5) = 0.02 and P (jspq > 5) = 0,
so that ∑50

k=0 P (jspq = k) = 1. When we have generated 10, 000 x 5 random draws
from the above mentioned multinomial distribution, the respective Wspq’s can be
approximated by summing up the jspq first Nspi’s (with jspq =0...50) of every pool
and every simulation. As such we will define Wspq as

∑jspq

i=0 Nspi.

When the simulated data set is ready, we can check some of the properties of the
estimators Λ̂ and σ̂2, as described in section 2.3.2. For doing so we will check the
distribution of the estimators over the 10, 000 simulations, look at several measures
of centrality, the variances and quantiles of the estimators, their empirical 95% con-
fidence intervals and the coverage of their 95% confidence intervals.

Next we can also check in what percentage of the 10, 000 x 15 simulations, jspq is
correctly estimated by making use of the equations in section 2.3.3. Ultimately, we
will try to estimate jspq in one of two ways: we can either estimate jspq as the num-
ber of variant haplotypes where the estimated probability in equation 11, attains its
maximal value over all variants values (ranging from 0 to 50), or we can estimate
jspq as the median value of number of variant haplotypes (ranging from 0 to 50),
over the probability distribution estimates via equation 11. Besides the percentage
of correctly estimated number of variants in all the pools and simulations, we wish
to know how far off our predictions are, whilst also looking at the prediction errors
of our ’maximum probability’ and ’median distribution’ estimation methods of the
number of variants present in a pool. We define this error by summing up all dif-
ferences between predicted and true variant numbers for all wrong predictions (over
all the simulations and pools), taking the sum of the absolute values and dividing
it by the number of wrongly predicted values.

These simulations in R can be found on the CD-ROM attached to this master dis-
sertation, in the file ’Simulations_no_error.R’.

2.3.4 Number of variant reads per pool with sequencing error

When we relax the assumption that no sequencing errors were made, the calculation of
the probability of having exactly jpq haplotypes in pool p representing a specific variant
changes. This probability is still calculated conditionally on the observed number of vari-
ant bases Wpq of type q in pool p, but Wpq now consists of three parts:

P (jpq|Wpq = Vpq +
Np−Vpq∑
i=0

εpi −
Vpq∑
i=0

ε∗pi) =
P (Vpq + ∑Np−Vpq

i=0 εpi −
∑Vpq

i=0 ε
∗
pi = Wpq|jpq)P (jpq)

P (Vpq + ∑Np−Vpq

i=0 εpi −
∑Vpq

i=0 ε
∗
pi = Wpq)

(14)
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For jpq ranging from 0 to 50, Np(k=0) = 0, Vpq representing the number of true variant
bases of type q in pool p and Wpq representing the observed number of variant bases of
type q in pool p. As such, Vpq is defined as ∑jtrue

pq

k=0 Npk, with jtruepq representing the true
number of variants of type q present in pool p, and Wpqdefined as ∑jobs

pq

k=0Npk, with jobspq

representing the observed (= adjusted through sequencing errors) number of variants of
type q present in pool p. As Vpq and Wpq represent a sum of independent and identi-
cally distributed Npi’s, we assume they show an approximately normal distribution of
N(jtruepq Λ, jtruepq (Λ + σ)) and N(jobspq Λ, jtruepq (Λ + σ)) respectively (see equations 3 and 4).

Let us assume that εpqi represents an indicator with a value of 1 when the ith base of
a specific position (before amplification) is missequenced in pool p as a variant base of
type q and 0 otherwise. Let us also assume that Υpq represents the probability that a
base on a specific position is missequenced as a variant base of type q in pool p and that
Υp1 = Υp2 = Υp3 = Υp. The value of Υp is approximated in the data set and described
as the phred score per base pair position per pool, divided by three (as there are three
possibilities for missequencing a specific base, only one of which will yield the type q
variant). Keeping this in mind, εpqi will follow a binomial distribution v B(1,Υp) in pool
p with an expected value E(εpqi) of Υp and variance V ar(εpqi) of Υp(1−Υp).

Let us furthermore assume that ε∗pqi represents an indicator with a value of 1 when the ith
variant base of type q on a specific position, is missequenced in pool p as another base and
0 otherwise. Let us also assume that Υ∗pq represents the probability that a variant base of
type q is missequenced as another base in pool p and that Υ∗p1 = Υ∗p2 = Υ∗p3 = Υ∗p. The
value of Υ∗p is approximated in the data set and described as the phred score per base pair
position per pool. Keeping this in mind, ε∗pqi will follow a binomial distribution v B(1,Υ∗p)
in pool p with an expected value E(ε∗pqi) of Υ∗p and variance V ar(ε∗pqi) of Υ∗p(1−Υ∗p).

All this amounts to an expected value and variance forWpq -allowing for sequencing errors
and conditional on the true composition of reference and variant bases- of:

E(Wpq|jpq) = E(Vpq +
Np−Vpq∑
i=1

εpqi −
Vpq∑
i=1

ε∗pqi|jpq)

= E(Vpq|jpq) + E(
Np−Vpq∑
i=1

εpqi|jpq)− E(
Vpq∑
i=1

ε∗pqi|jpq)

= E(
jpq∑
k=0

Npk|jpq) + E(
Np−Vpq∑
i=1

εpqi|jpq)− E(
Vpq∑
i=1

ε∗pqi|jpq)

=
jpq∑
k=0

E(Npk) + E(
Np−Vpq∑
i=1

E(εpqi)|jpq)− E(
Vpq∑
i=1

E(ε∗pqi)|jpq)

= jpqΛ + (50− jpq)ΛΥp − jpqΛΥ∗p (15)
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V ar(Wpq|jpq) = V ar(Vpq +
Np−Vpq∑
i=1

εpqi −
Vpq∑
i=1

ε∗pqi|jpq)

= V ar(Vpq|jpq) + V ar(
Np−Vpq∑
i=1

εpqi|jpq) + V ar(
Vpq∑
i=1

ε∗pqi|jpq)∗

= V ar(
jpq∑
k=0

Npk|jpq) + (50− jpq)ΛΥp(1−Υp) + Υ2
p(50− jpq)(Λ + σ2)

+ jpqΛΥ∗p(1−Υ∗p) + Υ∗2p jpq(Λ + σ2)
= jpq(Λ + σ2) + (50− jpq)ΛΥp(1−Υp) + Υ2

p(50− jpq)(Λ + σ2)
+ jpqΛΥ∗p(1−Υ∗p) + Υ∗2p jpq(Λ + σ2) (16)

Where the second and third term in ∗ are calculated as follows:

V ar(
Np−Vpq∑
i=1

εpqi|jpq) = E(V ar(
Np−Vpq∑
i=1

εpqi|jpq, Np, Vpq)|jpq)

+ V ar(E(
Np−Vpq∑
i=1

εpqi|jpq, Np, Vpq)|jpq)

= E(
Np−Vpq∑
i=1

V ar(εpqi|jpq, Np, Vpq)|jpq) + V ar((Np − Vpq)Υp|jpq)

= E(
Np−Vpq∑
i=1

Υp(1−Υp)|jpq) + Υ2
pV ar(Np − Vpq|jpq)

= (50− jpq)ΛΥp(1−Υp) + Υ2
p(50− jpq)(Λ + σ2) (17)

Simulations:

On top of the previously simulated values in section 2.3.3, we now additionally have
to take random draws from two binomial distributions for each pool, to allow for
sequencing errors. This way, we are able to define ∑Nsp−Vspq

i=0 εspi and
∑Vspq

i=0 ε
∗
spi, for

each simulation s (1...10000) and each pool p (1...15). From the first binomial distri-
bution we will generate Nsp − Vspq random draws (representing Nsp − Vspq reference
or variant bases not of type q, that can possibly be missequenced as a type q vari-
ant) for the error indicator εspi, with an a priori defined fixed probability of 1/100.
The second binomial distribution will generate Vspq random draws (representing Vspq
bases of variant type q, that can possibly be missequenced as a reference base of a
variant base not of type q), for the error indicator ε∗spi, with an a priori defined fixed
probability of 3/100.

Taking these randomly generated sequencing errors into account, we obtain an ob-
served number of variant readsWspq, different from the true number of variant reads
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Vspq by adjusting Vspq as follows: Wspq = Vspq+
∑Nsp−Vspq

k=0 εspi−
∑Vspq

k=0 ε
∗
spi in each pool.

With these obtained Wspq’s we can now estimate the probability of having exactly
jpq haplotypes in pool p representing a specific variant, according to equation 14.

When the newly simulated data set (with sequencing errors!) is ready, we can check
some of the properties of the estimators Λ̂ and σ̂2, as described in section 2.3.2. For
doing so we will check the distribution of the estimators over the 10, 000 simulations,
look at several measures of centrality, the variances and quantiles of the estimators,
their empirical 95% confidence intervals and the coverage of their 95% confidence
intervals.

Next we can once again check in what percentage of the 10, 000 x 15 simulations,
jspq is correctly estimated by making use of the equations in section 2.3.4. Here
too, we will try to estimate jspq by use of the ’maximum probability’ and ’median
distribution’ methods (see section 2.3.3, whilst at the same time looking at their
prediction errors of wrongly predicted values.

These simulations in R can be found on the CD-ROM attached to this master dis-
sertation, in the file ’Simulations_error.R’.

2.3.5 Accounting for the forward as well as the reverse DNA strand

Once we have gained an estimate of the probabilities defined in equations 11 and 14 for
every possible combination of variant type q (with q ranging from 1 to 3), pool p (with
p ranging from 1 to 15) and number of possible variants jpq (with jpq ranging from 0 to
50), we can estimate a possible number of variants for each pool p and variant type q
by using the above described ’maximum probability’ or ’median distribution’ methods.
Drawing our conclusions from these probabilities about the number of variants present in
each pool, would imply discarding important information though, as these probabilities
are subject to a number of restrictions not yet accounted for.

Firstly, the data set we have access to, allows us to extract information about the reads
of both forward and reverse DNA strands. Until now we have limited our calculations
and simulations to one DNA strand only (let us say the forward strand), ineffectively
’halving’ the information available to us in the dataset. This additional information can
be put to good use, as the variant coverage of a specific type q and position in pool p,
should correspond almost perfectly on these both strands -relative to the forward and
backward coverages of the reference bases. This limitation should hold, as differences in
relative number of variant reads between the two complementary strands -beyond sam-
pling variation- will be due solely to sequencing errors. If the estimated probability of
the number of variants of a specific type does not match on the forward and reverse
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DNA strands -relative to the number of reference bases called on the forward and reverse
strands-, we would have to adjust and re-estimate the probability in equations 11 and 14.

According to the theoretical structure we are currently working in, taking both strands
into account can best be done by averaging or multiplying the two strand probabilities
resulting from equations 11 or 14 and estimating jpq from there on. So we estimate the
probabilities in equations 11 or 14 two times: one time based on the coverages of the
forward strand and one time based on the coverages of the reverse DNA strand. These
two sets of probabilities can then either be averaged or multiplied over each pool p and
variant number jpq. As such, we obtain a newly estimated probability of having exactly
jpq haplotypes in pool p representing a specific variant, that takes both complementary
DNA strands into account. These probabilities can therefore be defined as either:

P̂ (jpq|Wpq) =
P̂ (jpq|W forward

pq ) + P̂ (jpq|W reverse
pq )

2 (18)

Or:
P̂ (Jfpq = jpq, J

r
pq = jpq|Wpq) = P̂ (jpq|W forward

pq ) ∗ P̂ (jpq|W reverse
pq ) (19)

Where the probabilities on the right of the equations result from either equation 11 or
14, calculated for the forward and reverse strand respectively. In these two equations jpq
ranges from 0 to 50, W forward

pq represents the observed number of variant bases of type q
in pool p on the forward DNA strand, W reverse

pq represents the observed number of variant
bases of type q in pool p on the reverse DNA strand, and Jfpq and Jrpq represent the number
of true variants present on the forward and reverse DNA strands respectively (where Jfpq
of course equals Jrpq). With this newly defined probabilities, we can obtain new estimates
for the number of variants of type q in a specific pool, according to the ’maximum prob-
ability’ or ’median of distribution’ methods.

Simulations:

To generate data for the reverse DNA strands, we once again draw 10, 000 times 15
times 50 random draws from a normal distribution with mean Λ and variance σ2,
as to obtain 10, 000 x15 x50 additional λspi’s. Next we take one random draw from
these 10, 000 x15 x50 Poisson distributions with mean and variance = λspi, to ob-
tain 10, 000 x15 x50 randomly generated Nspi’s, but now for the reverse DNA strand.

For the generated number of true variants for each pool p and variant q (= jspq),
we use the same values simulated for the forward strand. The respective Wspq’s will
be different for the reverse DNA strand though, as ∑jspq

i=0 Nspi consists of different
elements Nspi for each pool and each simulation.
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When the simulated data set now additionally contains information about the re-
verse strand, we obtain 2 sets of estimates from equations 11 and 14 per simulation,
pool and number of possible variants: one for each DNA strand. To combine the
two probabilities we simply calculate the average of the two estimated chances per
simulation, pool and possible number of variants (according to equation 18) or their
products (equation 19). When we have attained the probabilities of encountering
jspq variants in both strands combined (in one of two ways), we can estimate the
number of variants on a certain position on a specific chromosome of type q in pool
p and simulation s, by using the ’maximum probability’ and ’median distribution’
method as described above. With these estimated numbers of variants, we can once
again check in what percentage of the 10, 000 simulations, jspq is correctly estimated,
whilst at the same time looking at the prediction errors of wrongly predicted values.

These simulations in R can be found on the CD-ROM attached to this master dis-
sertation, in the files ’Simulations_no_error.R’ and ’Simulations_error.R’.

2.3.6 Accounting for the 3-dimensional structure of the data

Until now, we have not taken the 3-dimensional pooling structure of our dataset into
account either. Consequently, the computation of chances concerning the number of vari-
ants present in each of the 15 pools -taking both DNA strands into account- (see equation
18) has yet to experience another constraint. The 3-dimensional pooling strategy specif-
ically dictates that the combined five pools of each dimension contain exactly the same
information. This implies that when we combine the number of variants reads of a specific
type and location for pools 1 to 5, pools 6 to 10 and pools 11 to 15, these variant sums
should correspond almost perfectly.

To incorporate this 3-dimensional structure, we need the know the probability of encoun-
tering exactly jdq (jdq = 0...250) variants in each dimension. Here, q still represent the
variant type (ranging from 1...3), but d represents the dimension and consequently ranges
from 1 to 3. To estimate these probabilities, we have to work with all possible combina-
tions of the jpq, over the five pools that sum up to jdq. Then the chances of encountering
one of the combinations of all the possible permutations are summed up to provide us
with a global probability of seeing exactly jdq variants of type q in dimension d.

As the number of variant calls ought to be equal in each of the three dimensions (as
all three dimensions contain the exact same information from the 125 individual tumor
samples), we are able to calculate the overall probability of encountering jq variants in all
dimensions simultaneously. Taking this 3-dimensional structure into account can best be
done by averaging or multiplying the three individual dimensional probabilities resulting
from equations 11 or 14 and estimating jpq from there on. So we calculate the probabilities
in equations 11 or 14 three times: one time based on the coverages of the first five pools

22



combined, one time based on the coverages of the second five pools combined and one time
based on the coverages of the last five pools combined. These three sets of probabilities
can then either be averaged or multiplied over each dimension d and variant number jdq.
As such, we obtain a newly estimated probability of having exactly jdq haplotypes in each
dimension simultaneously (for variant type q), that takes the 3-dimensional structure into
account. These global probabilities can therefore be defined as either:

P̂ (jq|Wq) = P̂ (j(d=1)q|W(d=1)q,W(d=2)q,W(d=3)q) + P̂ (j(d=2)q|W(d=2)q) + P̂ (j(d=3)q|W(d=3)q)
3

(20)

Or:

P̂ (J(d=1)q = jq, J(d=2)q = jq, J(d=3)q = jq|Wq) = P̂ (j(d=1)q|W(d1=1)q)
∗ P̂ (j(d=2)q|W(d=2)q) ∗ P̂ (j(d=3)q|W(d=3)q)

(21)

For jq ranging from 0 to 250, Wq representing the observed number of variant bases of
type q in each dimension and Jdq representing the true number of variants among the
dimension d data. The probabilities on the right of the equations result from either equa-
tion 11 or 14, calculated for the each of the three dimensions respectively. Similarly, the
different jdq’s also range from 0 to 250 whilst the three Wdq’s representing the observed
number of variant bases of type q (q = 1...3) in dimension d (d = 1...3). With this newly
defined probabilities, we can obtain new estimates for the number of variants of type q
in each dimension, according to the ’maximum probability’ or ’median of distribution’
methods.

Simulations:

The calculations of these probabilities in R can be achieved as follows: for every
possible value of jdq (ranging theoretically from 0 to 250) we generate all possible
unique 5-number combinations summing up to jdq. Then, for every such unique
combination of 5 numbers, we establish every possible permutation. This step is
necessary as to account for the possible different contributions of each of the 5 pools
to each combination. For example: when considering the combination (1, 0, 0, 0, 0)
in dimension 1, the single variant can originate from pool 1, pool 2, pool 3, pool
4 or pool 5. Considering all possible permutations of all combinations hence allow
us to compute these different probabilities. These steps can be repeated for every
dimension (d = 1...3) and every simulation (k = 1...10000). In this simulation, we
limit k to 100 though, as computation times are long.

When combine the coverages of pool 1 − 5, pool 6 − 10 and pool 11 − 15 for each
simulation s, we can obtain 3 sets of estimates from equations 11 and 14 per simula-
tion and number of possible variants: one for each dimension. To combine the three
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probabilities we simply calculate the average of the three estimated chances per
simulation and possible number of variants (according to equation 20) or calculate
their products (equation 21). When we have attained the probabilities of encoun-
tering jspq variants in the three dimensions combined (in one of two ways), we can
estimate the number of variants on a certain position on a specific chromosome of
type q in pool p and simulation s, by using the ’maximum probability’ and ’median
distribution’ method as described above.

With these newly defined probabilities taking the 3-dimensional structure into ac-
count, we can once again estimate the number of variants on a certain position on a
specific chromosome of type q in simulation k, present in the 125 samples by using
the ’maximum probability’ and ’median distribution’ method as described in section
2.3.3. With these estimated numbers of variants, we can check in what percentage
of the 10, 000 simulations, jdq is correctly estimated, whilst at the same time looking
at the prediction errors of wrongly predicted values.

These simulations in R can be found on the CD-ROM attached to this master dis-
sertation, in the files ’Simulations_no_error.R’ and ’Simulations_error.R’.
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3 Results

3.1 Simulations

3.1.1 Simulation in the absence of sequencing errors

3.1.1.1 The estimator Λ̂

The data resulting from the simulations that assume no sequencing errors were made,
allow us to estimate Λ and σ2 by means of the Method of moments as discussed in section
2.3.2. The expected value of Λ̂, its mean and median value over the 10, 000 simulations,
the variance and quartiles of the estimator are shown in table 1. Table 1 also shows the
empirical 95% confidence interval (= the 0.025 and 0.975 quantiles) of the estimator and
the coverage of the 10, 000 estimated 95% confidence intervals.

Summary of Λ̂
Expected value Λ̂ 25
Mean 25.01
Median 25.01
Expected value of variance 0.067
Variance 0.067
0% quantile 24.02
25% quantile 24.83
75% quantile 25.18
100% quantile 26.01
Empirical 95% CI [24.50; 25.51]
Coverage of CI 0.95

Table 1: Properties of Λ̂, based on the simulations without any assumed errors. Given in this
table is the expected value of Λ̂, its mean and median value, its variance and quartiles
over the 10, 000 simulations, its empirical 95% confidence interval and the coverage
of the 95%-confidence interval.

The histogram of the 10, 000 estimates of Λ and a plot of the 100 first 95% confidence
intervals Λ are shown in figure 5. This histogram shows a clear normal distribution with
mean 25.01 and variance 0.067, as expected from equations 7 and 8.
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Figure 5: On the left: Histogram of the 10, 000 estimated Λ̂’s, based upon the simulations
assuming no sequencing errors. The estimator theoretically follows a normal distri-
bution with mean Λ and variance 1

750(Λ + σ2) (solid line). On the right: Plot of
the 100 first 95% confidence intervals for Λ, taken from the simulations that assume
no sequencing errors were made.

3.1.1.2 The estimator σ̂2

The expected value of σ̂2, its mean and median value over the 10, 000 simulations, the
variance and quartiles of the estimator are shown in table 2. Table 2 also shows the
empirical 95% confidence interval (= the 0.025 and 0.975 quantiles) of the estimator and
the coverage of the 10, 000 95% confidence intervals. The 95% confidence intervals were
calculated by dividing σ̂2 by the 0.025 and 0.975 percentiles of the shifted χ2

14 − 14 Λ̂
Λ+σ2

distribution.

The histogram of the 10, 000 estimates of 14
Λ+σ2 σ̂

2 and a plot of the 100 first 95% confi-
dence intervals for σ2 are given in figure 6. This histogram on the left shows a shifted
χ2

14 distribution v χ2
14 − 14 Λ̂

Λ+σ2 , as expected from equations 9 and 10. From the 10, 000
simulated values of ˆV ar(Np), κ in equation 10 was estimated as 0.84.
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Summary of σ̂2

Expected value 25
Mean 24.95
Median 22.18
Expected value of variance 496.99
Variance 564.32
0% quantile 0.00
25% quantile 10.84
75% quantile 35.65
100% quantile 120.91
Empirical 95% CI [0; 69.00]
Coverage of CI 0.61

Table 2: Properties of σ̂2, based on the simulations without any assumed errors. Given in this
table is the expected value of σ̂2, its mean and median value, its variance and quartiles
over the 10, 000 simulations, its empirical 95% confidence interval and the coverage
of the 95% confidence interval.
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Figure 6: On the left: Histogram of the 10, 000 estimated 14
Λ+σ2 σ̂

2’s, based upon the simula-
tions assuming no sequencing errors. The estimator theoretically follows an approx-
imately shifted χ2

14 distribution v χ2
14− 14 Λ̂

Λ+σ2 (solid line). On the right: Plot of
the 100 first 95% confidence intervals for σ2, taken from the simulations that assume
no sequencing errors were made.
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3.1.1.3 Naive estimation of the number of variants in the absence of sequenc-
ing errors

The percentages of correctly estimated variant numbers, with jspq either estimated by
our ’maximum probability’ or ’median distribution’ methods, are given in table 3. The
prediction errors of wrongly predicted values of these two methods are also shown in this
table. The computation of the number of variants present in each pool for each simula-
tion, was based solely on the simulated coverages of the forward DNA strand.

Percentage correct (max) PE (max) Percentage correct (median) PE (median)
93.23% 1.008 93.18% 1.009

Table 3: Percentage of correctly estimated number of variants with prediction errors of wrongly
predicted values (PE) using ’maximum probability’ and ’median of distribution’ meth-
ods. These computations are based upon the simulations assuming no sequencing
errors and relying solely on the information of the forward DNA strand.

A plot of the estimated probabilities from equation 11, for 5 and 0 variants present in a
random pool, is given in figure 7.
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Figure 7: On the left: Distribution of the probability of jpq variants, according to equation
11 (in the absence of sequencing errors), when there are 5 actual variants present in
the simulated pool. On the right: Distribution of the probability of jpq variants,
according to equation 11 (in the absence of sequencing errors), when there are no
actual variants present in the simulated pool.
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A histogram of the absolute values of the the difference between the true number and
estimated number of variants, for wrongly predicted values is given in figure 8.
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Figure 8: On the left: Histogram of the prediction errors of wrongly predicted variant num-
bers in a simulated pool, assuming no sequencing errors and relying of the ’maximum
probability’ method. On the right: Histogram of the prediction errors of wrongly
predicted variant numbers in a simulated pool, assuming no sequencing errors and
relying on the ’median of distribution’ method.

3.1.1.4 Estimation of the number of variants in the absence of sequencing
errors, taking both DNA strands into account

The percentages of correctly estimated variant numbers, based on equation 18 and with
jspq either estimated by our ’maximum probability’ or ’median distribution’ methods, are
given in table 4. The prediction errors of wrongly predicted values of these two methods
are also shown in this table. The computation of the number of variants present in each
pool for each simulation, was based on the simulated coverages of the forward and reverse
DNA strand. The global probability of the two individual strand probabilities was either
calculated as their average value (see equation 18) or their product (see equation 19).
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Percentage correct (max) PE (max) Percentage correct (median) PE (median)
93.23% 1.008 93.18% 1.009
97.08% 1.0009 97.08% 1.00

Table 4: Percentage of correctly estimated number of variants with prediction errors of wrongly
predicted values (PE) using ’maximum probability’ and ’median of distribution’ meth-
ods. These computations are based upon the simulations assuming no sequencing
errors and take both DNA strands into account, in the first row by averaging their
individual probabilities and in the second row by multiplying them.

3.1.1.5 Estimation of the number of variants in the absence of sequencing
errors, taking the 3-dimensional structure into account

The percentages of correctly estimated variant numbers per dimension, based on equation
20 and with jsq either estimated by our ’maximum probability’ or ’median distribution’
methods, are given in table 5. The prediction errors of wrongly predicted values of these
two methods are also shown in this table. The estimation of the number of variants
present in each pool for each simulation, was based on the property that each dimension
in the 3-dimensional pooling structure contains the exact same information. The global
probability of the three individual dimensional probabilities was either calculated as their
average value (see equation 20) or their product (see equation 21). Only 100 simula-
tions were used in this section, due to extensive computational times.

Percentage correct (max) PE (max) Percentage correct (median) PE (median)
73% 1.11 72% 1.11
92% 1.00 92% 1.00

Table 5: Percentage of correctly estimated number of variants per dimension with prediction
errors of wrongly predicted values (PE) using ’maximum probability’ and ’median of
distribution’ methods. These computations are based upon 100 simulations assuming
no sequencing errors and take the 3-dimensional structure into account, in the first row
by averaging the three dimensional probabilities and in the second row by multiplying
them.

3.1.1.6 Estimation of the number of variants in the absence of sequencing
errors, taking both DNA strands and the 3-dimensional structure
into account

The percentages of correctly estimated variant numbers per dimension, based on equa-
tions 18 & 20 and with jsq either estimated by our ’maximum probability’ or ’median
distribution’ methods, are given in table 6. The prediction errors of wrongly predicted
values of these two methods are also shown in this table. The estimation of the number of
variants present in each pool for each simulation, was based on the simulated coverages of
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both DNA strands and on the property that each dimension in the 3-dimensional pooling
structure contains the exact same information. The global strand probability and 3D
probability were calculated as either the average values of their individual probabilities
(see equations 18 and 20) or their products (see equations 19 and 21). Only 100 simula-
tions were used in this section, due to extensive computational times.

Percentage correct (max) PE (max) Percentage correct (median) PE (median)
73% 1.11 72% 1.11
92% 1.00 92% 1.00
84% 1.00 83% 1.00
99% 1.00 99% 1.00

Table 6: Percentage of correctly estimated number of variants per dimension with prediction
errors of wrongly predicted values (PE) using ’maximum probability’ and ’median of
distribution’ methods. These computations are based upon 100 simulations assuming
no sequencing errors. All estimations take both DNA strands into account, as well
as the 3-dimensional structure. The first two estimations take both DNA strands
into account by averaging their individual probabilities, the last two by multiplying
the individual strand probabilities. The first and third row take the 3-dimensional
structure into account by averaging the three dimensional probabilities, whilst the
second and last row multiply their individual dimensional probabilities.

3.1.2 Simulation with sequencing errors

3.1.2.1 Naive simulation of the number of variants allowing for sequencing
errors

The percentages of correctly estimated variant numbers, incorporating sequencing errors
and with jspq either estimated by our ’maximum probability’ or ’median distribution’
methods, are given in table 7. The prediction errors of wrongly predicted values of these
two methods are also shown in this table. The computation of the number of variants
present in each pool for each simulation, was based solely on the simulated coverages of
the forward DNA strand.

Percentage correct (max) PE (max) Percentage correct (median) PE (median)
90.94% 1.008 90.79% 1.01

Table 7: Percentage of correctly estimated number of variants with prediction errors of wrongly
predicted values (PE) using ’maximum probability’ and ’median of distribution’ meth-
ods. These computations are based upon the simulations incorporating sequencing
errors and relying solely on the information of the forward DNA strand.
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3.1.2.2 Estimation of the number of variants allowing for sequencing errors
and taking both strands into account

The percentages of correctly estimated variant numbers, incorporating sequencing errors
and with jspq either estimated by our ’maximum probability’ or ’median distribution’
methods, are given in table 8. The prediction errors of wrongly predicted values of these
two methods are also shown in this table. The computation of the number of variants
present in each pool for each simulation, was based on the simulated coverages of the for-
ward and reverse DNA strand. The global probability of the two individual strand prob-
abilities either was calculated as their average value (see equation 18) or their product
(see equation 19).

Percentage correct (max) PE (max) Percentage correct (median) PE (median)
90.94% 1.008 90.79% 1.01
96.27% 1.0005 96.26% 1.0009

Table 8: Percentage of correctly estimated number of variants with prediction errors of wrongly
predicted values (PE) using ’maximum probability’ and ’median of distribution’ meth-
ods. These computations are based upon the simulations incorporating sequencing
errors and take both DNA strands into account, in the first row by averaging their
individual probabilities and in the second row by multiplying them.

3.1.2.3 Estimation of the number of variants allowing for sequencing errors
and taking the 3-dimensional structure into account

The percentages of correctly estimated variant numbers per dimension, incorporating se-
quencing errors and with jsq either estimated by our ’maximum probability’ or ’median
distribution’ methods, are given in table 9. The prediction errors of wrongly predicted
values of these two methods are also shown in this table. The estimation of the number
of variants present in each pool for each simulation, was based on the property that each
dimension in the 3-dimensional pooling structure contains the exact same information.
The global probability of the three individual dimensional probabilities was either calcu-
lated as their average value (see equation 20) or their product (see equation 21). Only
100 simulations were used in this section, due to extensive computational times.
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Percentage correct (max) PE (max) Percentage correct (median) PE (median)
67% 1.03 66% 1.03
77% 1.00 77% 1.00

Table 9: Percentage of correctly estimated number of variants per dimension with prediction
errors of wrongly predicted values (PE) using ’maximum probability’ and ’median
of distribution’ methods. These computations are based upon 100 simulations incor-
porating sequencing errors and take the 3-dimensional structure into account, in the
first row by averaging the three dimensional probabilities and in the second row by
multiplying them.

3.1.2.4 Estimation of the number of variants allowing for sequencing errors,
taking both DNA strands and the 3-dimensional structure into ac-
count

The percentages of correctly estimated variant numbers per dimension, incorporating se-
quencing errors and with jsq either estimated by our ’maximum probability’ or ’median
distribution’ methods, are given in table 10. The prediction errors of wrongly predicted
values of these two methods are also shown in this table. The estimation of the number of
variants present in each pool for each simulation, was based on the simulated coverages of
both DNA strands and on the property that each dimension of the 3-dimensional pooling
structure contains the exact same information. The global strand probability and 3D
probability were calculated as either the average values of the individual probabilities
(see equations 18 and 20) or their products (see equations 19 and 21). Only 100 simula-
tions were used in this section, due to extensive computational times.

Percentage correct (max) PE (max) Percentage correct (median) PE (median)
67% 1.03 66% 1.03
77% 1.00 77% 1.00
81% 1.00 81% 1.00
95% 1.00 95% 1.00

Table 10: Percentage of correctly estimated number of variants per dimension with prediction
errors of wrongly predicted values (PE) using ’maximum probability’ and ’median
of distribution’ methods. These computations are based upon 100 simulations incor-
porating sequencing errors. All estimations take both DNA strands into account, as
well as the 3-dimensional structure.The first two estimations take both DNA strands
into account by averaging their individual probabilities, the last two by multiplying
their individual strand probabilities. The first and third row take the 3-dimensional
structure into account by averaging the three dimensional probabilities, whilst the
second and last row multiply the individual dimensional probabilities.
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3.2 The Data

3.2.1 The estimator Λ̂

A test data set with information about 954 base pair positions allow us to estimate Λ and
σ2 for each pool and position by means of the Method of moments, as discussed in section
2.3.2. The distinction with the simulations is that we are now considering the possibility
of different machine set-ups and hence different Λ’s and σ2’s. The histogram of the 954
estimates of Λ is shown in figure 9. This histogram shows a severely right skewed distri-
bution with mean 35.05, median 23.85 and variance 84.84, as calculated from equations 7
and 8. Its minimal and maximal values are 1.33 and 140.35 respectively, the 25% and 75%
quantiles 13.26 and 45.19 respectively. The r-code performing these analyses can be found
on the CD-ROM attached to this master dissertation, in the files ’Read_real_data.R’ and
’Real_data.R’.

Fr
eq
ue
nc
y

0 50 100 150

0
10
0

20
0

30
0

40
0

Figure 9: Histogram of the 954 estimated Λ̂’s, based upon the test data set containing in-
formation about 954 base pair positions. The estimator theoretically follows an
approximately normal distribution with mean Λ and variance 1

750(Λ + σ2) (solid
line).

A plot of the 954 estimated 95% confidence intervals of Λ is given in figures 10 and 11.
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Figure 10: Plot of the 95% confidence intervals of Λ for positions 1 to 500, relying on the
information available to us in the test data set.
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Figure 11: Plot of the 95% confidence intervals of Λ for positions 501 to 954, relying on the
information available to us in the test data set.
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3.2.2 The estimator σ̂2

The histogram of the 954 estimates of 14
Λ+σ2 σ̂

2 is shown in figure 12. This histogram
shows a a shifted χ2

14 distribution v χ2
14 − 14 Λ̂

Λ+σ2 , as calculated from equations 9 and
10. The mean and median value of this histogram are 63592.47 and 8830.34 respectively.
The minimum, 25% quartile, 75% quartile and maximum of this distribution are 33.05,
3437.54, 30837.91 and 818125.24, respectively. From the 954 estimated values of ˆV ar(Np),
κ in equation 10 was estimated as 13.26.
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Figure 12: Histogram of the 954 estimated 14
Λ+σ2 σ̂

2’s, based upon the test data set containing
information about 954 base pair positions. The estimator theoretically follows a a
shifted χ2

14 distribution v χ2
14 − 14 Λ̂

Λ+σ2 (solid line).

A plot of the 954 estimated 95% confidence intervals for σ is given in figures 13 and 14.
The 95% confidence intervals were calculated by dividing σ̂2 by the 0.025 and 0.975 per-
centiles of the shifted χ2

14 − 14 Λ̂
Λ+σ2 distribution.
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Figure 13: Plot of the 95% confidence intervals of σ for positions 1 to 500, relying on the
information available to us in the test data set.
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Figure 14: Plot of the 95% confidence intervals of σ for positions 501 to 954, relying on the
information available to us in the test data set.
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3.3 The Data - positions 330− 529

3.3.1 The estimator Λ̂

As 95% confidence intervals of Λ and σ2 in the test data set show irregular (but grouped)
patterns, we thought it best to investigate one such group with more or less ’stable’ esti-
mators, namely positions 330 through 529 from the original test data set. The information
about these 200 base pair positions allow us to estimate Λ and σ2 by means of the Method
of moments as discussed in section 2.3.2. The histogram of the 200 estimates of Λ and
a plot of the 200 estimated 95% confidence intervals of Λ is given in figure 15. The his-
togram on the left shows a severely right skewed distribution with mean 35.33, median
35.45 and variance 31.00, as calculated from equations 7 and 8. This histogram has a
minimum and maximum value of 19.84 and 47.73 respectively, with a 25% percentile of
28.43 and a 75% percentile of 47.73. The r-code performing this analysis can be found on
the CD-ROM attached to this master dissertation, in the file ’Real_data.R’.
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Figure 15: On the left: Histogram of the 200 estimated Λ̂’s, based upon part of the test
data set containing information about 200 base pair positions. The estimator the-
oretically follows an approximately normal distribution with mean Λ and variance

1
750(Λ + σ2) (solid line). On the right: Plot of the 95% confidence intervals of Λ
for positions 330 to 529.
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3.3.2 The estimator σ̂2

A histogram of the 200 estimates of 14
Λ+σ2 σ̂

2 and a plot of the 200 95% confidence intervals
for σ2 are given in figure 16. This histogram ought show a a shifted χ2

14 distribution
v χ2

14 − 14 Λ̂
Λ+σ2 with mean 23217.07 and median 24562.71, as calculated from equations

9 and 10. This distribution has a minimal and maximal value of 6779.62 and 33319.25
respectively, with a 25% of 15121.40 and a 75% percentile of 31272.14. From the 200 esti-
mated values of ˆV ar(Np), κ in equation 10 was estimated as −1.38. The 95% confidence
intervals were calculated by dividing σ̂2 by the 0.025 and 0.975 percentiles of the shifted
χ2

14 − 14 Λ̂
Λ+σ2 distribution.
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Figure 16: On the left: Histogram of the 200 estimated 14
Λ+σ2 σ̂

2’s, based upon part of the
test data set containing information about 200 base pair positions. The estimator
theoretically follows a shifted χ2

14 distribution v χ2
14−14 Λ̂

Λ+σ2 (solid line). On the
left: Plot of the 95% confidence intervals of σ2 for positions 330 to 529.
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3.3.3 Naive estimation of the number of variants

The estimates of the number of variants, according to the ’maximum probability’ and
’median distribution’ methods, for the firstly recorded variants of the 38 first base pair
positions in pool 1 are given in table 11. The estimation of the number of variants present
in each pool for each variant at each position, was based on the coverages of the forward
DNA strand only (naive analysis).

Position Pool Ref Ref_for Variant Var_for phred j_max j_median
19683062 1 T 347 A 4 37.00 1.00 9.00
19683063 1 C 338 A 5 35.91 1.00 9.00
19683064 1 T 316 A 2 37.00 0.00 0.00
19683065 1 G 307 A 0 37.00 0.00 0.00
19683066 1 C 293 A 0 37.00 0.00 0.00
19683067 1 A 284 C 1 25.00 0.00 0.00
19683068 1 G 279 A 2 37.00 0.00 0.00
19683069 1 G 272 A 0 34.00 0.00 0.00
19683070 1 T 255 A 1 37.00 0.00 0.00
19683071 1 C 249 A 0 35.00 0.00 0.00
19683072 1 A 242 C 0 25.00 0.00 0.00
19683073 1 G 238 A 3 35.00 0.00 0.00
19683074 1 C 244 A 1 33.00 0.00 0.00
19683075 1 A 241 C 0 37.00 0.00 0.00
19683076 1 C 237 A 2 37.00 0.00 0.00
19683077 1 T 241 A 0 29.00 0.00 0.00
19683078 1 G 235 A 3 28.00 1.00 9.00
19683079 1 A 239 C 1 31.00 0.00 0.00
19683080 1 G 238 A 0 37.00 0.00 0.00
19683081 1 G 240 A 0 37.00 0.00 0.00
19683082 1 C 236 A 1 37.00 0.00 0.00
19683083 1 C 237 A 1 33.00 0.00 0.00
19683084 1 A 240 C 1 37.00 0.00 0.00
19683085 1 G 249 A 3 35.80 1.00 9.00
19683086 1 C 247 A 2 34.00 0.00 0.00
19683087 1 A 247 C 0 35.29 0.00 0.00
19683088 1 C 243 A 1 33.00 0.00 0.00
19683089 1 C 252 A 2 35.00 0.00 0.00
19683090 1 T 248 A 0 37.00 0.00 0.00
19683091 1 G 253 A 0 37.00 0.00 0.00
19683092 1 T 266 A 0 0.00 0.00 0.00
19683093 1 G 277 A 4 37.00 1.00 9.00
19683094 1 G 275 A 0 37.00 0.00 0.00
19683095 1 G 268 A 2 37.00 0.00 0.00
19683096 1 C 271 A 1 31.86 0.00 0.00
19683097 1 A 280 C 0 37.00 0.00 0.00
19683098 1 C 291 A 2 37.00 0.00 0.00
19683099 1 T 300 A 2 37.00 50.00 30.00

Table 11: Estimation of the number of variants present in pool 1 for the first variant of the 38
first base pair positions in part of the test data set. ’Position’ represents the base pair
position on a specific region of the first chromosome, ’Pool’ the pool number, ’Ref’
and ’Var’ the reference and variant base respectively, ’Ref_for’ and ’Var_for’ the
forward coverages of the reference and variant bases respectively, ’phred’ represents
the Phred score for the sequencing quality, j_max’ and ’j_median’ the estimates of
the number of variants according to the ’maximum probability’ and ’median distri-
bution’ methods.
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A plot of the estimated probabilities (resulting from equation 14) for positions in which
1 and 50 variants are estimated in one pool, according the the ’maximum probability’
method, is given in figure 17.
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Figure 17: On the left: Distribution of the probability of j variants, according to equation
14, when the ’maximum probability’ method estimates 1 variant in a pool from
the test data set. On the right: Distribution of the probability of j variants,
according to equation 14, when the ’maximum probability’ method estimates 50
variants in a pool from the test data set.
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4 Discussion

4.1 Simulations

The goal of this dissertation was to determine the presence of rare variants in selected
target regions of 3-dimensionally pooled tumor samples. For this purpose, we developed
a statistical model for data analysis that incorporates an increasing complexity inherent
to the data gathering process and the design of this study. This model bases itself on an
assumed normal distribution for the expected number of copies of base pair positions after
amplification, which can be derived from the total coverages of the base pair positions
per pool. We estimated the parameters of this normal distribution and the characteris-
tics of the estimators, relying on the Method of Moments, as presented in section 2.3.2.
The estimator Λ̂ seems to nicely follow a normal distribution with mean Λ and variance

1
750(Λ + σ2) as expected from the theoretical framework. 14

Λ+σ2 σ̂
2 also quite nicely follows

the expected shifted χ2
14 distribution v χ2

14 − 14 Λ̂
Λ+σ2 . Unfortunately, the 95% confidence

intervals of the variance estimator σ̂2 only cover σ2 in about 61% of all cases. This is most
likely due to our imposed truncation of negative variances: variance estimators smaller
than zero were set to 0. As zero variances have no confidence intervals, this could explain
the observed imbalance. This deviation from the expected 95% should not pose any real
difficulties though, as the subsequent statistical computations are not dependent of the
distributions of the estimators. In future studies, we could try and appropriately invert
the estimated intervals from σ̂2’s larger than zero.

With these two parameters estimated, we were able to compute specific probabilities of
encountering exactly jpq variants of type q (1...3) in pool p (1...15), at a specific position.
These probabilities could be computed in various ways: ignoring sequencing errors, in-
corporating such errors, accounting for only one or both complementary strands of DNA
and/or taking some of the 3-dimensional structure of the data into account. These proba-
bilities led to several different estimates of jpq in our simulation study, the results of which
are summarized in the table below (table 12).

Overall, when comparing the percentages of the various methods and their prediction
errors of wrongly predicted values, it is quite clear that the methods not incorporating
sequencing errors perform better than those that do. The drops in percentages of cor-
rectly estimated jpq’s range from less than 1% to over 15%. This follows to reason, as
sequencing errors can only confound the relation between the true and observed number
of variant reads. All in all, every mentioned method yields good prediction errors, that
are either very close or equal to one (see figure 8).

It seems that the naive estimation of the number of variants at a specific position for pool
p and variant type q does quite well whether or not sequencing errors are incorporated: a
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Seq. errors Method % correct PE
No Naive 93.226% 1.008

Both strands (average) 93.23% 1.008
Both strands (product) 97.08% 1.0009
3D structure (average) 73% 1.11
3D structure (product) 92% 1.00
Both strands (average), 3D structure (average) 73% 1.11
Both strands (average), 3D structure (product) 92% 1.00
Both strands (product), 3D structure (average) 84% 1.00
Both strands (product), 3D structure (product) 99% 1.00

Yes Naive 90.939% 1.008
Both strands (average) 90.94% 1.008
Both strands (product) 96.27% 1.0005
3D structure (average) 67% 1.03
3D structure (product) 77% 1.00
Both strands (average), 3D structure (average) 67% 1.03
Both strands (average), 3D structure (product) 77% 1.00
Both strands (product), 3D structure (average) 81% 1.00
Both strands (product), 3D structure (product) 95% 1.00

Table 12: Summary of the various methods used to estimate the number of variants at specific
positions, for each pool and variant type. For each method is displayed whether or
not sequencing errors were taken into account, how the probabilities were computed
(taking only one, both strands and/or the 3-dimensional structure into account),
the percentage of correctly estimated variant numbers and the prediction errors of
wrongly predicted values (PE).

correct estimation of jpq in over 90% of all cases is quite high. This percentage does not
change when averaging over the probabilities of the two complementary strands; a strange
feat as an increase of information would make one expect otherwise. Most likely, taking
the average value of those two probabilities wastes about as much information as it gains
(e.g. by ignoring the fact that both DNA strands are biologically restricted to the exact
same information), resulting in identical estimations for the number of variants. Taking
the product of these chances uses a bit more information (e.g. that both probabilities
ought to occur at the same time), which is supported by an increase in the number of
correctly estimated jpq’s.

When taking into account that all 3 dimensions (d = 1...3) or scheme’s contain the exact
same information (but only using one DNA strand) and should therefore be restricted
to the same number of variants of type q, we observe a severe drop in the number of
correctly estimated jdq’s. This drop is steepest when considering the average value of the
three probabilities, compared to their product. This general decrease is most likely due
to the rather severe restriction of equalling the three jdq’s for every variant type q at a
specific position: when jdq is estimated wrongly, this will now entail 3 wrong estimations,
instead of only one or two. Once again the product of the individual probabilities out-
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performs averaging them, by neglecting less of the available information.

When considering both restrictions -the two complementary strands and the 3-dimensional
data structure- we observe the following: when averaging both strand probabilities, the
percentages of correctly estimated number of variants once again does not increase, as
ompared to taking the 3-dimensional structure into account with the information of but
one strand. When using the product of the two strand probabilities, we observe an in-
crease in these percentages, though for the simulations incorporating sequencing errors
they do not surpass the percentages of the method solely using both strands of DNA. A
such, the best estimates of jpq in the presence of sequencing errors, are obtained when
considering the product of the two individual strand probabilities.

4.2 The data

A test data set with information about 954 base pair positions allowed us to estimate Λ
and σ2 for each pool and position by means of the Method of moments. We observed
that 95% confidence intervals of Λ and σ2 in the test data set were made up of strangely
ordered groups within each estimator (see figures 10, 11, 13 and 14). The estimators
for Λ and σ2 seemed to correspond rather well within these groups, but showed a lot of
variation between groups. At present we do not have en explanation of the ’grouped’
behavior of the estimators, but we currently aim our suspicions at an -for us- unknown
process during DNA sequencing. Because of these irregular, though grouped patterns, we
decided to analyze one such subgroup: positions 330 to 529 of the 954 base pair positions
present in the test data set.

For this subgroup of the test data set, we saw that the histogram of the estimated σ̂2’s
seemed to fit the theoretically expected distribution with mean Λ and variance 1

750(Λ+σ2)
(see figure 15). For the estimator σ̂2 though, the histogram of the 200 estimated 14

Λ+σ2 σ̂
2’s

did not seem to follow its expected shifted χ2
14 distribution. These small deviations from

the theoretical framework should not be treated too heavily, as it is very likely these 200
observations all stem from different Λ’s and σ2’s, due to varying processes in the sequenc-
ing procedure. A such, every set of 15 pools per base pair position might need its separate
estimations of Λ and σ2, unlike what we have done here.

When we estimated the number of variants present in each of the pools for all three vari-
ants of these 200 base pair positions, we saw that estimation based on the ’maximum
probability’ method performed acceptably, apart from some -yet- unexplained quirks.
Some of these estimations are displayed in table 11, where we can observe that most of
the time the ’maximum probability’ methods estimates zero variants -as one would ex-
pect, as the variants are supposed to be rare. Sometimes this methods calls one variant,
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which is also not surprising as we are dealing with pooled samples (see figure 17). Up
to this moment, the ’maximum probability’ method seems quite satisfying, according to
the corresponding information on the variant and reference forward coverages. The last
observation in table 11 drains the satisfaction however, as the ’maximum probability’
method estimated no less than 50 variants at this position in pool 1 for variant base A
(see figure 17). This is of course plain impossible for a reference coverage of 300 and
a variant coverage of 2. So now the question rises why this method seems to do quite
well at some observations, whilst faltering excessively at others. This of course proves
interesting material for further investigation and future research, as it might be possible
we need to estimate Λ and σ2 for each base pair position separately. The full results of
this analysis are available on the CD-ROM attached to this master dissertation, under
the file: ’Test_data_set_330− 529_results.rtf’.

The ’median distribution’ method seems to completely miss the ball, as it consistently
estimates the presence of 9 variants, where either 0 or 1 variants are expected. Where the
’maximum probability’ method errs and estimates 50 variants, the ’median distribution’
method accompanies the former method in its failure and calls 30 variants. This sud-
den unreliability of the ’median distribution’ method arises from the fact that whilst the
chances in equation 14, for jpq above 12 variants (see figure 7), were most often equal to
zero in our simulation study, they now no longer are (see figure 17). As such, the weights
attributed to the various variant numbers to calculate the weighted median, cause a shift
to the right in the estimation of jpq. The reason why the probabilities P (jpq|Wpq) for
jpq > 12 were almost always 0 in our simulations, has to do with our assumption in sec-
tion 2.3.3 that P (jspq > 5) = 0.

We did not perform additional analyses on the test data set (such as taking both com-
plementary DNA strand into account), as we thought it best to first improve and adjust
our current techniques and estimations. Due to the limited time scope during which this
master dissertation was made however, we did not arrive at doing so, but recommend
further research to enlighten these strange phenomena.

4.3 Remarks

The estimates of the probabilities defined in equations 11 and 14 allow us a simple and
naive estimation of the possible number of variants for each pool p and variant type q. In
sections 2.3.5 and 2.3.6 we refined these basic probabilities to better account for some of
the data structure and improve estimations. These two adjustments do not entail all in-
formation contained in our data structure and data set though, but we were forced to limit
our statistical model and analysis to its current scope due to the limited time available to
us. As such, we but mention possible perspectives to make better use of the available data.
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Firstly, we mentioned in section 2.3.5 that if the estimated probabilities of the number of
variants of a specific type do not match on the forward and reverse DNA strands -relative
to the number of reference bases called on the forward and reverse strands-, we would
have to adjust and re-estimate the probabilities in equations 11 and 14. Our adjustments
for both DNA strands only did so to a certain extent. When the two probabilities differ
extensively, this would point out that at least one of those estimates is wrong and taking
their average value or product would then be unwise, as it would induce a serious bias.
As such, our current solution is not entirely satisfying, as we should in fact be able to
pick out the ’right’ probability and work our model from there on. Also, the true joint
probabilities of encountering j variants in each of the three dimensions, would not allow
any differences between the three estimated j’s in each of the dimensions. This restric-
tions follows from the design of the study, which provides identical information (the 125
tumor samples) in each of the three dimensions. Our currently defined probabilities in
section 2.3.6 do not enforce this restriction and therefore represent rather crude and not
fully correct estimations that are in need of adjustment.

Secondly, the data set also contained information about mapping errors. The probability
that a specific base has been wrongly mapped (and could therefore wrongly contribute
to variant or reference calls on that position), should also be taken into account whilst
estimating the probability equations 11 and 14. Incorporating these errors into these
equations would offer further improvements and refinements of our current estimations.

Thirdly, the data set provides information about more than just the three variants we
discussed here. We based our simulations upon one-base substitutions only (an A base
can change into a T , C or G base), but when one looks at deletions, insertions and other
possible mutations, we end up with over 55 possible variants at each specific position on a
chromosome. Taking this additional information into account will of course allow a more
extensive search for rare variants. It would also be interesting to compare the frequencies
of these so-called ’rare variants’ to their respective frequencies in the constitutional pools.
If these frequencies correspond well, we are not dealing with a rare variant inducing the
tumor-phenotype, as only variants found in the tumor-tissue are possibly cancer-inducing.
These two notes as well represent interesting future perspectives.

We also based our statistical model upon estimates of Λ̂ and σ̂2 derived from the Method
of Moments. More precise estimates should be obtainable by using the Maximum Likeli-
hood Method and should improve the overall performance of the estimation of rare tumor
variants in the data set.

And finally, -irrespective of the possible improvements within the current data structure-
there may also be room for improvement within the design of the study as well. The
ultimate purpose of the analysis of the data set is to detect and retrieve all rare variants
present in the various pools. As briefly mentioned in section 2.1, rare variants will be
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located at the intersection of three cubic planes of the 3-dimensional structure, in which
this rare variant was called. The reverse is not true however: an intersection of three
planes in which rare mutations were called, does not necessarily contain this rare variant,
as we could be dealing with falsely called ’positives’. In fact, if there are P variants of
a specific type and position present in the data set, then P planes in each of the three
dimensions will generally be positive (though this will not always be true, as two variants
can be located within the same plane) and P 3 intersections potentially contain these vari-
ants [17]. Only P intersections will truly contain a specific rare variant though and it is
not possible to retrieve them directly. To be able to discriminate between true and falsely
called variants, one or several other such 3-dimensional structures are needed, since the
true variants will be consistently present as candidates in every cube. These new cubes
have to be configured in a way as different as possible from the previous ones, so that
falsely called variants are not likely to be retrieved in other cube configurations [17]. As
the current data set contains but information about one such 3-dimensional design, it
might prove useful to consider sequencing at least one other cube configuration.
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5 Conclusion

We have developed a statistical model to determine the presence of rare variants in se-
lected target regions of 3-dimensionally pooled tumor samples.This model bases itself on
an assumed normal distribution for the expected number of copies of base pair positions
after amplification, making it possible to estimate the parameters of this normal distri-
bution (and their characteristics), relying on the Method of Moments. With these two
parameters estimated for our simulation studies, we were able to compute specific proba-
bilities of encountering an exact number of variants present in one pool, at a specific base
pair position. These simulation probabilities could be computed in various ways: ignoring
sequencing errors, incorporating such error, accounting for only one or both complemen-
tary strands of DNA and/or taking some of the 3-dimensional structure of our pooled
data into account. In the end, we found that the best estimates of the number of vari-
ants -in the presence of sequencing errors- were obtained by use of either the ’maximum
probability’ or ’median distribution’ methods and considering but the product of the two
individual strand probabilities.

The estimators that were derived from the information at hand in the test data set showed
strange yet ordered patterns, so we decided to limit our analysis to one such subgroup of
base pair positions. When we naively estimated the number of variants present in this
subgroup, we saw that estimation based on the ’maximum probability’ method performed
erratic at best, with no obvious explanation as to why it faltered. The ’median distri-
bution’ method seemed to do even worse, due to a shift in the weighted estimation of
the number of variants. We did not perform any additional analyses on the test data set
(such as taking both complementary DNA strand into account), as we thought it best to
first improve and adjust our current techniques and estimations. Due to the limited time
scope during which this master dissertation was made, we did not arrive at doing so, but
recommend further research to enlighten the observed shortcomings.

Finally, we noted that our two adjustments to the basic probabilities for estimating the
number of variants, did not entail all available information contained in our data structure
and data set. In light of this, we offered some possible perspectives on improving the
current statistical model and data structure.
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