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ABSTRACT 

In this work, a mixed integer linear programming model is presented that integrates 

maintenance and aggregate production planning decisions in order to minimize total 

manufacturing costs for a single machine. The adopted maintenance policy is optimized by 

taking the expected breakdown costs into account. The behaviour of the realizable savings 

through the application of the integrated approach is analyzed by means of a full factorial 

design with three factors. In this analysis, the performance of the integrated model is 

compared to that of a non-integrated procedure, which models the inefficiencies that arise 

when maintenance and production planning decisions are optimized individually. The 

numerical results show that the attainable cost savings are on average 5,1%. Additionally, the 

relationship between the potential cost reductions and the utilization is investigated. Finally, 

we develop a heuristic procedure based on the optimal theoretical preventive maintenance 

interval. It is proven to provide a solution that is on average within 0,2% of the optimal one as 

calculated by the integrated model. 

 

Keywords: integration, maintenance, aggregate planning, operations research, linear 

programming 
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1. Introduction 

Current markets are increasingly customer-focused. Higher quality products are 

expected to be delivered faster at lower prices. For manufacturing environments, these 

requirements indicate the need for more reliable processes, higher equipment availability and 

lower total manufacturing costs. It is obvious that an effective maintenance policy is an 

important step towards fulfilling these requirements, especially in the light of the continuous 

technological improvements and increasing automation.  

The potential of maintenance to substantially increase company profits has been 

extensively demonstrated in literature. Unfortunately, all too often maintenance is still 

regarded as a cost centre, as a necessary evil rather than as potential to create considerable 

competitive advantage. In a lot of cases the production and maintenance departments are even 

at conflict with each other. They are solely concerned with their own tasks and there exists 

little communication or understanding between them. It is clear that such a lack of 

cooperation can have dramatic consequences with regard to product quality, equipment 

availability and delivery times, and as such total manufacturing costs and customer 

satisfaction. As stipulated by the TPM (Total Productive Maintenance) philosophy, 

maintenance should be considered as an essential part of business strategy, and an integrated 

vision of the production and maintenance functions should be adopted. 

The foregoing observations are equally true for the planning of both functions. In 

manufacturing organizations as well as in literature, production and maintenance planning are 

generally dealt with separately, despite the clear interdependence between them. After all, 

while it is true that performing preventive maintenance means interrupting production at 

regular intervals, postponing or omitting it can lead to an increase of the probability that a 

breakdown occurs, which is far more expensive and time-consuming. Thus, there are clear 

trade-offs to be made between maintenance and production planning, and it is our belief that 

substantial savings can be realized through the integration of both. 

In this work, we will try to build a model that integrates maintenance and aggregate 

production planning decisions. Of course, prior to succeeding in that task, we need to develop 

an understanding of the basic concepts of maintenance and aggregate production planning. 

Chapter 1 is concerned with the various aspects of maintenance. In Sections 2 to 6, the 

strategic and economic elements of maintenance are discussed. The basics of how 

maintenance is modelled mathematically are treated in Section 7. 

Chapter 2 deals with aggregate planning. It is first situated within the framework of 

operations planning in Section 8. Section 9 discusses the various elements of aggregate 
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planning. In Section 10, the basic aggregate planning model, in which we will integrate 

maintenance in Chapter 3, is presented. 

In Chapter 3, the integrated model is derived and analyzed. Section 12 discusses the 

reasons why an integrated approach of maintenance and production planning is 

recommended. The literature in this area is reviewed in Section 13. In Section 14, the 

integrated model is derived and formulated. In Section 15, a heuristic procedure is presented. 

A non-integrated approach, which optimizes the production and maintenance plans 

independently, is introduced in Section 16. This model will serve as a benchmark for 

assessing the performances of the integrated and heuristic procedures. Section 17 analyzes the 

influence of several factors on the savings realizable through the application of the integrated 

planning model by means of a full factorial design. Finally, the conclusions are stated in 

Section 18 and several possible directions for future research are suggested in Chapter 19. 
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CHAPTER 1: MAINTENANCE 

2. The importance of maintenance 

For long management has underestimated the impact of the maintenance function on 

the profitability of a production facility. Indeed, for many years maintenance was considered 

as a necessary evil, as a production necessity rather than as a potential for generating 

substantial competitive advantage. This short-sighted vision of maintenance has evolved, 

however, and now firms are increasingly realizing the potential benefits resulting from a well-

organized maintenance department. This evolution can also be noticed in the applied 

maintenance policies. Where before only corrective maintenance was considered, time has 

given rise to more advanced policies as preventive or predictive maintenance (Alsyouf, 2006; 

Pintelon et al., 2000). Some maintenance philosophies, like Total Productive Maintenance, go 

even further by prescribing an integrated vision of the production and maintenance functions 

in order to increase plant availability and product quality (Nakajima, 1989). 

According to Van Goubergen (2006), the increasing importance of the maintenance 

function in an organization is the result of four factors: 

- The continuous technological improvements and increased automation, demanding 

higher-qualified personnel and rising training efforts. 

- Increased competition requiring higher competitiveness while controlling cost. 

- The more and more customer-oriented markets, demanding higher product quality 

and service. 

-  The growing maintenance budgets. 

 

Boosting competitiveness while controlling costs is a major challenge for companies, 

as maintenance costs tend to increase continuously due to (Mobley, 2002): 

- Increased mechanization requiring higher-qualified, higher-salaried personnel and 

a large investment in training. A second result is the increase in required spare 

parts inventory.  

- More important consequences of interruptions on the production schedule due to 

larger, more complex, single-line processes. In order to manage due dates this asks 

for more and better maintenance. 

- Increased quality requirements due to more customer-focused processes calling for 

immediate intervention in case of defective products. 
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Maintenance costs represent approximately 15-40% of total production costs (Dunn, 

1987; Maggard and Rhyne, 1992). Mobley (2002) estimates maintenance costs to be 15-60% 

of the costs of goods produced. In this case, the lower bound (15%) is applicable for food-

related and other light industries, whereas the upper bound (60%) is valid for heavy 

industries, e.g. the iron and steel or pulp and paper industries.  

Recent surveys indicate that one third of all maintenance costs is wasted due to 

ineffective maintenance management. Considering the huge amounts (over $200 billion for 

US industry alone) spent by companies on maintenance, the impact that maintenance has on 

profits is immediately apparent. Possibly even more important than the immediate cost 

consequences are the shortcomings in processing time and product quality that result from 

inadequate maintenance. These have had a catastrophic impact on US or even European 

companies’ ability to compete with Japanese and similar countries’ firms that since long have 

applied more advanced manufacturing and maintenance philosophies, like Lean, JIT, TQM or 

TPM (Mobley, 2002).  

 

3. Objectives of the maintenance department 

According to Löfsten (1999), the purpose of maintenance management is to “reduce 

the adverse effects of breakdown and to maximize the facility availability at minimum cost”. 

Mobley (2002) employs a more general definition, saying that “the role of maintenance is to 

prevent all losses that are caused by equipment or system-related problems”. He states that the 

maintenance mission consists of six objectives. These are: 

1. Maximizing system availability: like in the definition given by Löfsten, here too 

the assurance that all equipment is online is considered as the prime objective of 

the maintenance department. 

2. Optimizing operating conditions: only ensuring availability is insufficient as minor 

problems can also lead to unforeseen stoppages, reduced production speed or poor 

product quality. Therefore the maintenance department should at all times ensure 

optimal operating conditions.  

3. Maximizing utilization of maintenance resources: the maintenance function should 

watch over the effective use of their resources. These include maintenance labour, 

spare parts, replacement equipment and, if needed, outside contract labour.   

4. Lengthening equipment life: the maintenance department should try to lengthen 

the useful life of equipment, as this represents an important way of reducing costs.  
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5. Minimizing spare parts inventory: inventory costs are also a major component of 

total maintenance expenses. It should be possible to significantly reduce these 

costs, as current more advanced maintenance policies allow more precise planning 

of the maintenance activities. Therefore, spare parts should be purchased more and 

more on an as-needed basis. This inventory minimization should be performed 

with great care, however, as too little inventory could impair the maintenance 

department’s ability to react to failures. 

6. Increasing responsiveness: in case a failure occurs despite of preventive measures, 

the maintenance organization has to be able to react quickly and accurately. 

 

4. Evolution of maintenance 

Before the second world war, maintenance was considered as a necessary evil, as a 

production necessity. The corresponding maintenance policy was corrective maintenance. In 

other words, equipment was only repaired upon failure (Alsyouf, 2006; Pintelon et al., 2000). 

After the second world war, the increased mechanization and complexity of the 

production equipment led to the separation of the production and maintenance functions. 

Maintenance was considered as a technical specialization and thus performed by a separate 

maintenance department. Around the same time, companies also started to realize that the 

applied maintenance policy was very expensive (Alsyouf, 2006; Pintelon et al., 2000). More 

concretely, a corrective maintenance activity is about three times more expensive than the 

same repair performed under a preventive maintenance policy (Mobley, 2002). 

Correspondingly, a shift occurred in the applied maintenance policy towards preventive 

maintenance. Maintenance was now performed at regular intervals and the reliability and 

availability of the equipment increased significantly. 

During the 1970s, equipment became more and more automated. The advances in 

information technologies allowed for a maintenance policy adapted to this increasing 

complexity that could generate even more savings: predictive maintenance. Companies started 

using statistical techniques for monitoring the equipment and thus determining the optimal 

moments for performing maintenance. This new maintenance policy required more 

communication and cooperation between the maintenance and production departments, so the 

first efforts towards integration were made (Alsyouf, 2006; Mobley, 2002; Pintelon et al., 

2000). 

It was not until the 1980’s, however, that the need for integration was expressed 

explicitly (Alsyouf, 2006; Pintelon et al., 2000). Total Productive Maintenance, for instance, 
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proposes a system where maintenance is performed jointly by the production and maintenance 

departments: operators are empowered to perform basic maintenance activities on their own 

machines, while the maintenance department focuses on more difficult jobs requiring their 

know-how. This integrative approach especially proved its worth in Japan, where it is, for 

example, an invaluable part of the Toyota production system (Nakajima, 1989). Other 

systematic approaches include Reliability Centred Maintenance (RCM) and Terotechnology. 

Nowadays, in the light of the increasing globalization, companies are focusing their 

efforts on developing external and internal partnerships between maintenance and other 

elements of the supply chain. Company-wide information systems are used and all employees 

are involved in solving maintenance problems. Examples are partnerships between 

maintenance and R&D, purchasing, etc. (Alsyouf, 2006; Pintelon et al., 2000). 

The evolution of maintenance is illustrated in Figure 4.1. 

 

 

Fig. 4.1. The evolution of maintenance (based on Alsyouf, 2006; Pintelon et al., 2000) 

 

5. Maintenance policies 

5.1. Corrective maintenance 

5.1.1. Definition 

Corrective maintenance can be defined as “a reactive management technique that 

waits for machine or equipment failure before any maintenance action is taken” (Mobley, 

2002). In this text corrective, run-to-failure and breakdown maintenance will be treated as 

synonyms. 
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5.1.2. Discussion 

Even though the “fix it when it breaks” mentality seems the most straightforward 

solution to the maintenance problem, it is actually the most expensive maintenance policy. In 

fact, analysis has shown that a corrective maintenance repair is about three times more 

expensive than the same repair performed under a preventive maintenance policy (Mobley, 

2002).  

The reasons for these higher expenses are multiple. First, spare parts inventory costs 

are significantly higher due to the required responsiveness and the uncertainty that 

characterizes machine failures. Second, one must realize that corrective maintenance activities 

generally take more time than preventive maintenance activities. This, combined with the 

required responsiveness and inherent uncertainty, implies low equipment availability. Thus, 

the costs of lost production are also more important. Third, overtime labour costs are 

substantially higher due to the impossible planning of maintenance tasks. Fourth, as no 

regular inspections are implemented, equipment could deteriorate to a point where its quality 

is insufficient or its usage potentially harmful. Furthermore, repairs performed under this 

maintenance policy tend to be less thorough because often only the effects of the problem are 

treated and not the causes due to time considerations. Both causes result in unreliable 

equipment, which in turn leads to poor quality products (Mobley, 1995; Mobley, 2002; 

Nakajima, 1989). To conclude, the most important cost types that characterize a corrective 

maintenance policy are: 

1. Spare parts inventory costs 

2. Costs of lost production due to low equipment availability 

3. Overtime labour costs 

4. Unreliable equipment and poor quality products 

 

5.2. Preventive maintenance 

5.2.1. Definition 

Nakajima (1989) defines preventive maintenance as follows: “Preventive maintenance 

is periodic inspection to detect conditions that might cause breakdowns, product stoppages, or 

detrimental loss of function combined with maintenance to eliminate, control, or reverse such 

conditions in their early stages. In other words, preventive maintenance is the rapid detection 

and treatment of equipment abnormalities before they cause defects or losses.” 
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In the British Standard (1984), preventive maintenance is defined as “maintenance 

carried out at predetermined intervals or corresponding to prescribed criteria and intended to 

reduce the probability of failure or performance degradation of an item.” 

 

5.2.2. Discussion 

Employing a preventive maintenance policy means interrupting production at regular 

intervals to perform maintenance. Often production departments, being under continuous 

pressure, complain whenever preventive maintenance has to be performed and fail to realize 

the potential benefits of this policy. Indeed, repair times are minimized when maintenance is 

scheduled. This means that the associated labour costs and costs of lost production will 

decrease accordingly. Furthermore, spare parts inventory costs are also lower and equipment 

is more reliable (Mobley, 2002; Nakajima, 1989). In other words, preventive maintenance 

resolves all the disadvantages of corrective maintenance. On the other hand, it has a few 

disadvantages of its own that must be recognized and minimized (Mobley, 2002): 

- Possible damage: every time a person performs preventive maintenance on a 

machine, he or she could damage it as a result of neglect, ignorance or incorrect 

procedures. 

- Spare parts use: as maintenance is performed more frequently, more spare parts 

will be consumed. These costs need to be traded off against maintenance labour 

and lost production costs. Even though the spare parts costs are usually the 

smallest of the three, they must be controlled. 

- Initial investment: the implementation of a preventive maintenance requires an 

investment which would not have been incurred otherwise. However, in the long 

run this initially greater cost will easily be compensated by the benefits of 

preventive maintenance. 

- Equipment access: Production is interrupted more frequently under a preventive 

than under a corrective maintenance policy. Consequently, the support of the 

production department and excellent communication between the production and 

maintenance departments will be required in order for this policy to be a success. 

  

Preventive maintenance is not applicable in all stages of equipment life. Its usefulness 

depends on the hazard rate, which can best be described as the instantaneous failure 

probability. Based on this criterion, equipment life can be divided into three stages or regions 

(Figure 5.1). In the first stage of its life (early life), equipment is characterized by infant 



 9 

mortality failures. These are premature failures and typically result from incorrect use, 

installation problems, bad materials choice, inadequate quality control, etc. Typically these 

failures can be averted, and otherwise a burn-in procedure could be applied. However, they 

cannot be solved by preventive maintenance. After all, this would restore the equipment to its 

initial condition, characterized by a higher hazard rate.  

In the next region (maturity), which is often called the useful life of the equipment, 

preventive maintenance cannot prevent the occurring failures either. After all the hazard rate 

is constant, so performing preventive maintenance would have no effect. Improvements can 

only be realized by redesign or sometimes through the implementation of an inspection 

program.  

In the final life stage (old age), that of equipment fatigue and wear-out, preventive 

maintenance is able to prevent arising failures. Indeed, upon completing preventive 

maintenance, equipment is restored to a condition typified by a lower hazard rate. As 

electronic equipment seldom wears out, it follows that preventive maintenance generally is an 

unsuitable policy for maintaining this kind of systems. It is very suited, however, for 

maintaining mechanical equipment, that is subject to wear, fatigue, etc. (Dodson and Nolan, 

1999; Lyonnet, 1991; O’Connor, 1995). 

 

 

Fig. 5.1. The bathtub curve (adapted from Dodson and Nolan, 1999) 
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5.3. Predictive maintenance 

5.3.1. Definition 

We can define predictive maintenance as “a type of maintenance that uses modern 

measurement and signal-processing techniques to accurately diagnose the condition of 

equipment during operation and determine when maintenance is required” (Nakajima, 1989). 

Another definition is given in the British Standard (1984), which states that 

“predictive maintenance is maintenance carried out according to need as indicated by 

condition monitoring.” 

 

5.3.2. Discussion 

In a preventive maintenance policy, equipment is sometimes over-maintained. Only 

performing maintenance on an as-needed basis can therefore greatly reduce maintenance 

costs, increase system availability and potentially improve product quality. The schedule for 

such a policy is determined using condition monitoring: by applying certain tools, like 

vibration monitoring, information is gathered about the state of a machine. With this 

information the actual mean time to failure can be established. There are five non-destructive 

techniques that are usually employed for condition monitoring (Mobley, 2002): 

1. Vibration monitoring 

2. Process parameter monitoring 

3. Thermography 

4. Tribology (lubricant monitoring) 

5. Visual inspection 

 

Predictive maintenance is not always applicable. Its use is limited to cases in which 

parameter changes can be identified and projected to forecast failures. Furthermore, there is 

no sense in using predictive maintenance if the costs of monitoring the equipment are higher 

than the potential savings in repair and production costs (Nakajima, 1989). 

 

5.4. Maintenance improvement 

5.4.1. Definition 

According to Nakajima (1989), maintenance improvement activities are activities that 

“extend equipment life, reduce the time required to perform maintenance and make 

maintenance unnecessary.” Thus, both maintainability improvement and maintenance 

prevention are maintenance improvement activities. 
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5.4.2. Discussion 

Maintenance improvement is not a maintenance policy as such. It is rather a 

supporting function that should be included in any maintenance policy. It represents an 

opportunity to eliminate the need or reduce the time required for performing maintenance at 

the source (Mobley, 2002). 

As explained in the definition, there are two different kinds of maintenance 

improvement activities (Nakajima, 1989): 

- Maintenance prevention (MP): “Designing and installing equipment that will be 

easy to maintain and operate.” 

- Maintainability improvement (MI): “Repairing or modifying equipment to prevent 

breakdowns and facilitate ease of maintenance.” 

 

Figure 5.2 illustrates the relationship between the two maintenance improvement 

activities and preventive maintenance (PM). 

 

 

Fig. 5.2. link between maintenance improvement and preventive maintenance (Nakajima, 1989) 
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5.5. TPM – Total Productive Maintenance 

Unless otherwise specified, this section is based on the work of Najakima (1989). 

 

5.5.1. Purpose 

The concept of Total Productive Maintenance was developed by Deming in the late 

1950s (Mobley, 2002). Since then it has found wide acceptance in Japan and it is generally 

considered as an invaluable part of the success of many Japanese companies, like for example 

Toyota.  

The main innovation of TPM is a partnership between the production and maintenance 

departments. Plant performance is increased through a cooperative approach of both units 

towards maintenance tasks: while the maintenance department focuses on difficult jobs 

requiring their know-how, operators are empowered to perform basic maintenance activities 

on their own machines. That way, not only equipment is kept in good condition, but potential 

failures are discovered before they lead to breakdowns and the responsiveness of the 

maintenance unit is increased. 

Thus, Total Productive Maintenance is, more than a maintenance policy, a 

maintenance philosophy that has cured Japanese industry from the short-sighted vision that it 

had on maintenance a few decades ago. During Japan’s post-war period of rapid industrial 

growth, Japanese companies faced increasing demand. Production departments started to 

concentrate solely on producing output, while maintenance units gradually became 

responsible for all maintenance-related tasks. In other words, a bipolar and often conflicting 

contrast was created between both departments. While Japanese industry has since then 

realized the shortcomings of such an organization and moved on, the mentioned contrast 

between maintenance and production departments still exists today in the majority of Western 

companies. Moreover, these companies are increasingly under pressure because of the urge to 

boost competitiveness while at the same time controlling or even decreasing costs. Unless 

they adopt an integrated vision of production and maintenance, the result will be a continuous 

increase in maintenance costs and lagging equipment availability. 

 

5.5.2. Concept 

The ultimate goal of TPM is to achieve zero defects and zero inventory level. This can 

be accomplished through the elimination of the so-called six big losses: 

1. Breakdowns 

2. Setup and adjustment losses 
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3. Idling and minor stoppage losses 

4. Reduced speed losses 

5. Quality defects and rework 

6. Start-up losses 

 

The company’s performance with regard to these six big losses is measured by the 

OEE, short for Overall Equipment Effectiveness. TPM can as such best be described as a 

maintenance philosophy that seeks to optimize the OEE through an integrated view of 

production and maintenance.  

As with other manufacturing philosophies like JIT or TQM, the successful 

implementation of TPM necessitates: 

- The involvement and cooperation of all personnel. 

- The creation of an organization that supports the implementation. All employees 

needs to receive adequate training and work-groups need to be created for the 

execution of improvement initiatives. 

- Management’s understanding of the need for change and the setting of proper 

goals for all employees. 

 

5.5.3. The six big losses 

5.5.3.1.Chronic and sporadic losses 

Juran and Gryna (1970) define sporadic and chronic losses as follows: “A sporadic 

condition is a sudden adverse change in the status quo, requiring remedy through restoring the 

status quo (e.g. changing a worn cutting tool). A chronic condition is a longstanding adverse 

situation, requiring remedy through changing the status quo (e.g. revising a set of unrealistic 

tolerances).” 

Sporadic losses are abrupt and dramatic failures. At the same time, though, they are 

obvious and rather easy to correct. As they are usually caused by a change in conditions, the 

key to repairing sporadic losses is restoration.  

Chronic losses are much less obvious. In fact, they can only be noticed by 

breakthrough thinking as they arise from conditions that have come to be regarded as normal. 

They are rooted at the core of the methods and equipment used. Thus, the remedy for chronic 

losses is innovation. The difference between both types of losses is illustrated in Figure 5.3. 
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Fig. 5.3. Chronic and sporadic losses (Nakajima, 1989) 

 

Often chronic losses are neglected in a company. This can be due to the 

underestimation of these problems or because of the inability to determine the right causes or 

actions to resolve them. While it is true that the economic impact of a single sporadic loss is 

much greater than that of a single chronic loss, the cumulated impact of these chronic losses is 

still significant due to the frequency of their occurrence. Thus, if real improvements are to be 

made, chronic losses should also be addressed. 

 

5.5.3.2.Breakdowns 

A breakdown can have two possible consequences. It can result in decreased 

productivity (time losses) or in the manufacturing of defective products (quantity losses). 

Both sporadic and chronic breakdowns are possible. Both types should be reduced as much as 

possible in order to maximize equipment effectiveness. This requires increasing system 

reliability and decreasing repair times. 

 

5.5.3.3.Setup and adjustment losses 

Setup and adjustment losses comprise the resulting downtime and defective products 

when equipment is adjusted to allow the production of a different product type. They can be 

chronic or sporadic of nature. A possible method for reducing this type of losses is SMED. 

  

5.5.3.4.Idling and minor stoppage losses 

When production is interrupted because of a temporary malfunction or when a 

machine is idling, we speak of a minor stoppage loss. These losses are usually chronic of 

nature. 
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5.5.3.5.Reduced speed losses 

These losses occur when there exists a difference between the design and actual 

operating speeds. Often personnel is not aware of these differences, even if they considerably 

reduce equipment effectiveness. They are another example of chronic losses. 

 

5.5.3.6.Quality defects and rework 

Quality defects and rework result from bad quality products due to malfunctioning 

production equipment. As for breakdowns, both sporadic and chronic quality problems are 

possible. 

 

5.5.3.7.Start-up losses 

These are yield losses occurring between the machine start up and steady-state 

operation and are chronic losses. 

 

5.5.4. OEE – Overall Equipment Effectiveness 

Plant performance can be measured using the following formula: 

rateQualityrateePerformancrateOperatingOEE ××=   (5.1) 

The operating rate accounts for breakdowns and setup and adjustment losses. If we 

define the loading time as the total available working time minus planned or necessary 

downtime, the operating rate can be calculated as: 

timeLoading

DowntimetimeLoading
rateOperating

−
=    (5.2) 

The performance rate comprises the effects of minor stoppages and speed losses. In 

the formula presented below, the first factor accounts for idling and minor stoppage losses, 

the second for speed losses: 

timecycleActual

timecycleDesign

DowntimetimeLoading

timecycleActualOutput
rateePerformanc ×

−

×
=  (5.3) 

The quality rate measures the results of quality defects and start up losses. It can be 

calculated as: 

Input

productsqualityGood
rateQuality =     (5.4) 

The goal for Japanese companies is 90, 95 and 99% for the operating, performance 

and quality rates respectively. This means a target of 85% for the Overall Equipment 
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Effectiveness. In contrast, most American companies barely achieve 50% as OEE. The 

opportunity for improvement is obvious (Mobley, 2002). 

 

5.6. Evaluation of a maintenance organization 

We have already discussed one indicator for assessing the performance of a 

maintenance organization – the Overall Equipment Effectiveness. Mobley (2002) 

distinguishes three other very useful indices: 

1. The number of production interruptions caused by maintenance related problems. 

If these interruptions represent more than 30% of the total production time, it 

indicates that corrective maintenance is the most frequently applied policy. For a 

company to be competitive in today’s market, less than 1% of total production 

time should consist of maintenance related downtime. 

2. The amount of maintenance labour overtime. In a corrective maintenance policy, 

the overtime costs represent more than 10% of the total maintenance budget. Even 

though that some overtime is inevitable, the associated labour costs should only 

account for a small percentage of the maintenance budget. 

3. The maintenance labour utilization. A corrective maintenance policy is 

characterized by less than 50% of total available labour hours being spent on actual 

repairs and maintenance prevention tasks. In a first-class maintenance 

organization, the labour utilization should be higher than 90%. 

 

6. Maintenance as a profit generating function 

6.1. Introduction 

Companies spend a considerable amount of money on maintenance. As we have 

discussed in Section 2, Dunn (1987) and Maggard and Rhyne (1992) estimate these costs to 

represent 15-40% of total production costs. According to Mobley (2002), they are 

approximately 15-60% of the costs of goods produced. This constitutes a budget of over $200 

billion for U.S. industry alone. One third of this budget is wasted due to ineffective 

maintenance management (Mobley, 2002). After all, in our discussion of the different 

maintenance policies, we have seen that considerable savings can be achieved through the 

choice of an adequate maintenance strategy. Thus, maintenance has a direct impact on 

company profits. 

In what follows we shall examine the different economic aspects of maintenance. 

First, we will discuss the relation between business and maintenance strategies. Second, we 
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will consider a theoretical framework for assessing the impact of maintenance on plant 

profitability. Third, we will have a closer look at the economic benefits of implementing a 

preventive maintenance strategy. 

 

6.2. Link between maintenance and business strategies 

Both Jonsson (1999) and Pinjala et al. (2006) prove that there exists a correlation 

between business and maintenance strategies. Jonsson bases his conclusions on data gathered 

from 293 Swedish firms, Pinjala et al. on data obtained from 46 Belgian and Dutch firms. 

Based on the result of their surveys, both authors classify the companies in different 

categories. Subsequently, they investigate which kinds of businesses adopt which 

maintenance strategies. 

Jonsson categorizes companies in four groups based on the level of integration of 

maintenance and the planning horizon. The different classes are represented in Figure 6.1. 

Based on the received data, he proves that integrated strategists spend the least amount of 

time on corrective maintenance. They also implement the most quality improvement 

programmes. Next come interactors, then functional strategists and last functionalists. There 

is a greater distinction in applied maintenance policies for firms with a different level of 

integration than with a different planning horizon. 

 

 

Fig. 6.1. Categorization of companies (Jonsson, 1999) 

 

Pinjala et al. segregate the different companies in cost, quality and flexibility 

competitors. The adopted maintenance policies for each are summarized in Table 6.1. 
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Table 6.1.  Link between business and maintenance strategies (survey conducted by Pinjala et al., 2006) 

Maintenance strategy 
Business 

strategy 
Corrective 

Maintenance 

Preventive 

maintenance 

Predictive 

maintenance 

Out-

sourcing 
Training Teamwork 

Cost 

competitors 
High Medium Medium High High Medium 

Quality 

competitors 
Low High High High - Medium 

Flexibility 

competitors 
High Medium Low - - - 

 

6.3. Effect of maintenance on a company’s profit margin 

Alsyouf (2006) presents a relatively simple but very useful framework for 

understanding the effect of an effective maintenance policy on a company’s profit margin. 

Starting point is the relationship between the profit margin and the production quantity. On 

the short-term, fixed costs can be considered as level regardless of the amount produced. In 

this situation, it is also reasonable to assume that the variable costs per unit and the product 

price are constant. Finally, we suppose that there is sufficient demand for consuming any 

extra production. The resulting relation is shown in Figure 6.2. 

The effect of maintenance on a company’s profit margin can now be explained as 

follows. An effective maintenance policy will result in higher equipment uptime and better 

product quality. Therefore, more units will be produced, leading to lower total manufacturing 

costs per unit. As a result, the profit margin increases. This effect is represented by the 

numbers 1 and 2 in Figure 6.2.  

A second result of improved maintenance management is the possibility, in the long 

run, to reduce the total manufacturing costs because of reduced spare parts inventory, higher 

maintenance labour utilization, less warranty claims, etc. This is denoted by the number 3 in 

Figure 6.3. 

The third effect is the possibility, also on the long run, to raise the product price thanks 

to improved product quality image and company goodwill. After all, an effective maintenance 

program, with its positive influence on uptime and product quality, will lead to more timely 

deliveries and higher customer satisfaction. This effect is illustrated on the graph by the 

number 4. 
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These rather straightforward considerations illustrate the considerable effect that 

maintenance has on a company’s profit margin. Furthermore, the framework is a means to 

determine the attractiveness of a maintenance investment by comparing its benefits 

(represented by the change in profits on the graph) with its costs. 

 

 

Fig. 6.2. Effect of maintenance on the profit margin (Alsyouf, 2006) 

 

6.4. Benefits of implementing preventive maintenance 

We have already discussed the reasons why implementing preventive maintenance can 

generate substantial savings (see Section 5.2). However, it cannot replace corrective 

maintenance entirely for the simple reason that there always will be some failures that cannot 

be prevented. In fact, there exists an optimal level of preventive maintenance based on the 

trade-off between the corrective maintenance costs and the opportunity costs of non-

production on one hand and the preventive maintenance costs on the other hand. The 

opportunity costs of non-production are sometimes also referred to as downtime costs and 

consist of (Mobley, 2002): 

- Costs of lost production 

- Rework costs of bad quality products produced during the stoppage and restart of 

the system 

- Overtime costs (to make up for the lost production time) 

- Costs of customer dissatisfaction 

- Costs of changing the production schedule 
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Even though these opportunity costs might all appear relatively small individually, 

their aggregated effect on plant profitability can be considerable, as illustrated in Figure 6.3 

(Mobley, 2002).  

 

 

Fig. 6.3. Aggregated effect of downtime costs (Mobley, 2002) 

 

We can now continue explaining the mentioned trade-off. When the level of 

preventive maintenance is increased, the preventive maintenance costs will also increase. At 

the same time the probability of failure will decrease, so less corrective maintenance will be 

required. Consequently, corrective maintenance costs will shrink as well as the opportunity 

costs of non-production (because corrective maintenance tasks generally take more time than 

preventive maintenance tasks). The opposite is equally true: if the level of preventive 

maintenance is reduced, preventive maintenance costs will decrease while both other costs 

will become more important (Dodson and Nolan, 1999; Löfsten, 1999; Mobley, 2002). This is 

presented graphically in Figure 6.4. We will derive the optimal level of preventive 

maintenance mathematically in Section 7.4.2. 
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Fig. 6.4. The effect of preventive maintenance on costs (Mobley, 2002) 

 

7. Modelling maintenance – Reliability engineering 

7.1. Introduction 

In Sections 2 to 6, we have discussed the various economic and strategic aspects of 

maintenance. Of course, as it is our ambition to integrate maintenance and aggregate 

production planning, we also need to develop a basic understanding of how to model 

maintenance mathematically. Therefore, in this section we shall discuss the core concepts of 

reliability engineering. 

 

7.2. Reliability 

7.2.1. Definition 

Nakajima (1989) defines reliability as follows: “Equipment reliability is the 

probability that equipment, machinery, or systems will perform required functions 

satisfactorily under specific conditions within a certain period of time. It can also be thought 

of as the likelihood that problems (quality defects and breakdowns) will not occur over a 

given period.” 

A similar definition of reliability can be found in the British Standard (1991), which 

states that it is “the ability of an item to perform a required function under stated conditions 

for a stated period of time.” 
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7.2.2. Life cycle costs 

7.2.2.1.Definition 

A life cycle cost is defined as “the sum of the direct, indirect, recurring, non-recurring, 

and other related costs of a large-scale system during its period of effectiveness. It is the total 

of all costs generated or forecasted to be generated during the design, development, 

production, operation, maintenance, and support processes” (U.S. Office of management and 

budget, 1976). 

A more straightforward definition is given by Blanchard (1978), saying that a life 

cycle cost is “the total cost of a piece of equipment or system over its entire lifetime.” 

 

7.2.2.2.Concept 

Upon selecting the desired value of equipment reliability, it is important to consider 

costs as a whole. After all, the original price of the equipment only represents a fraction of the 

total costs incurred over the useful life of the equipment. In other words, post purchase costs 

must also be considered (Dodson and Nolan, 1999). Blanchard (1978) uses the terms initial or 

acquisition costs and running or sustaining costs for denoting the purchasing and post 

purchasing costs, respectively. The components of life cycle costs are illustrated in Figure 7.1. 

 

 

Fig. 7.1. Life cycle costs (Dodson and Nolan, 1999) 

 

If you spend less on research and production, this will result in high running costs 

because of low equipment reliability and maintainability. The opposite is equally true: if you 

spend more on developing and producing reliable and easily maintainable equipment, your 
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post purchase costs will be significantly lower. Thus, there is a trade-off between both types 

of costs, and the optimum reliability level depicts the minimum total costs, as illustrated by 

Figure 7.2 (Dodson and Nolan, 1999). 

 

 

Fig. 7.2. Optimum reliability level (Dodson and Nolan, 1999) 

 

7.2.3. Modelling 

Unless specified differently, this section is based on the works of Dodson and Nolan 

(1999), Lyonnet (1991), O’Connor (1995) and Van Goubergen (2006).  

Reliability is the probability that a piece of equipment will not fail over a certain 

period of time. This means that the time t is a stochastic variable and that the probability that a 

failure occurs, is characterized by a probability density function f(t). As we will see later, 

there are multiple distributions that can be used for modelling failures. The probability of a 

failure occurring between t1 and t2 is then: 
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dttftTtP       (7.1) 

The probability that the system fails before a time t is represented by the cumulative 

distribution function: 

∫=
t

o

dftF ττ )()(        (7.2) 

The reliability, or the probability of no failure up to a time t , is then: 

∫
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The hazard rate λ(t) is a measure of the system’s tendency to fail. It is the probability 

that a system that is working at a time t will fail in the interval (t, t + ∆t). It can be expressed 

in terms of the probability density function and the system reliability: 

)(

)(
)(

tR

tf
t =λ         (7.4) 

The system reliability can be directly obtained from the hazard rate using the formula: 

))(exp()(
0

∫−=
t

dtR ττλ       (7.5) 

The hazard rate can take different forms: an increasing hazard rate expresses that the 

equipment becomes more prone to fail or, in other words, becomes less reliable over time. An 

example is the fatigue of mechanical equipment due to cyclic loading. A constant hazard rate 

is typical for failures caused by a constant load in excess of the value for which the system 

was designed. A system with a decreasing hazard rate becomes more reliable over time, as is 

often the case with electrical components (O’Connor, 1995; Van Goubergen, 2006).  

As explained in Section 5.2.2, equipment life consists of three stages or regions. The 

first region, that of the infant mortality failures, is characterized by a decreasing hazard rate. 

The next region, often called the equipment’s useful life, is described by a constant hazard 

rate. Finally, in the last region, termed the equipment wear-out, the hazard rate is increasing. 

This behaviour is illustrated by the bathtub curve in Figure 7.3.  

 

 

Fig. 7.3. The bathtub curve (adapted from Dodson and Nolan, 1999) 
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Next, a distinction must be made between non-repairable and repairable systems 

(O’Connor, 1995; Van Goubergen, 2006). A non-repairable system is not repaired upon 

failure. Hence the term Mean Time To Failure (MTTF) is used for this kind of equipment. 

This does not necessarily imply that a piece of equipment cannot be repaired, but instead that 

it does not make sense economically to do so. A repairable system is repaired upon failure. 

Therefore the expression Mean Time Between Failures is employed to describe this sort of 

equipment. Depending on which term is applicable, the MTTF or MTBF can be found as: 

∫
∞

⋅=
0

)(, dttftMTBFMTTF       (7.6) 

In case there are multiple failure mechanisms characterizing a system, it is modelled 

by one global distribution function consisting of multiple individual distributions, one for 

each failure mechanism, in series (Van Goubergen, 2006). 

 

7.2.4. Failure distribution choice  

Different distributions can be used to model failures. The choice of the failure 

distribution depends on the physical or chemical process that causes the failure. The 

exponential distribution has the advantage of being very easy to use thanks to its constant 

hazard rate. It is also the only distribution with which analytical expressions for the 

availability (see further) can easily be obtained. We have already discussed one of its uses, 

namely that of modelling the useful life of equipment. The exponential distribution is 

generally used to model time independent failure mechanisms (Van Goubergen, 2006). 

The normal distribution is also very easy to work with. It has two very useful 

properties that make it widely applicable: the first is that variances can be added, the second is 

that a large sum of random variables tends to behave as a normal variable, regardless of their 

individual probability density functions. This second property is also known as the central 

limit theorem. 

The lognormal distribution is highly skewed and can be used when effects are 

multiplicative. Known uses include the failures of bearings, transistors or metals (Dodson and 

Nolan, 1999). 

The most useful distribution for describing failures is the Weibull distribution. The 

reasons for this are twofold (Dodson and Nolan, 1999): 

1. It can be used with small sample sizes. 
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2. It is a very flexible distribution that can model almost all failure mechanisms. In 

fact, all of the above distributions can be obtained for specific values of the 

Weibull parameter β. 

 

7.2.5. The lognormal distribution 

The lognormal probability density function is: 
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The probability density function is illustrated for various parameter values in Figure 

7.4. The meanings of the parameters are: 

- µ: the location parameter 

- σ: the scale parameter (sometimes also called the shape parameter) 

 

 

Fig. 7.4. Effect of σ on the lognormal probability density function (Dodson and Nolan, 1999) 

 

The cumulative distribution and reliability functions are: 
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They can be evaluated using the function tables for the normal distribution. The 

reliability function is shown for different parameter values in Figure 7.5. 
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Fig. 7.5. Effect of σ on the lognormal reliability function (Dodson and Nolan, 1999) 

 

The formula for the hazard rate is: 
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The hazard rate is illustrated in Figure 7.6. It can be seen that, regardless of the 

parameter values, it initially increases, then decreases and moves towards zero as infinity is 

approached (Dodson and Nolan, 1999). 

 

 

Fig. 7.6. Effect of σ on the lognormal hazard rate (Dodson and Nolan, 1999) 
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7.2.6. The Weibull distribution 

The probability density function of the three-parameter Weibull distribution is 

(Dodson & Nolan, 1999; Lyonnet, 1991; Van Goubergen, 2006): 
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The probability density function is illustrated for various values of β in Figure 7.7. The 

meanings of the different parameters are (Dodson and Nolan, 1999; O’Connor, 1995; Van 

Goubergen, 2006): 

- β: the shape parameter. It typically has a value between 0,5 and 8. 

- η: the scale parameter. Another name is the characteristic life because 63,2% of the 

population fails by the characteristic life point regardless of β. 

- γ0: the location parameter. Other names are the failure free time or the minimum 

life. 

 

 

Fig. 7.7. Effect of β on the Weibull probability density function (Dodson and Nolan, 1999) 

 

As stated previously, the Weibull distribution is equal to several other distribution 

functions for specific values of the parameter β (Dodson and Nolan, 1999): 

- β=1: the exponential distribution 

- β=2: the Rayleigh distribution 

- β=3: the lognormal distribution 

- β=3,6: the normal distribution 
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The cumulative distribution and reliability functions are (Lyonnet, 1991; Van 

Goubergen, 2006): 
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The Weibull reliability function is shown in Figure 7.8 for different values of β. 

 

 

Fig. 7.8. Effect of β on the Weibull reliability function (Dodson and Nolan, 1999) 

 

The hazard rate is given by: 
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This function is visualised for different values of the parameter β in Figure 7.9. It can 

be seen that, for β<1, the hazard rate decreases heavily at first and then levels out. The 

reliability has a similar course. This is the typical behaviour of a system with infant mortality 

failures. For β=1, the hazard rate is constant with a value of 1/η. This corresponds to a 

reliability function that decreases steadily. Finally, for β>1, the hazard rate increases as to 

model wear-out. The corresponding reliability function is steady at first, but then decreases 

rapidly (Dodson and Nolan,1999). 
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Fig. 7.9. Effect of β on the Weibull hazard function (Dodson and Nolan, 1999) 

 

7.2.7. Parameter estimation 

Estimating the parameters of a distribution is cumbersome and hence often done with 

the help of a computer. The most popular parameter estimation techniques are (Dodson and 

Nolan, 1999): 

- Maximum likelihood method: this is the most frequently used method. The 

estimator is found by maximizing the likelihood function, the joint distribution of 

the random variables. 

- Hazard plotting: this is a graphical method. The cumulative hazard rate is 

transformed into a linear function and plotted. The information needed to estimate 

the parameters is derived from the slope and intercept of the obtained function. 

- Probability plotting: this method is basically the same as hazard plotting, only this 

time the cumulative distribution function is used. If no straight line is found upon 

plotting the transformed cumulative distribution function, it means that the chosen 

distribution does not fit the sample data. 

- Moment estimation: in this method, the estimators are found by matching the 

moments of the chosen distribution with the moments of the sample data. 

 

Furthermore, a good parameter estimator satisfies the following conditions: 

1. Unbiased: the expected value of the estimator and the true parameter value are 

equal. 
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2. Consistent: the value of the estimator approximates the true value more as the 

sample size increases. 

3. Minimum variance: the required sample size to reach a desired accuracy will be 

smaller as the variance on the estimate decreases. 

4. Sufficient: all information available in the data set is exploited by the estimator. 

 

For more detailed information and examples on parameter estimation techniques, we 

refer to more specialized literature, like Dodson and Nolan (1999) or O’Connor (1995). 

 

7.3. Maintainability 

7.3.1. Definition 

Maintainability is “the measure of the ability of a system to be retained in, or restored 

to, a specific condition when maintenance is performed by personnel having specified skills, 

using prescribed procedures and resources, at each prescribed level of maintenance and 

repair” (Dodson and Nolan, 1999). 

 

7.3.2. Modelling  

Just as was the case for the failure of a system in Section 7.1.3, the probability that a 

system is repaired in a certain time period is modelled using a probability distribution. Hence, 

if we denote the probability density function of the repair distribution by g(t), the probability 

that a system will be repaired between t1 and t2 is (Lyonnet, 1991; Van Goubergen, 2006): 
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The maintainability function M(t) is then defined as the probability that a system is 

repaired in a period t: 
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Analogous to the hazard rate, the repair rate µ(t) represents the system’s propensity to 

be repaired. It is the probability that a system that is not working at a time t will be repaired in 

the interval (t, t + ∆t). It is found as: 
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The Mean Time To Repair (MTTR) is given by: 
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∫
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7.3.3. Structure 

A repair cycle does not consist solely of the repair itself. In order to determine the total 

equipment downtime, one has to take into account the administrative and logistic waiting 

times as well. This means that the distribution of the downtime of a piece of equipment will 

be a combination of the distributions of the various repair and waiting times of which it 

consists (Dodson and Nolan, 1999; O’Connor, 1995; Van Goubergen, 2006). This reasoning 

is similar to the one explained in Section 7.1.3, in which we discussed the failure distribution 

of a system characterized by multiple failure mechanisms.  

In their work, Dodson and Nolan (1999) describe a very useful framework for 

determining maintainability based on Military Handbook 472 (1966). It is illustrated in Figure 

7.10. Basically, maintainability is said to have six components: 

1. Total system downtime: a combination of the distributions of the initial delay and 

the system downtime. 

2. System downtime: consists of the system logistic, repair and final test times. 

3. System repair time: is found by multiplying the malfunction repair time with the 

number of malfunctions. 

4. Malfunction repair time: is composed of the malfunction active repair and 

administrative times. 

5. Malfunction active repair time: can be calculated by combining the distributions of 

the preparation, malfunction verification, fault location, part procurement, repair 

and final malfunction test times. 

6. Elemental activities: uncomplicated actions for which the completion times are 

short and show little variance, regardless of the system. For instance opening a 

door, pushing a button, etc. 
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Fig. 7.10. Maintainability structure (Dodson and Nolan, 1999) 

 

7.3.4. Repair distribution choice 

As for the case of modelling failures (see Section 7.1.4), different distributions are 

applicable for modelling repairs. Again, the choice of the distribution function should be 

based on the nature of the repair and delay times that constitute the total downtime of the 

system.  

The exponential function is mainly used because of the simplicity of its constant repair 

rate. However, it is less suited for modelling repairs than it was for modelling failures (Van 

Goubergen, 2006).  

The normal distribution is easy to work with and is often used to model simple repair 

tasks (Van Goubergen, 2006). 

The lognormal distribution is arguably the best choice for modelling repairs. The 

reason is that its skewness models the following two properties very well (Dodson and Nolan, 

1999; O’Connor, 1995): 

1. Repairs seldom take significantly less time than usual. 

2. In case of unforeseen problems, repairs tend to take much longer than normal. 

 

 

 

 



 34 

7.4. Availability 

7.4.1. Definition 

Availability can be defined as “a measure of the degree to which a system is in an 

operable and committable state at the start of a mission when the mission is called for at a 

random time” (Dodson and Nolan, 1999). 

 

7.4.2. Categories 

The availability A(t) of a system is the probability that it is functioning at a time t. 

Hence, one can expect it will be a combination of the previously discussed failure and repair 

distributions. There are multiple categories of availability that are commonly used in literature 

(Dodson and Nolan, 1999; Van Goubergen, 2006): 

1. Inherent availability: is the simplest approach to availability, as no preventive 

maintenance or delay times are considered. It is defined as: 

MTTRMTBF

MTBF
AI +

=       (7.19) 

2. Achieved availability: includes preventive maintenance, though no delay times. It 

can be expressed as: 

MMTMTBM

MTBM
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=       (7.20) 

  with:  -   MTBM: Mean Time Between Maintenance actions 

- MMT: Mean Maintenance Time (accounting for corrective and     

preventive maintenance)  

3. Operational availability: accounts for the possibility of preventive maintenance as 

well as for administrative and logistic delay times. It can be written as: 

MTTS
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LDTADTMMTMTBM
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=    (7.21) 

  with: -   ADT: Administrative Delay Time 

   -   LDT: Logistic Delay Time 

   -   MTTS: Mean Time To Support 

 

Remark: in these definitions, we have presumed to be working with stationary 

availability, i.e. mean values instead of time-dependent expressions. 
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7.4.3. Calculation 

Often Markov chains are used to calculate a system’s availability as a function of time. 

The resulting equations are often complex and hard to solve. In the simple case of a single 

component with exponential failure and repair distributions, the following analytical 

expression is obtained (Dodson and Nolan, 1999; Lyonnet, 1991; Van Goubergen, 2006): 
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Calculating the limit of this function as t tends to infinity, we become the familiar 

expression: 
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For derivations of availability formulas for more complex systems, see for example 

Lyonnet (1991) or O’Connor (1995). 

 

7.5. Optimal preventive maintenance interval 

7.5.1. Introduction 

We can use the foregoing reliability engineering concepts to derive the theoretical 

optimal preventive maintenance interval. This knowledge will serve as a basis for developing 

a heuristic approach to the integrated maintenance and production planning model in Chapter 

3. 

 

7.5.2. Calculation 

As the model presented in Chapters 3 seeks to minimize costs, we will derive the 

optimal preventive maintenance interval from a cost perspective. We define the following cost 

factors (Brandolese et al., 1996; Dodson and Nolan, 1999): 

- Cp: the total cost of a preventive maintenance activity, consisting of labour costs, 

spare parts costs and the opportunity costs of non-production. 

- Cc: the total cost of a corrective maintenance activity, including the same cost 

factors. Of course, the labour and opportunity costs will be significantly higher for 

a corrective maintenance task, because of the unpredictability that characterizes 

machine failures and because of the fact that repairing a breakdown takes 

considerably more time than the same repair performed under a preventive 

maintenance policy (see Sections 5.1 and 5.2). 
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It was explained earlier that the opportunity costs of non-production consist of 

(Mobley, 2002): 

- Costs of lost production 

- Rework costs of bad quality products produced during the stoppage and restart of 

the system 

- Overtime costs (to make up for the lost production time) 

- Costs of customer dissatisfaction 

- Costs of changing the production schedule 

 

If we denote the time between preventive maintenance actions by Tp, the expected 

maintenance cost is (Brandolese et al., 1996; Dodson and Nolan, 1999): 

))(1()()( pcppp TRCTRCTC −⋅+⋅=     (7.24) 

The expected maintenance cost per unit of time is then:  
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Equation (7.25) is illustrated graphically in Figure 7.11. It can be seen that the 

preventive maintenance costs will decrease as preventive maintenance is performed less 

frequently, while the costs associated with corrective maintenance will increase. After all, in 

that case more corrective maintenance will be required because of the higher resulting failure 

probability. Thus, there is a trade-off between both types of costs, and the optimal preventive 

maintenance interval minimizes the total maintenance costs. 
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Fig. 7.11. Optimal preventive maintenance interval (Dodson and Nolan, 1999) 

 

Unfortunately, minimizing equation (7.25) can be quite tedious. Therefore, often 

numerical approaches are used. We will employ a numerical solution presented by Dodson 

(1994). It makes the following assumptions: 

- The Weibull distribution is used to model failures. 

- Preventive maintenance restores a system to its initial condition, while this is not 

the case for corrective maintenance. 

 

 The optimal preventive maintenance interval can then be calculated as (Dodson, 

1994): 

0, γη +⋅= mT optp        (7.26) 

with:  

- m: a function of Cc/Cp and β, the Weibull shape parameter. Its value can be derived 

from the function table included in Appendix A. 

- η: the Weibull scale parameter 

- γ0: the Weibull location parameter 
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CHAPTER 2: AGGREGATE PLANNING 

8. Operations planning 

8.1. Introduction 

This section is based on the work of Fogarty et al. (1989). We first situate aggregate 

planning within the broader concept of operations planning. In Section 9, we discuss 

aggregate planning in greater detail. Finally, in Section 10 we present the basic aggregate 

planning model in which we will integrate maintenance in Chapter 3. 

 

8.2. Definition 

According to Fogarty et al. (1989), operations planning is the primary function of the 

operations manager, and can be defined as “the formalized process of anticipating future 

conditions by answering basic questions about how the organization may act to achieve its 

objectives.” 

 

Remark: An operations manager has five basic functions: planning, organizing, 

staffing, execution and control. Planning is generally considered as the most important one as 

it precedes the other functions. 

 

8.3. Levels of operations planning 

Operations planning is performed within the framework of corporate planning. Both 

planning processes are visualized in Figure 8.1. In the corporate master plan, management 

identifies the mission, purpose, offered products and services, projected capacity and long-

range objectives of their organization. There are numerous inputs to be considered into such a 

corporate plan, many of which represent conflicting interests. More specifically, the master 

plan aggregates the expectations of the internal and external stakeholders and management’s 

assessment of the company’s internal and external environment. 
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Fig. 8.1. Corporate and operations planning (Fogarty et al., 1989) 

 

As can be seen in Figure 8.1, we can make a distinction between long-, medium- and 

short-range operations planning based on the planning horizon. Long-range operations 

planning handles matters that affect the company over a time span of two to five or more 

years. The exact planning horizon depends on the industry. While the time frame is very short 

(two years) for dynamic environments such as the computer or banking industries, it is 

considerably longer (ten or more years) for a manufacturer of for example small electrical 

motors, operating in a very stable environment. For most industries, though, the planning 

horizon is between three and five years. In long-range operations planning, decisions are 

made concerning the following three strategic issues: 

1. Products and services: the range, amount and characteristics of the products and 

services offered. 

2. Facility location: the amount of facilities, their location and the products or 

services they will supply. 

3. Plant capacity: the optimal operating level of each plant. 

 

Medium-range operations planning covers a time frame from a few months up to two 

or three years. It deals with the following three topics: 

1. Human resources management: the recruiting, hiring, training, following-up, 

motivating and firing of employees. 
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2. Facility layout planning: the optimal location of equipment, taking into account the 

handling of goods. 

3. Aggregate planning: establishing regularly updated production schedules over a 

certain time period for each major product or product family based on demand 

forecasts. It considers production costs, available work force and plant capacity. 

 

Short-range operations planning has a planning horizon of up to three months. It is 

concerned with the scheduling of jobs to machines taking into account the required materials, 

equipment and labour. 

 

9. Aggregate planning 

9.1. Definition 

“The aggregate planning problem concerns the allocation of resources such as 

personnel, facilities, equipment and inventory so that the planned products and services (the 

output) are available when needed.” (Fogarty et al., 1991) 

In other words, performing aggregate planning allows the company to foresee what 

resources, such as materials or labour, are to be provided and when, so that future demand 

may be met at minimum cost. 

 

9.2. Discussion 

The aggregate plan usually covers a 12- to 24-month time span, during which it may 

be updated monthly or quarterly (Fogarty et al., 1991). Of course, demand is variable over 

that period, and management has several possibilities to deal with this fluctuating demand 

(Johnson and Montgomery, 1974): 

- Inventory: build inventory during periods of low demand and deplete it in high-

demand periods. 

- Backorders and lost sales: either carry backorders or tolerate lost sales in times of 

high demand. 

- Work force level: alter the work force level according to the demand through 

hiring and firing, and the use of temporary personnel. 

- Overtime: use over- and undertime to cope with periods of respectively high and 

low demand. 

- Subcontracting: contract other firms during periods of peak demand to perform 

manufacturing and other professional services. 
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- Plant capacity: vary plant and equipment capacity depending on demand. Of 

course, prior long-range capacity decisions limit the possible modifications. 

Therefore, usually only small capacity adjustments are feasible. 

 

The optimal solution to the aggregate planning problem implies a combination of these 

strategies, and thus a trade-off between the following types of costs (Fogarty et al., 1989; 

Fogarty et al., 1991; Johnson and Montgomery, 1974): 

Inventory-related costs (see Figure 8.2): 

1. Inventory holding costs: these include the costs of storage, invested capital, taxes, 

insurance, deterioration, obsolescence and breakage. These costs increase 

discontinuously (point B in Figure 8.2) when additional storage capacity is needed. 

2. Backorder and lost sales costs, or in other words shortage losses. 

 

 

Fig. 8.2. Inventory-related costs (Fogarty et al., 1989) 

 

Costs related to the changing of the production rate: 

1. Costs of changing the work force level: hiring costs include the recruiting, 

selection and training costs, firing costs the separation payout and the costs 

associated with the resulting decrease in morale, productivity and company 

attractiveness. Costs of part-time and temporary personnel also fall under this 

category. Using this kind of personnel can generate substantial savings for a 

company, though one has to be careful of the potential loss in quality and service 

that might result from their limited affiliation with the organization. 
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2. Over- and undertime costs: overtime costs comprise the higher wages and the 

decreasing productivity rates. Undertime costs, on the other hand, are caused by 

the opportunity losses of having more personnel than needed to produce the 

required output. 

3. Subcontracting costs. 

4. Costs of changing plant or equipment capacity: again, usually only small capacity 

modifications are possible due to the constraints dictated by long-range planning. 

 

An aggregate planning model allows the production department to determine when 

production must occur to meet demand over the planning horizon. It also establishes when 

and which quantities of the various productive resources are needed, so that all unnecessary 

costs can be avoided and total costs minimized. Hence, it is natural to choose this kind of 

model for incorporating maintenance. After all, the knowledge of when preventive 

maintenance tasks are scheduled will also allow the maintenance department to foresee the 

required spare parts and workforce level and therefore minimize their costs.  

Often only the aggregate production level is determined by an aggregate planning 

model. In that case, the model must be ensued by a second stage procedure to determine the 

necessary production quantities for the different products. This two-stage approach sometimes 

results in an inferior solution to a model that combines both decisions (Johnson and 

Montgomery, 1974). The inconvenience of the latter option is the computational difficulty, 

though this is less and less of an argument in the light of technological improvements. 

Therefore, in our model we will opt for the combined approach. 

For an extensive collection of planning models, see for example Johnson and 

Montgomery (1974). 

 

10. Aggregate planning model 

Our model is based on Johnson and Montgomery (1974) and Weinstein and Chung 

(1999). Both sources present similar aggregate planning models. However, Johnson and 

Montgomery do not consider setups, while Weinstein and Chung only consider backorders at 

the MPS (Master Production Schedule) level. In our model, we will take both types of costs 

into account. Our aggregate planning model makes the following assumptions: 

- Linear costs 

- Deterministic demand 

- Interchangeable workforce 
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- All necessary raw materials and components are readily available 

- No idle production time 

 

We will use the following indices, parameters and variables: 

 

Indices 

 i Index for product family; i∈{1,..,N} 

 t Index for aggregate planning period; t∈{1,..,T} 

  

Parameters 

 N Number of product families 

 T Planning horizon in number of periods 

 

 sit Setup cost for product family i in period t 

 vit Production cost per unit of product family i in period t 

hit Inventory holding cost per unit of product family i held from period t  to t+1 

 bit Backordering cost per unit of product family i carried from period t to t+1  

 

 cw
p
 Regular production department workforce cost per hour of labour 

ch
p
 Production department hiring cost per hour of labour 

 cf
p
 Production department firing cost per hour of labour 

 co
p
 Production department overtime cost per hour of labour 

  

αi
lt
 Average number of labour hours needed for producing one item of product 

family i 

βilt Average number of labour hours needed for performing one setup of product 

family i 

αi
mt
 Average number of machine hours needed for producing one item of product 

family i 

βimt Average number of machine hours needed for performing one setup of product 

family i 

 

 Dit Demand for product family i in period t in units 
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K Total number of machine hours available in any period 

Ci Production capacity for product family i in units  

θ Maximum allowed amount of overtime in any period as a fraction of the 

regular production workforce level 

 Ii0 Net inventory for product family i at the beginning of the planning horizon 

W0
p
 Production workforce level at the beginning of the planning horizon 

  

Variables 

 Xit Production level of product family i in period t in units 

Sit Binary variable; Sit=1 if a setup of product family i is performed in period t, 

else Sit=0 

 Iit
+
 On-hand inventory of product family i at the end of period t in units 

 Iit
-
 Backorder position of product family i at the end of period t in units 

 Iit Net inventory of product family i at the end of period t in units 

 

 Wt
p
 Regular production department workforce level in period t in hours of labour 

Ht
p
 Production department hiring in period t in hours of labour 

 Ft
p
 Production department firing in period t in hours of labour 

 Ot
p
 Production department overtime in period t in hours of labour 

  

The model can be written as follows: 
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The objective function (10.1) is composed of setup, production, inventory, backorder 

and production workforce (regular labour, hiring, firing and overtime) costs. The first 

constraint is the basic inventory relation, stating that the input of each aggregate period should 

equal the output. Constraint (10.3) determines the net inventory in function of the on-hand 

inventory and the backorder position. Constraint (10.4) is similar to constraint (10.2), but 

applied to the workforce balance. Constraint (10.5) expresses that the amount of labour time 

spent on production and setups should not surpass the total labour time available. Constraint 

(10.6) is analogous, stating that there is only a limited quantity of machine hours available for 

production and setups. Constraint (10.7) limits the quantity of overtime possible in one 

period. Finally, constraint (10.8) ensures the correct functioning of the binary variable Sit. As 

this variable has a positive coefficient in the objective function, no other constraints are 

needed. The bound Ci should be chosen as tight as possible in order to improve the 

computation time. In our model, it represents the maximum production capacity for one 

product family and is calculated as: 
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In equation (10.9), we use (1+θ)W0
p
 instead of Wt

p
+Ot

p
 so that Ci would be a 

parameter instead of a variable. 
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CHAPTER 3: INTEGRATING MAINTENANCE AND PRODUCTION PLANNING 

11. Introduction 

In Chapter 1, we described the economic and strategic aspects of maintenance as well 

as how to model it mathematically. Chapter 2 was concerned with aggregate planning, and the 

basic model for this work was formulated. In this chapter, our goal is to integrate maintenance 

into the aggregate planning model in order to reduce total manufacturing costs. 

The reasons for which an integrated approach of maintenance and production planning 

is required are discussed in Section 12. Section 13 reviews the literature in this area. The 

integrated model is derived and formulated in Section 14. In Section 15, a heuristic approach 

to the problem is presented. A non-integrated procedure, which optimizes production and 

maintenance independently, is discussed in Section 16, and will serve as a benchmark for 

assessing the performances of the integrated and heuristic solutions. In Section 17, a 

numerical analysis is conducted to determine the influence of various model parameters. The 

conclusions are stated in Section 18. Finally, Section 19 suggests various possible directions 

for further research. 

 

12. The need for integration 

We have already highlighted the direct impact that maintenance has on the 

profitability of a production facility. In effect, a well-performing maintenance organization 

allows a company to decrease costs while simultaneously increasing customer satisfaction. 

After all, an effective maintenance policy leads to higher equipment availability, lower 

maintenance expenses, better product quality and more timely deliveries (Alsyouf, 2006). 

The implementation of an optimal maintenance policy can be impeded by the 

conflicting relationship that often exists between the production and maintenance 

departments. In many companies, both departments are solely concerned with their own tasks 

and there is very little communication or understanding between them. Little progress can be 

made as long as this “I operate – you fix” mentality prevails. It is for this reason that the Total 

Productive Maintenance philosophy stipulates an integrated vision of the production and 

maintenance functions. Maintenance should be an essential part of business strategy, and both 

departments should communicate and cooperate (Nakajima, 1989; Weinstein and Chung, 

1999). 

The duality between the production and maintenance departments also has important 

consequences with regard to the planning of both functions. All too often production 

departments, being under continuous pressure, complain whenever preventive maintenance 
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has to be performed and fail to realize the potential benefits resulting from such a policy. 

After all, repair times are minimized when maintenance is scheduled (Nakajima, 1989). 

Furthermore, analysis has shown that a corrective maintenance activity is about three times 

more expensive than the same repair performed under a preventive maintenance policy 

(Mobley, 2002). While it is true that performing preventive maintenance means interrupting 

production at regular intervals and thus consumes potential production time, one should not 

forget that postponing or even omitting preventive maintenance leads to an increase of the 

probability of machine failure (assuming an increasing hazard rate). Considering this 

interdependency of production and maintenance planning decisions, the mentioned duality 

that exists between both departments starts to seem somewhat inconceivable (Cassady and 

Kutanoglu, 2003; Cassady and Kutanoglu, 2005). It is always disadvantageous to optimize the 

parts instead of the whole, and the previous considerations give reason to believe that 

substantial savings can be achieved through the integrated planning of production and 

maintenance tasks. 

 

13. Literature review 

Considering the significance of maintenance planning, it is rather surprising how little 

research has yet been carried out in this area (Paz and Leigh, 1994). As such, literature on 

integrative models of maintenance and production planning is relatively scarce (Cassady and 

Kutanoglu, 2003; Cassady and Kutanoglu, 2005). 

Weinstein and Chung (1999) propose a three stage hierarchical approach to the 

integrated maintenance and production planning problem. First, an integrated aggregate 

planning model is solved. Next, the output of this model is used to solve a MPS (Master 

Production Schedule), seeking to minimize the deviations from the aggregate planning 

solution. In the third and last stage, a discrete event simulation is ran to assess the 

performance of the production and maintenance plans by taking breakdowns, and thus 

corrective maintenance tasks, into account. While this approach allows them to test various 

interesting hypotheses, they are limited to using a predetermined preventive maintenance 

policy as a basis for their solution. An aggregate model that considers the probability of 

breakdowns in order to calculate the optimal moments for performing preventive maintenance 

could arguably lead to better solutions. 

Ashayeri et al. (1996) propose a model to determine the optimal schedule of jobs and 

maintenance activities on a number of identical production lines, each characterized by one 

bottleneck machine. Contrarily to Weinstein and Chung, they do consider the failure 
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probability to optimize the maintenance policy. More specifically, the calculation of the 

expected breakdown cost is based on the last time preventive maintenance was performed, or 

in other words on the age of the machine. Because their model is designed specifically with 

the process industry (e.g. the chemical, paper or food and beverages industries) in mind, they 

assume that the production rate is constant. This means that their model only decides whether 

to produce a certain item and does not calculate the required production level. Another 

limitation of their model is the fact that only the execution times for production and 

preventive maintenance are considered, and not the time necessary to perform corrective 

maintenance. In other words, the calculated schedule might not be feasible. 

Cassady and Kutanoglu consider the scheduling of jobs and maintenance actions on a 

single machine from a minimum job tardiness (Cassady and Kutanoglu, 2003) and completion 

time (Cassady and Kutanoglu, 2005) standpoint. Like Ashayeri et al., their objective function 

takes into account the expected failure probability in order to optimize the integrated 

schedule. Due to computational difficulties, though, their proposed solution only gives good 

results for problems up to about eight jobs. 

Mili et al. (2007) also consider an integrated scheduling problem for a single machine, 

seeking to minimize job tardiness and maintenance costs. Contrarily to Cassady and 

Kutanoglu, their preventive maintenance policy is run-based instead of interval-based
1
. A 

limitation of their proposed solution is that it only takes into account preventive maintenance, 

and hence does not consider the costs and lost production time associated with machine 

failures. 

Alternative approaches to solving the integrated production and maintenance problem, 

often applied to more specific, practical cases, include the use of the queuing theory (Gupta et 

al., 2001), expert systems (Brandolese et al., 1996), fuzzy logic (Coudert et al., 2002) or rough 

sets (Gento and Redondo, 2003). 

 

14. The integrated planning model 

14.1.Purpose and assumptions 

The purpose of our model is to find the integrated aggregate plan that minimizes total 

production and maintenance costs for one machine. The components of the production costs 

are the same as in the basic planning model presented in Section 10. Maintenance costs on the 

                                                 
1
 To understand the difference between interval-based and run-based preventive maintenance, please consider 

the following example: performing preventive maintenance every two months is an example of interval-based 

maintenance. Doing so every 500 machine hours is called run-based maintenance (Weinstein & Chung, 1999). 
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other hand include labour (hiring, firing, regular workforce and overtime) costs and costs 

associated with performing preventive and corrective maintenance. Of course, as corrective 

maintenance is only carried out upon breakdown, the associated costs will inevitably be of 

stochastic nature. 

In addition to those mentioned in Section 10, the model makes several assumptions 

that are very common in literature: 

- The failure distribution of the machine is known in advance. 

- Repair times are constant and known in advance. These should also take the 

administrative and logistic waiting times into account, which are inherent in any 

maintenance activity. 

- Corrective maintenance is performed immediately upon machine failure. 

- The machine is restored to an “as good as new” condition upon performing preventive 

maintenance, while this is not the case for corrective maintenance. The latter is 

assumed to only treat the symptoms of a failure and not the causes. 

 

14.2.Used indices, parameters and variables 

Before deriving the integrated model, we need to define several indices, parameters 

and variables on top of those already mentioned in Section 10. To avoid any confusion, the 

full list of indices, parameters and variables is given next: 

 

Indices 

i Index for product family; i∈{1,..,N} 

 t Index for aggregate planning period; t∈{1,..,T} 

τ Index for sub periods; τ∈{1,..,kT} 

j Index for machine age; j∈{0,..,Jmax} 

 

Parameters 

N Number of product families 

T Planning horizon in number of periods 

 k Number of sub periods in one aggregate planning period 

Jmax Maximum machine age, or thus the maximum preventive maintenance interval 

 

 sit Setup cost for product family i in period t 
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 vit Production cost per unit of product family i in period t 

hit Inventory holding cost per unit of product family i held from period t  to t+1 

 bit Backordering cost per unit of product family i carried from period t to t+1  

  

cw
p
 Regular production department workforce cost per hour of labour 

ch
p
 Production department hiring cost per hour of labour 

 cf
p
 Production department firing cost per hour of labour 

 co
p
 Production department overtime cost per hour of labour 

 

cw
m
 Regular maintenance department workforce cost per hour of labour  

ch
m
 Maintenance department hiring cost per hour of labour 

 cf
m
 Maintenance department firing cost per hour of labour 

 co
m
 Maintenance department overtime cost per hour of labour 

  

cpm Cost of one preventive maintenance activity (spare parts and opportunity cost 

of non production) 

ccm Cost of one corrective maintenance activity (spare parts and opportunity cost of 

non production) 

 

αi
lt
 Average number of labour hours needed for producing one item of product 

family i   

βi
lt
 Average number of labour hours needed for performing one setup of product 

family i 

γ lt Average number of labour hours needed for performing one preventive 

maintenance activity 

δ lt
 Average number of labour hours needed for performing one corrective 

maintenance activity 

 

αi
mt
 Average number of machine hours needed for producing one item of product 

family i 

βi
mt
 Average number of machine hours needed for performing one setup of product 

family i 
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γ mt
 Average number of machine hours needed for performing one preventive 

maintenance activity 

δ mt
 Average number of machine hours needed for performing one corrective 

maintenance activity; it is equal to δlt
 as the machine is inoperable during any 

logistic or administrative waiting times  

 

Dit Demand for product family i in period t in units 

K Total number of machine hours available in any period 

 Ci Production capacity for product family i in units 

θ Maximum allowed amount of overtime in any period as a fraction of the 

regular production workforce level 

ξ Maximum allowed maintenance overtime in any period as a fraction of the 

regular maintenance workforce level 

λ(j) Machine hazard rate as a function of the age j 

Ii0 Net inventory for product family i at the beginning of the planning horizon 

W0
p
 Production workforce level at the beginning of the planning horizon 

W0
m
 Maintenance workforce level at the beginning of the planning horizon 

 

Variables 

Xit Production level of product family i in period t in units 

Sit Binary variable; Sit=1 if a setup of product family i is performed in period t, 

else Sit=0 

 Iit
+
 On-hand inventory of product family i at the end of period t in units 

 Iit
-
 Backorder position of product family i at the end of period t in units 

 Iit Net inventory of product family i at the end of period t in units 

 

Wt
p
 Regular production department workforce level in period t in hours of labour 

Ht
p
 Production department hiring in period t in hours of labour 

 Ft
p
 Production department firing in period t in hours of labour 

 Ot
p
 Production department overtime in period t in hours of labour 

 

Wt
m
 Regular maintenance department  workforce level in period t in hours of labour 

Ht
m
 Maintenance department hiring in period t in hours of labour 
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 Ft
m

 Maintenance department firing in period t in  hours of labour 

 Ot
m
 Maintenance department overtime in period t in hours of labour 

 

µt Fraction of the time that the machine is occupied because of setups, production 

or maintenance in period t 

CMτ Expected number of corrective maintenance activities in sub period τ 

PMτ Binary variable; PMτ=1 if preventive maintenance is performed in sub period τ, 

else PMτ=0 

Yjτ Binary variable; Yjτ=1 if in sub period τ the machine age is j, else Yjτ=0 

 

14.3.Derivation 

Introducing maintenance labour into the aggregate planning model objective function 

is straightforward, as it is completely analogous to production labour. Hence, the following 

term must be added, which makes up for the regular labour, hiring, firing and overtime costs: 
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The additional constraints necessary to account for maintenance labour are also 

analogous to the ones for production labour, only do we need two more as we require that at 

least one person of the maintenance department is present at all times that the machine is 

occupied. By “occupied”, we mean that the machine is busy with either setups, production or 

maintenance. After all, an immediate intervention is required when a failure occurs. If we 

denote the fraction of the total available machine time that the machine is occupied in a 

certain time period t by µt, the following set of constraints is obtained:  
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Constraint (14.2) is the maintenance workforce balance. Constraint (14.3) expresses 

that the amount of maintenance labour time spent on preventive and corrective maintenance 

activities should not surpass the total maintenance labour time available. Constraint (14.4) 

states that there exists only a limited quantity of machine hours available for production, 

setups, preventive maintenance and corrective maintenance. After all, the machine cannot 

produce when a setup or maintenance is being performed. Constraint (14.5) requires that 

someone of the maintenance department is present whenever the machine is occupied. This 

constraint also makes sure that the machine occupancy is minimized, so that the model 

matches load and capacity more realistically. Constraint (14.6) limits the number of machine 

hours available. Finally, constraint (14.7) restricts the amount of maintenance overtime 

possible in one period. 

In the constraints (14.3) and (14.4), we have introduced the sub periods τ. This is 

deemed necessary as it is perfectly plausible for a machine to break down multiple times 

during one aggregate period. In that case it becomes virtually impossible to optimize the 

maintenance policy without a more precise indication of the moments at which preventive 

maintenance is performed. After all, these moments also determine the age of the machine. In 

the remainder of this work we will regard the aggregate planning periods as months and the 

sub periods as weeks. For the sake of simplicity we shall assume four weeks a month, 

meaning that k is equal to four. 

Next, we will derive the correct terms so that the model also establishes the optimal 

maintenance policy. In the objective function, the costs of preventive and corrective 

maintenance need to be added. These are: 
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The cost factors cpm and ccm basically have the same meaning as the factors Cp and Cc 

used in Section 7.4. However, the former do not take into account maintenance labour costs as 

these are evaluated separately in the objective function. Hence, the factors cpm and ccm 

comprise the spare parts costs and the opportunity costs of non-production. We remind that 

the opportunity costs of non-production consist of (Mobley, 2002): 

- Costs of lost production 

- Rework costs of bad quality products produced during the stoppage and restart of 

the system 

- Overtime costs (to make up for the lost production time) 

- Costs of customer dissatisfaction 
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- Costs of changing the production schedule 

 

Spare parts costs are generally smaller than the labour and opportunity costs of a 

maintenance activity (Mobley, 2002). Thus, if we neglect the spare parts costs and 

approximate the opportunity costs of non-production to the costs of lost production, we can 

calculate cpm and ccm as: 

∑

∑∑

=

= =

⋅
⋅=

N

i

mt

i

N

i

T

t

it

mt

pm

T

v

c

1

1 1

α
γ        (14.9) 

∑

∑∑

=

= =

⋅
⋅=

N

i

mt

i

N

i

T

t

it

mt

cm

T

v

c

1

1 1

α
δ        (14.10) 

After all, the costs of lost production equal the lost production time multiplied by the 

production value of the goods that could have been produced during that time. 

CMτ is the expected number of corrective maintenance activities in a week τ. As 

corrective maintenance is performed each time a failure occurs, CMτ is also equal to the 

expected number of breakdowns during that week. It can therefore be evaluated using the 

hazard rate of the machine (Ashayeri et al., 1996; Cassady and Kutanoglu, 2003; Cassady and 

Kutanoglu, 2005):  

jjCM ∆⋅= )(λτ        (14.11) 

with j the machine age. While the above expression is non-linear, it can be linearized 

by introducing the binary variable Yjτ, which is one if the machine age is j in week τ, and else 

zero. Furthermore, we can observe that ∆j is equal to one as the equation (14.11) is evaluated 

weekly. It can now be rewritten as: 
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jYjCM ττ λ     ; ∀τ∈{1,..,kT}   (14.12) 

In constraint (14.12), the machine age does not vary between zero and kT-1 as one 

could expect. Instead, we choose to limit the age, or in other words the preventive 

maintenance interval, to Jmax in order to reduce the total calculation time of the model. In our 

analysis, we set Jmax equal to two times the MTBF. This choice assures no sacrifice of 

optimality (the calculated preventive maintenance intervals were always much smaller than 



 55 

this bound), while it considerably reduces the amount of binary variables that have to be 

calculated. 

We now need constraints that ensure the correct updating of the binary variable Yjτ. As 

performing preventive maintenance is assumed to restore the machine to an “as good as new” 

condition and thus resets the machine age to zero, we can write: 

)1(1,1 τττ PMYY jj −⋅= −−    ; ∀j∈{1,..,Jmax}, τ∈{2,..,kT} (14.13) 

ττ PMY =0      ; ∀τ∈{1,..,kT}   (14.14) 
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Constraint (14.13) is non-linear, but can be linearized by replacing it by the following 

two expressions: 

1,1 −−≤ ττ jj YY      ; ∀j∈{1,.., Jmax}, τ∈{2,..,kT} (14.16) 

ττ PMY j −≤ 1      ; ∀j∈{1,.., Jmax}, τ∈{1,..,kT} (14.17) 

These constraints, together with (14.14) and (14.15), ensure the correct functioning of 

Yjτ. 

 

14.4.Formulation 

We can now formulate the integrated maintenance and production planning model. 

Marked constraints were already present in the basic aggregate planning model presented in 

Section 10. 
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Subject to: 
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*
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14.5.Validation and performance 

In order to prove that the model functions correctly, three basic scenarios will be 

discussed. These cases are focused on validating the maintenance part of the model. After all, 

the aggregate planning part has since long been accepted in literature. 

The three scenarios will verify the effects of the Weibull shape and scale parameters β 

and η on the preventive maintenance policy as calculated by the model. To this end, a 
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numerical example with 50 products and 12 time periods, corresponding to one year, has been 

devised. The product- or time-dependent parameters are normally distributed random 

variables with standard deviations that have been set at 20% of their mean values. We assume 

that the cost parameters sit, vit, hit and bit are independent of time as, in our opinion, they 

should not change significantly over a time span of one year. All parameter values are as 

much as possible based on literature (Ashayeri et al., 1996; Brandolese et al., 1996; Cassady 

and Kutanoglu, 2003; Cassady and Kutanoglu, 2005; Weinstein and Chung, 1999). They can 

be found in Appendix B. The resulting relationship between the Weibull parameters and the 

calculated preventive maintenance intervals is visualized in Table 14.1. 

 

Table 14.1. Optimal preventive maintenance policy for different Weibull parameter values 

Preventive maintenance 

policy (frequency) 

Interval (weeks) 
Scenario 

2 3 4 5 

Objective 

value  

(million €) 

1: β=2; η=6 0 7 6 0 7,78 

2: β=4; η=6 0 0 10 1 7,75 

3: β=2; η=3 24 0 0 0 7,87 

 

In scenario 1, the Weibull shape and scale parameters are fixed at 2 and 6, 

respectively. This choice corresponds to a linear hazard rate, which is often used in literature 

(Brandolese et al., 1996; Cassady and Kutanoglu, 2003; Cassady and Kutanoglu, 2005; 

Weinstein and Chung, 1999), and a MTBF of approximately five and a half weeks. From now 

on, this set of Weibull parameters will be considered as the “regular” values. From Table 

14.1, it can be read that the model plans preventive maintenance 7 times after 3 weeks and 6 

times after 4 weeks. The corresponding cost is 7,78 million €.  

For scenario 2, we increase the Weibull shape parameter to 4. This results in less 

preventive maintenance being performed. This outcome was to be expected. After all, for a 

higher value of β the hazard rate is smaller initially and increases faster afterwards, as can be 

seen in Figure 14.1. As we are working with small time intervals, this means that the hazard 

rate will be lower in this case. Hence, the machine will be less prone to fail and less 

preventive maintenance should be planned. Therefore, the objective function is also slightly 

lower than for scenario 1, with a value of 7,75 million €. 
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Fig. 14.1. Effect of β on the Weibull hazard function (Dodson and Nolan, 1999) 

 

In scenario 3, we test the effect of a smaller MTBF by decreasing the value of the 

scale parameter to 3. The model reacts by planning preventive maintenance more regularly, 

now every 2 periods. Of course, as the machine has a higher tendency to fail, the total cost is 

slightly higher, with a value of 7,87 million €. 

In conclusion, the three scenarios validate the correct functioning of our model. It is 

also worth noting that each case took less than half a minute to solve. As it will be shown 

later, however, the model can take substantially longer (up to several hours) to solve when 

demand tends to the maximum capacity due to the presence of the boolean variables. The 

model was solved using OPL ILog on a Pentium IV computer with a 1.4 GHz. Intel Celeron 

processor and 512 Mb RAM. 

 

15. Heuristic procedure 

Aside from the savings in computation time, we propose a heuristic procedure for two 

reasons. First, it is interesting from an academic point of view to investigate how big a gap in 

performance there exists between the optimal and heuristic solutions. Second, it would 

provide maintenance and production departments with a simple “rule of thumb” in case the 

performance gap proves small enough. 

The heuristic approach consists in using a predetermined preventive maintenance 

interval that optimizes maintenance costs separately from production costs. This means that 
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the following formula, which was derived in Section 7.4.2, is minimized to find the optimal 

preventive maintenance interval Tp,opt: 
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As explained in Section 7.4.2, the formula (15.1) is evaluated using the numerical 

approach from Dodson (1994) with the function table in Appendix A. The number of weeks 

between each preventive maintenance activity is then obtained by rounding the calculated 

interval. We will distinguish two heuristics based on how this rounding is carried out. In 

heuristic 1, it is rounded to the nearest integer. In heuristic 2, it is rounded downwards. Once 

the values of PMτ are determined, the model is ran to optimize production while considering 

the established maintenance policy. The performance of both heuristics will be compared to 

the optimal integrated plan for various parameter values in Section 17. 

 

16. Non-integrated approach 

As the data for our experiments is not based on a real-life business case, an objective 

benchmark is needed to assess the performance of the optimal and heuristic solutions. In our 

eyes, the ideal benchmark is the case where the production and maintenance plans are not 

integrated and thus optimized individually. 

The non-integrated case is solved in two stages in order to determine as good as 

possible the inefficiencies that arise when maintenance and production are optimized without 

considering each other’s plans and limitations. First, a modified model optimizing production 

and maintenance costs separately, is solved. This means that it does not consider any common 

constraints. Thus, constraint (14.25) is dropped and replaced by: 
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Next, the model is resolved, only this time with the common machine time constraint 

and the following two restrictions: 

1. The preventive maintenance policy PMτ cannot deviate from the one determined in 

step one. 
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2. The production levels Xit cannot exceed the production quantities as determined in 

the first step. 

 

17. Numerical analysis 

17.1.Experiment description 

We will assess the performance of the integrated and heuristic approaches by means of 

full factorial design. This denotes that we vary the values of certain predetermined factors and 

investigate their effect on the responses; in this case the percentage difference between the 

integrated and non-integrated approaches on one hand, and between the integrated and two 

heuristic approaches on the other hand. Our factorial experiment consists of 3 factors with 3 

levels each. Furthermore, each combination of factor settings is replicated 10 times to obtain 

statistically significant results. This is necessary because the values of all product- or time-

dependent parameters are generated randomly for each replication, just as for the model 

validation in Section 14.5. As we solve 5 models for each replication, our experiment 

comprises a total of 1350 runs. 

The factors and their mean levels were determined based on initial research and 

literature (Cassady and Kutanoglu, 2003; Cassady and Kutanoglu, 2005). They are listed in 

Table 17.1. The means of all other model parameters are the same as for the model validation 

in Section 14.5 and can be found in Appendix B. Thus, we will again consider planning 

problems of 50 products over a time span of 12 months. 

 

Table 17.1. Levels of the factors used in the full factorial experiment 

Level 
Factor 

Low Medium High 

η (weeks) 3 6 9 

γmt
 (weeks) 2,5 5 7,5 

Dit (products) 1050 1100 1150 

 

Next, we will discuss the meanings of the chosen factors and their levels. The Weibull 

scale parameter η determines the Mean Time Between Failures. Thus, its three levels 

correspond to a low, medium and high MTBF, as can be seen in Table 17.2. 
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Table 17.2. Relationship between the factor ηηηη and the MTBF 

ηηηη    (weeks) MTBF (weeks) 

3 2,5 

6 5,5 

9 8 

 

Besides the maintenance time ratio δmt
/γmt

, the number of machine hours needed for 

one preventive maintenance activity γmt
 also determines the maintenance cost ratios ccm/cpm 

and Cc/Cp. While the former cost ratio is an important parameter in our model, the latter is one 

of the three parameters that determine the theoretical optimal preventive maintenance interval 

on which the heuristic procedures are based. The other two are of course the Weibull shape 

and scale parameters β and η. Therefore, we can not only expect the factors η and γmt
 to have 

an important influence on the responses, but also to allow us to judge the performances of the 

heuristic approaches and to help us decide which one is best. 

We will now prove why the cost ratios ccm/cpm and Cc/Cp vary with γmt
. In Section 

14.3, we approximated the costs ccm and cpm to the costs of lost production. By definition, Cc 

and Cp are equal to ccm and cpm plus the maintenance labour costs. Hence, we can write:  
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Thus, if we choose γmt
 equal to γlt (as stated earlier, δmt 

= δlt
 due to the nature of 

corrective maintenance), we find that Cc/Cp = ccm/cpm = δmt
/γmt

. From now on, we will simply 

use γ and δ to denote the number of hours necessary for performing preventive and corrective 

maintenance, respectively. As can be read in Appendix B, we have set the duration of a 

corrective maintenance activity δ at 15 hours. The relationship between γ and the cost ratio 

Cc/Cp is visualized in Table 17.3. 
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Table 17.3. Relationship between the factor γγγγ and Cc/Cp 

γγγγ (hours)    Cc/Cp 

2,5 6 

5 3 

7,5 2 

 

The third and last factor is the mean demand per product Dit, which determines the 

utilization. In this work, the utilization is defined as the ratio of Dit to the theoretical 

maximum capacity per product Cmax. The latter is calculated as: 
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It can be seen that the calculation of Cmax is based on the maximum number of 

machine hours available K. After all, the workforce can be easily increased in the model, 

meaning that the maximum capacity is indeed determined by K. The equation (17.3) 

disregards maintenance requirements as they are not known in advance. The relationship 

between Dit and the utilization is shown in Table 17.4. We investigate the behaviour of our 

models in the high utilization area as initial research has indicated that the improvements of 

the integrated over the non-integrated case increase greatly as spare capacity is reduced. 

 

Table 17.4. Relationship between the factor Dit and the utilization 

Dit (products) Utilization 

1050 91% 

1100 96% 

1150 100% 

 

We have found that the model can take considerably more time to solve when the 

utilization nears 100%. More concretely, for a utilization below 95%, solving normally takes 

less than half a minute. Once the utilization reaches 96%, solving usually takes between half a 

minute and twenty minutes. Finally, solution times can last up to a couple of hours once the 

utilization nears the 100% mark. This can be explained as follows: as the utilization nears 

100%, more and more backordering is required. Seen that this is very expensive solution, the 

model evaluates an increasing amount of nodes in the branch and bound tree in the hope of 

finding a better one. This takes a lot of time. Therefore, not all the cases are solved to 
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optimality. Instead, we allow the model to solve up to a certain precision for the objective 

function depending on the level of utilization. This precision is called the gap, and is the 

relative difference between the best feasible integer solution and the optimal linear 

programming solution. We set the gaps so that every case would normally solve within the 

minute. The gaps chosen for each level of Dit are summarized in Table 17.5. The attained 

accuracy is more than sufficient for our analysis. For more detailed information on the branch 

and bound technique, we refer to Appendix C. 

 

Table 17.5. Gap (solving precision) for the different levels of the factor Dit 

Dit (pieces) Gap 

1050 0,01% 

1100 0,05% 

1150 0,1% 

 

17.2.Results 

17.2.1. Comparison of the integrated and non-integrated approaches 

We first investigate for which factor combinations the greatest improvements can be 

achieved by adopting an integrated instead of a non-integrated approach to maintenance and 

production planning. In the next section, we take a closer look at the performances of the two 

heuristic procedures. 

The full results are listed in Appendix D. It can be seen that no absolute numbers are 

given as these naturally depend on the data used. Rather, we always consider the relative 

difference between the integrated and the non-integrated or heuristic methods. From now on, 

we will refer to the percentage improvement of the integrated versus the non-integrated 

approach as “Savings”. 

The first step is to determine which factors or factor interactions have a significant 

effect on the Savings. To this end, we perform an Analysis Of Variance (ANOVA), which fits 

a model to the data. The results are summarized in Table 17.6. Prior to discussing these 

results, however, we must check that the calculated model is valid. After all, the ANOVA 

technique makes certain assumptions about the model’s residuals that must be satisfied. More 

specifically, it assumes that the error residuals are independent, identical and normally 

distributed. From Figure 17.1, it can be seen that this is indeed the case. In the two graphs on 

the right, which plot the residuals versus their fitted values and their observation order, no 
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drift or pattern can be detected. Additionally, the normal probability plot and the histogram 

show that the error residuals can be regarded as normal. 
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Fig. 17.1. Residual plots for the Savings 

 

We can thus continue analyzing the ANOVA table. Its components are: 

- Source: designates the source of variation, whether it comes from a factor, an 

interaction or the error. The total is the sum of all the sources. 

- DF: denotes the degrees of freedom from each source. 

- SS: represents the sum of squares between groups for factors and the sum of 

squares within groups for the error. 

- MS: the mean squares are obtained by dividing the sum of squares by the degrees 

of freedom. 

- F: the F-value can be calculated by dividing the factor MS by the MS of the error. 

It can be compared with a critical F-value as found in a function table to determine 

whether a factor is significant. 

- P: indicates if a factor is significant. If the P-value is lower than 0,05, the factor is 

significant with 95% certainty. 

 

In Table 17.6, it can be seen that all three main factors have a significant effect on the 

Savings. As indicated by the F-value, Dit has the greatest influence, followed by η and γ. 
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Additionally, two interactions, Dit*η and Dit*γ, also have a significant, but less important, 

effect. The adjusted R² for the model is 69,72%. This measure can be defined as the 

percentage of response variable variation that is explained by its relationship with one or more 

predictor variables, adjusted for the number of predictors in the model. In other words, it is a 

measure of how well the proposed model fits the data. A value of 69,72% indicates that the 

model fits the data reasonably well. 

 

Table 17.6. ANOVA analysis of the Savings 

Source DF SS MS F P 

Dit 2 0,253588 0,126794 188,60 0,000 

γ 2 0,034901 0,017451 25,96 0,000 

η 2 0,086568 0,043284 64,38 0,000 

Dit*γ 4 0,020511 0,005128 7,63 0,000 

Dit*η 4 0,027325 0,006831 10,16 0,000 

γ*η 4 0,002541 0,000635 0,95 0,439 

Dit*γ*η 8 0,008368 0,001046 1,56 0,139 

Error 243 0,163366 0,000672   

Total 269 0,597168    

 

Now that we have proven which factors are significant, we analyze how they influence 

the Savings. Figure 17.2 summarizes the data for all factor combinations. The boxplots clearly 

show that the Savings increase with a rising demand Dit or lengthening preventive 

maintenance duration γ, and that they decrease as the value of the Weibull scale parameter η 

increases. This behaviour makes a lot of sense. In case of low demand there still is a lot of 

spare capacity. Hence, any short-sighted decisions due to the separate planning of 

maintenance and production can easily be rectified. As the facility is more and more utilized, 

however, these short-sighted decisions have an increasing impact on the performance of the 

plant. More backordering is required due to unforeseen planning problems and consequently 

the total costs become much greater than for the integrated approach. The two other factors 

have a similar influence. As maintenance activities take more time, less capacity is available 

for production. In other words, the facility becomes more fully occupied as γ increases. 

Hence, the consequences of planning maintenance and production separately become more 
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important. Likewise, a decreasing value of η also reduces the spare capacity. After all, in this 

case maintenance has to be performed more frequently because of the shorter MTBF. 
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Fig. 17.2. Boxplots of the Savings for all factor combinations 

 

Because of the fact we have encountered no work in literature that studies this 

connection, we will take a closer look at the relationship between the Savings and the 

utilization. As can be seen in Figure 17.3, Savings are virtually nonexistent for a utilization of 

less than 90%. They rise quickly from that point on and reach approximately 14,5% for a fully 

utilized facility with very frequent and lengthy preventive maintenance activities. For the 

average case of a Weibull scale parameter of 6 and a preventive maintenance activity duration 

of 5 hours, the mean Savings vary from about 1% to 8% as the utilization increases from 91% 

to 100%. For the middle case of 96% utilization, the mean Savings are just under 5%. The 

average Savings seen over all factor combinations are a little over 5%. Clearly, these results 

prove that considerable cost reductions can be achieved through the integrated planning of 

production and maintenance. 
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Fig. 17. 3. The mean Savings as a function of the utilization 

 

17.2.2. Comparison of the heuristic and integrated approaches 

We first compare the performances of both heuristic procedures. Subsequently, we 

investigate the influence of the three factors and their interactions on the difference between 

the best heuristic and the integrated approach. 

In Section 15 it was explained that the optimal theoretical preventive maintenance 

interval is rounded to the nearest integer value for heuristic 1, and is rounded downwards for 

heuristic 2. The two heuristic procedures give different results for 12 (of the 27) factor 

combinations. Their performance is compared for each of these combinations in Figure 17.4. 

For each factor setting where there exists a significant difference between the results of both 

methods, heuristic 2 performs better. A 2-sample t-test was used to derive these findings. A 2-

sample t-test also shows that heuristic 2 performs significantly better than heuristic 1 if we 

look at all twelve factor combinations simultaneously. This is visualized by Figure 17.5. We 

can conclude that heuristic 2 generally performs better than heuristic 1. 
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Fig. 17.4.  Boxplots comparing both heuristics for all factor settings in which they differ 

 

Heuristic 2Heuristic 1

1,20%

1,00%

0,80%

0,60%

0,40%

0,20%

0,00%

D
if
fe

r
e
n
c
e
 w

it
h
 i
n
te

g
r
a
te

d
 a

p
p
r
o
a
c
h
 (
%

)

 

Fig. 17.5. Boxplot summarizing the difference between both heuristics for all 12 cases of Fig. 17.4 

 

Next, we investigate the difference in performance between the integrated approach 

and heuristic 2. We will refer to this difference as “Savings2”. The first question we can ask 

ourselves is how close a rule of thumb can approximate the optimal solution as found by the 

integrated model. The answer is given by Figure 17.6, in which the Savings2 are set out for all 

observations. It can be seen that the heuristic approach generally performs very well. In fact, 

if we disregard the three apparent outliers, the second heuristic procedure always gives a 

solution that is within 0,8% of the optimum. The average difference of all the observations is 
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only 0,2%. These findings prove that good results can be obtained if the production 

department just takes the maintenance planning restrictions into account. The fact that the 

maintenance policy is based on a constant preventive maintenance interval, apparently does 

not impede the performance much. 

 

2702432161891621351088154271

1,60%

1,40%

1,20%

1,00%

0,80%

0,60%

0,40%

0,20%

0,00%

Index

S
a
vi

n
g
s
2
 (
%

)

 

Fig. 17.6. Time series plot of the Savings2 (negative Savings2 are due to the solving precision) 

 

Just as we did for the Savings, we now investigate which factors or factor interactions 

have a significant effect on the Savings2 by means of an ANOVA analysis. The proposed 

model’s residuals are examined in Figure 17.7. It can be seen that the model is valid, even 

though that the normal probability plot seems to indicate a slight departure from normality. 

The residuals were proven to be normal with 99,5% certainty, however, with the help of the 

Anderson-Darling test for normality. Consequently, we can proceed and examine Table 17.7. 

In the table, it can be seen that all factors and factor interactions have a significant 

effect on the Savings2. The F-value indicates that γ has by far the greatest influence, followed 

by γ*η, Dit, η, Dit*γ  and Dit*γ*η. The remaining factor interaction term is seen to be less 

important. The adjusted R² is 88,76%, indicating that the proposed model fits the data very 

well. 
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Fig. 17.7. Residual plots for the Savings2 

 

Table 17.7. ANOVA analysis of the Savings2 

Source DF SS MS F P 

Dit 2 0,0000721 0,0000361 49,30 0,000 

γ 2 0,0010017 0,0005008 684,78 0,000 

η 2 0,0000624 0,0000312 42,64 0,000 

Dit*γ 4 0,0000739 0,0000185 25,27 0,000 

Dit*η 4 0,0000071 0,0000018 2,44 0,047 

γ*η 4 0,0003229 0,0000807 110,36 0,000 

Dit*γ*η 8 0,0000325 0,0000041 5,56 0,000 

Error 243 0,0001777 0,0000007   

Total 269 0,0017503    

 

Figure 17.8 gives us insight in how the factors and their interactions influence the 

Savings2. Clearly, the performance of the heuristic procedure improves for a shortening 

preventive maintenance duration γ and a falling demand Dit. After all, if preventive 

maintenance activities take less time or if the plant utilization is lower, the consequences of a 

suboptimal preventive maintenance policy will become less important, which explains why 

the Savings2 decrease in this case. The influence of the Weibull scale parameter η is much 

more difficult to understand due to the importance of the interaction between γ and η. After 
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all, η, which we know determines the MTBF, is not the only factor that influences the 

preventive maintenance interval on which the heuristic procedure is based. As we explained 

in Section 17.1, the maintenance cost ratio Cc/Cp, which varies with γ, also plays an important 

role. More specifically, the theoretical preventive maintenance interval will shorten as both η 

and γ decrease. We will try to obtain more insight in their interaction by viewing a contour 

plot. 
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Fig. 17.8. Boxplots of the Savings2 for all factor combinations 

 

Figure 17.9 shows the contour plot for the percentage difference in total costs between 

the integrated approach and heuristic 2 (Savings2). Figure 17.10 does the same for the 

maintenance policy costs, which are defined as the total maintenance costs minus the 

maintenance labour costs. The similarity between both graphs indicates that the influence of γ 

and η on the total costs is indeed determined by their influence on the maintenance policy 

costs. The Savings2 are the smallest when both γ and η are at their low levels (2,5 hours and 3 

weeks, respectively). This makes sense, as both the preventive maintenance interval and the 

preventive maintenance duration will be minimal for these factor settings. A small preventive 

maintenance interval means that the optimal maintenance policy cannot deviate much from 

the theoretical one, and a short maintenance duration implies that the consequences of a 

suboptimal maintenance policy will be smaller. As can be expected, the intermediate value of 

the Savings2 are attained for the medium values of γ and η (5 hours and 6 weeks, 
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respectively). However, it is not so that the high levels (7,5 hours and 9 weeks) of γ and η 

result in the highest Savings2. Instead, the highest Savings2 are reached when γ and η are 

respectively at their high and low levels. We can only imagine that the higher significance of 

the effect of γ offsets the effect of η in this case. 
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Fig. 17.9. Contour plot showing the combined effects of ηηηη and γγγγ    on the Savings2     
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Fig. 17.10. Contour plot showing the combined effects of ηηηη and γγγγ on the percentage difference  

between the maintenance policy costs of the integrated approach and heuristic 2  
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18. Conclusions 

In this thesis, we have successfully created a model that integrates maintenance and 

aggregate production planning decisions. The model takes the expected breakdown costs into 

account in order to optimize the preventive maintenance policy. 

We presented two other models besides the integrated one. First, we developed a 

heuristic procedure based on the theoretical optimal preventive maintenance interval. Second, 

we presented a non-integrated approach which modelled the inefficiencies that occur when 

maintenance and production planning decisions are optimized individually, and which served 

as a benchmark for assessing the performances of the integrated and heuristic procedures. 

We investigated the behaviour of the realizable savings by means of a full factorial 

design with three factors: the Weibull scale parameter η, the duration of a preventive 

maintenance activity γ and the mean demand per product Dit. We found that the application of 

the integrated model resulted in a total manufacturing cost that was on average 5,1% lower 

than for the non-integrated approach. Generally, the savings tended to be more important as 

Dit and γ increased and η decreased. Particularly interesting was the relation between the 

achievable cost reductions and the utilization. While the savings were found to be nonexistent 

for a utilization of less than 90%, they rose up to 14,5% for a fully utilized facility. Clearly, 

these results prove that considerable savings can be achieved through the integrated planning 

of maintenance and production. 

We found that the heuristic procedure performed significantly better when the 

theoretical optimal preventive maintenance interval was rounded downwards instead of 

towards the nearest integer. We also proved that it generally performs very well. With the 

exception of 3 (out of a total of 270) runs, the heuristic approach always produced a solution 

that was within 0,8% of the optimal one as calculated by the integrated model. The average 

difference was only 0,2%. It tended to be greater as γ and Dit increased. The influence of η 

was more difficult to judge due to the important effect of the interaction between γ and η. 

These findings demonstrate that good results can be achieved if the production department 

just takes the maintenance planning restrictions into account, even if the maintenance policy 

is based on a simple rule of thumb. 

 

19. Suggestions for future research 

Further research may follow several directions. One path would be to study the 

relationship between the utilization and the realizable savings more closely. Another direction 
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would be to expand the model to account for multiple machines. A third possible path would 

be to apply the model to real-life business cases and to do an empirical study of the achievable 

cost reductions. 
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APPENDICES 

Appendix A: function table for evaluating the optimal preventive maintenance interval 

The parameter m in equation (6.26) can be evaluated as a function of the maintenance 

cost ratio Cc/Cp and the Weibull shape parameter β by using Table A.1. 

 

Table A.1.  Values of m as a function of Cc/Cp and β (Dodson and Nolan, 1999) 

ββββ 
Cc/Cp 

1,5 2 2,5 3 4 5 

2 2,229 1,091 0,883 0,81 0,766 0,761 

2,2 1,83 0,981 0,816 0,76 0,731 0,733 

2,4 1,579 0,899 0,764 0,72 0,702 0,711 

2,6 1,401 0,834 0,722 0,688 0,679 0,692 

2,8 1,265 0,782 0,687 0,66 0,659 0,675 

3 1,158 0,738 0,657 0,637 0,642 0,661 

3,3 1,033 0,684 0,62 0,607 0,619 0,642 

3,6 0,937 0,641 0,589 0,582 0,6 0,627 

4 0,839 0,594 0,555 0,554 0,579 0,609 

4,5 0,746 0,547 0,521 0,526 0,557 0,591 

5 0,676 0,511 0,493 0,503 0,538 0,575 

6 0,574 0,455 0,45 0,466 0,509 0,55 

7 0,503 0,414 0,418 0,438 0,486 0,53 

8 0,451 0,382 0,392 0,416 0,468 0,514 

9 0,411 0,358 0,372 0,398 0,452 0,5 

10 0,378 0,337 0,355 0,382 0,439 0,488 

12 0,329 0,304 0,327 0,357 0,417 0,469 

14 0,293 0,279 0,306 0,338 0,4 0,454 

16 0,266 0,26 0,288 0,323 0,386 0,441 

18 0,244 0,244 0,274 0,309 0,374 0,43 

20 0,226 0,23 0,263 0,298 0,364 0,421 

25 0,193 0,205 0,239 0,275 0,343 0,402 

30 0,17 0,186 0,222 0,258 0,328 0,387 
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Appendix B: values of the model parameters 

In the data used for the model validation and the numerical analysis, all product- or time-

dependent parameters are normally distributed random variables with standard deviations that 

have been set at 20% of their mean values. All parameter values are as much as possible 

based on literature (Ashayeri et al., 1996; Brandolese et al., 1996; Cassady and Kutanoglu, 

2003; Cassady and Kutanoglu, 2005; Weinstein and Chung, 1999). They are listed in Table 

B.1. 

 

Table B.1. Values of the model parameters 

Parameter (Mean) Value Unit 

N 50 products 

T 12 months 

k 4 weeks 

Jmax 12 weeks 

   

sit 300 euro 

vit 10 euro 

hit 5 euro 

bit 30 euro 

   

cw
p
 14 euro 

ch
p
 12,5 euro 

cf
p
 20 euro 

co
p
 21 euro 

   

cw
m
 16 euro 

ch
m
 15 euro 

cf
m
 25 euro 

co
m
 24 euro 

   

αi
lt
 0,06 hours 

βi
lt
 0,33 hours 

γ lt 5 hours 
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δ lt
 15 hours 

   

αi
mt
 0,0008 hours 

βi
mt
 0,25 hours 

γ mt
 5 hours 

δ mt
 15 hours 

   

Dit 1100 products 

K 480 hours 

θ 0,4  

ξ 0,4  

Ii0 1000 products 

W0
p
 2400 hours 

W0
m
 480 hours 
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Appendix C: branch and bound algorithm 

Branch and bound is an enumerative procedure often used for solving Mixed Integer 

Linear Programs (MILP) like our model. It is a divide and conquer approach that discards or 

prunes the non-promising search space (Aghezzaf, 2006; Winston, 2003). 

Because of the nature of mixed integer programs, only a limited set of values of the 

integer or binary variables are allowed. This limited set of values is called the feasible region, 

and is the reason that the Simplex algorithm, which is normally used to solve linear programs, 

is inadequate for solving this kind of problems. 

The branch and bound algorithm works as follows. The problem is solved by dividing 

the feasible region into several smaller feasible subregions. This technique is called 

branching, and the constructed subregions are the nodes. As the procedure may be executed 

recursively, a tree structure results, to which we refer as the branch and bound tree. For each 

of the subproblems, lower and upper bounds are calculated. Any feasible solution to the 

problem is an upper bound, while a lower bound may be easily found by solving the Linear 

Programming-relaxation (LP-relaxation) of the model, which is the program that results if all 

integer or binary restrictions on the variables are discarded. This technique is called bounding. 

For each subproblem, there then are four possibilities: 

1. The LP-relaxation of the subproblem is infeasible, implying that the subproblem itself 

is infeasible. Of course, the node should not be partitioned any further in this case. 

2. The obtained lower bound is greater than the upper bound of another (previously 

examined) subproblem, in which case the node should not be investigated any further 

either. Eliminating a problem from further consideration is generally called pruning. 

3. The lower bound of a node matches its upper bound. In this case the subproblem is 

solved, though it may still be pruned as the algorithm continues. 

4. The upper and lower bounds are unequal, in which case the node should be 

investigated further and divided into other subproblems. 

 

Ideally, the algorithm terminates when all the nodes are either pruned or solved. In this 

case the problem is solved to optimality. The inconvenience is, however, that the solving time 

for a branch and bound procedure can be very unpredictable, meaning that it can easily take 

up to several hours or even days to solve certain problems. A lot depends on the nature of the 

problem at hand and on the effectiveness of the branch and bound algorithm used. Therefore, 

the procedure is often terminated after a predetermined time or when a certain precision, or 

gap, is attained. In our analysis, we have chosen for the latter option, and the gap is calculated 
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as the relative difference between the best feasible integer solution and the optimal linear 

programming solution: 

solutionfeasibleBest

solutionfeasibleBestsolutionLPOptimal
Gap

−
=   (C.1) 
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Appendix D: results of the full factorial experiment 

The results of the full factorial experiment are listed below. It can be seen that no 

absolute numbers are given as these naturally depend on the data used. Rather, we always 

consider the relative difference between the integrated and the non-integrated or heuristic 

approaches. 

 

Table D.1. Results of the full factorial experiment 

Factor values 
% improvement of the  

integrated approach versus 
Factor 

combination 
η γmt Dit 

Replication 

Heuristic 1 Heuristic 2 

Non-

integrated 

approach 

1 3 2,5 1050 1 0,00% 0,00% 2,67% 

1 3 2,5 1050 2 0,00% 0,00% 4,90% 

1 3 2,5 1050 3 0,00% 0,00% 1,27% 

1 3 2,5 1050 4 0,00% 0,00% 0,00% 

1 3 2,5 1050 5 0,00% 0,00% 1,47% 

1 3 2,5 1050 6 0,00% 0,00% 6,98% 

1 3 2,5 1050 7 0,00% 0,00% 2,50% 

1 3 2,5 1050 8 0,00% 0,00% 0,00% 

1 3 2,5 1050 9 0,00% 0,00% 0,68% 

1 3 2,5 1050 10 0,00% 0,00% 0,00% 

2 6 2,5 1050 1 0,03% 0,03% 6,25% 

2 6 2,5 1050 2 0,01% 0,02% 0,28% 

2 6 2,5 1050 3 0,02% 0,02% 0,00% 

2 6 2,5 1050 4 0,02% 0,02% 0,00% 

2 6 2,5 1050 5 0,03% 0,03% 5,52% 

2 6 2,5 1050 6 0,02% 0,02% 0,00% 

2 6 2,5 1050 7 0,02% 0,02% 0,00% 

2 6 2,5 1050 8 0,01% 0,02% 0,00% 

2 6 2,5 1050 9 0,02% 0,02% 0,00% 

2 6 2,5 1050 10 0,01% 0,02% 0,76% 

3 9 2,5 1050 1 0,02% 0,02% 0,00% 

3 9 2,5 1050 2 0,02% 0,02% 0,00% 

3 9 2,5 1050 3 0,02% 0,02% 0,00% 

3 9 2,5 1050 4 0,02% 0,02% 0,00% 

3 9 2,5 1050 5 0,02% 0,02% 0,00% 

3 9 2,5 1050 6 0,02% 0,02% 0,66% 
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3 9 2,5 1050 7 0,02% 0,02% 0,00% 

3 9 2,5 1050 8 0,02% 0,02% 0,00% 

3 9 2,5 1050 9 0,02% 0,02% 0,00% 

3 9 2,5 1050 10 0,03% 0,03% 1,07% 

4 3 5 1050 1 0,00% 0,00% 0,00% 

4 3 5 1050 2 0,00% 0,00% 2,57% 

4 3 5 1050 3 0,00% 0,00% 0,00% 

4 3 5 1050 4 0,00% 0,00% 0,00% 

4 3 5 1050 5 0,00% 0,00% 0,91% 

4 3 5 1050 6 0,00% 0,00% 0,00% 

4 3 5 1050 7 0,00% 0,00% 0,89% 

4 3 5 1050 8 0,00% 0,00% 2,81% 

4 3 5 1050 9 0,00% 0,00% 0,29% 

4 3 5 1050 10 0,00% 0,00% 0,32% 

5 6 5 1050 1 0,05% 0,05% 0,60% 

5 6 5 1050 2 0,05% 0,05% 0,00% 

5 6 5 1050 3 0,08% 0,08% 0,97% 

5 6 5 1050 4 0,05% 0,05% 1,15% 

5 6 5 1050 5 0,05% 0,05% 0,00% 

5 6 5 1050 6 0,05% 0,05% 1,30% 

5 6 5 1050 7 0,08% 0,08% 1,83% 

5 6 5 1050 8 0,05% 0,05% 0,03% 

5 6 5 1050 9 0,05% 0,05% 0,01% 

5 6 5 1050 10 0,06% 0,06% 2,08% 

6 9 5 1050 1 0,07% 0,08% 1,32% 

6 9 5 1050 2 0,08% 0,09% 2,96% 

6 9 5 1050 3 0,06% 0,07% 0,00% 

6 9 5 1050 4 0,08% 0,09% 0,81% 

6 9 5 1050 5 0,09% 0,07% 0,00% 

6 9 5 1050 6 0,07% 0,08% 2,77% 

6 9 5 1050 7 0,08% 0,09% 1,42% 

6 9 5 1050 8 0,07% 0,06% 0,00% 

6 9 5 1050 9 0,07% 0,08% 0,01% 

6 9 5 1050 10 0,07% 0,09% 0,30% 

7 3 7,5 1050 1 0,37% 0,37% 0,00% 

7 3 7,5 1050 2 0,60% 0,60% 5,00% 

7 3 7,5 1050 3 0,39% 0,39% 0,32% 

7 3 7,5 1050 4 0,38% 0,38% 0,00% 

7 3 7,5 1050 5 0,65% 0,65% 4,08% 

7 3 7,5 1050 6 0,38% 0,38% 0,00% 
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7 3 7,5 1050 7 0,38% 0,38% 0,00% 

7 3 7,5 1050 8 0,38% 0,38% 0,00% 

7 3 7,5 1050 9 0,41% 0,41% 3,59% 

7 3 7,5 1050 10 0,58% 0,58% 4,78% 

8 6 7,5 1050 1 0,43% 0,36% 2,93% 

8 6 7,5 1050 2 0,39% 0,26% 0,00% 

8 6 7,5 1050 3 0,39% 0,26% 0,00% 

8 6 7,5 1050 4 0,49% 0,40% 1,28% 

8 6 7,5 1050 5 0,40% 0,28% 0,01% 

8 6 7,5 1050 6 0,44% 0,39% 2,08% 

8 6 7,5 1050 7 0,40% 0,25% 0,01% 

8 6 7,5 1050 8 0,52% 0,38% 2,97% 

8 6 7,5 1050 9 0,41% 0,28% 0,01% 

8 6 7,5 1050 10 0,40% 0,27% 0,03% 

9 9 7,5 1050 1 0,24% 0,16% 2,70% 

9 9 7,5 1050 2 0,18% 0,12% 0,00% 

9 9 7,5 1050 3 0,20% 0,14% 0,00% 

9 9 7,5 1050 4 0,23% 0,13% 0,02% 

9 9 7,5 1050 5 0,22% 0,13% 0,01% 

9 9 7,5 1050 6 0,23% 0,14% 0,61% 

9 9 7,5 1050 7 0,20% 0,13% 0,02% 

9 9 7,5 1050 8 0,21% 0,15% 0,00% 

9 9 7,5 1050 9 0,22% 0,14% 1,73% 

9 9 7,5 1050 10 0,22% 0,14% 0,00% 

10 3 2,5 1100 1 -0,04% -0,04% 8,51% 

10 3 2,5 1100 2 0,00% 0,00% 10,91% 

10 3 2,5 1100 3 0,00% 0,00% 9,30% 

10 3 2,5 1100 4 0,00% 0,00% 7,86% 

10 3 2,5 1100 5 0,00% 0,00% 10,20% 

10 3 2,5 1100 6 0,00% 0,00% 5,56% 

10 3 2,5 1100 7 0,00% 0,00% 1,77% 

10 3 2,5 1100 8 0,00% 0,00% 0,00% 

10 3 2,5 1100 9 0,00% 0,00% 5,48% 

10 3 2,5 1100 10 0,00% 0,00% 5,94% 

11 6 2,5 1100 1 0,02% 0,03% 1,23% 

11 6 2,5 1100 2 0,02% 0,04% 6,41% 

11 6 2,5 1100 3 0,04% 0,05% 2,27% 

11 6 2,5 1100 4 0,05% 0,02% 1,36% 

11 6 2,5 1100 5 0,05% 0,05% 1,85% 

11 6 2,5 1100 6 0,02% 0,02% 0,00% 
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11 6 2,5 1100 7 0,01% 0,01% 1,20% 

11 6 2,5 1100 8 0,06% 0,04% 2,33% 

11 6 2,5 1100 9 0,02% 0,03% 2,00% 

11 6 2,5 1100 10 0,06% 0,04% 2,87% 

12 9 2,5 1100 1 0,02% 0,02% 1,19% 

12 9 2,5 1100 2 0,03% 0,03% 1,89% 

12 9 2,5 1100 3 0,04% 0,04% 4,02% 

12 9 2,5 1100 4 0,02% 0,02% 0,00% 

12 9 2,5 1100 5 0,05% 0,05% 5,95% 

12 9 2,5 1100 6 0,07% 0,07% 4,64% 

12 9 2,5 1100 7 0,02% 0,02% 1,20% 

12 9 2,5 1100 8 0,05% 0,05% 5,39% 

12 9 2,5 1100 9 0,02% 0,02% 0,00% 

12 9 2,5 1100 10 0,02% 0,02% 3,02% 

13 3 5 1100 1 0,00% 0,00% 9,99% 

13 3 5 1100 2 0,00% 0,00% 12,59% 

13 3 5 1100 3 0,00% 0,00% 5,15% 

13 3 5 1100 4 0,01% 0,01% 4,22% 

13 3 5 1100 5 0,00% 0,00% 9,22% 

13 3 5 1100 6 -0,01% -0,01% 15,76% 

13 3 5 1100 7 -0,01% -0,01% 11,14% 

13 3 5 1100 8 0,00% 0,00% 9,73% 

13 3 5 1100 9 -0,01% -0,01% 14,19% 

13 3 5 1100 10 0,01% 0,01% 13,99% 

14 6 5 1100 1 0,13% 0,13% 9,04% 

14 6 5 1100 2 0,11% 0,11% 8,24% 

14 6 5 1100 3 0,08% 0,08% 3,49% 

14 6 5 1100 4 0,02% 0,02% 1,35% 

14 6 5 1100 5 0,05% 0,05% 0,00% 

14 6 5 1100 6 0,12% 0,12% 4,89% 

14 6 5 1100 7 0,14% 0,14% 9,26% 

14 6 5 1100 8 0,05% 0,05% 0,00% 

14 6 5 1100 9 0,12% 0,12% 8,71% 

14 6 5 1100 10 0,13% 0,13% 3,41% 

15 9 5 1100 1 0,12% 0,11% 2,73% 

15 9 5 1100 2 0,08% 0,07% 0,04% 

15 9 5 1100 3 0,07% 0,08% 0,01% 

15 9 5 1100 4 0,19% 0,07% 6,63% 

15 9 5 1100 5 0,07% 0,04% 0,29% 

15 9 5 1100 6 0,08% 0,08% 0,18% 
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15 9 5 1100 7 0,06% 0,07% 0,00% 

15 9 5 1100 8 0,12% 0,15% 3,51% 

15 9 5 1100 9 0,12% 0,11% 1,60% 

15 9 5 1100 10 0,19% 0,17% 5,59% 

16 3 7,5 1100 1 0,72% 0,72% 9,72% 

16 3 7,5 1100 2 0,75% 0,75% 18,38% 

16 3 7,5 1100 3 0,56% 0,56% 6,03% 

16 3 7,5 1100 4 0,78% 0,78% 8,54% 

16 3 7,5 1100 5 0,78% 0,78% 9,47% 

16 3 7,5 1100 6 0,55% 0,55% 4,56% 

16 3 7,5 1100 7 0,60% 0,60% 4,78% 

16 3 7,5 1100 8 0,73% 0,73% 19,62% 

16 3 7,5 1100 9 0,76% 0,76% 19,20% 

16 3 7,5 1100 10 0,52% 0,52% 3,93% 

17 6 7,5 1100 1 0,66% 0,40% 5,77% 

17 6 7,5 1100 2 0,51% 0,32% 1,84% 

17 6 7,5 1100 3 0,76% 0,56% 4,95% 

17 6 7,5 1100 4 0,82% 0,54% 4,34% 

17 6 7,5 1100 5 0,82% 0,52% 11,20% 

17 6 7,5 1100 6 0,59% 0,52% 9,90% 

17 6 7,5 1100 7 0,81% 0,48% 12,40% 

17 6 7,5 1100 8 0,67% 0,51% 6,35% 

17 6 7,5 1100 9 0,65% 0,38% 6,18% 

17 6 7,5 1100 10 0,63% 0,43% 4,81% 

18 9 7,5 1100 1 0,38% 0,19% 6,97% 

18 9 7,5 1100 2 0,50% 0,27% 10,78% 

18 9 7,5 1100 3 0,37% 0,25% 7,66% 

18 9 7,5 1100 4 0,50% 0,39% 8,12% 

18 9 7,5 1100 5 0,22% 0,13% 0,53% 

18 9 7,5 1100 6 0,24% 0,13% 1,26% 

18 9 7,5 1100 7 0,32% 0,17% 2,67% 

18 9 7,5 1100 8 0,25% 0,14% 1,44% 

18 9 7,5 1100 9 0,45% 0,27% 8,55% 

18 9 7,5 1100 10 0,35% 0,11% 1,10% 

19 3 2,5 1150 1 0,01% 0,01% 10,43% 

19 3 2,5 1150 2 0,00% 0,00% 10,90% 

19 3 2,5 1150 3 0,01% 0,01% 10,51% 

19 3 2,5 1150 4 -0,06% -0,06% 4,49% 

19 3 2,5 1150 5 0,00% 0,00% 6,47% 

19 3 2,5 1150 6 0,01% 0,01% 6,29% 
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19 3 2,5 1150 7 0,05% 0,05% 8,31% 

19 3 2,5 1150 8 0,04% 0,04% 5,08% 

19 3 2,5 1150 9 0,01% 0,01% 8,46% 

19 3 2,5 1150 10 0,02% 0,02% 7,73% 

20 6 2,5 1150 1 0,02% 0,05% 7,67% 

20 6 2,5 1150 2 0,03% 0,04% 7,29% 

20 6 2,5 1150 3 0,04% 0,00% 5,28% 

20 6 2,5 1150 4 0,02% 0,04% 6,45% 

20 6 2,5 1150 5 0,05% 0,05% 5,20% 

20 6 2,5 1150 6 0,04% 0,05% 4,76% 

20 6 2,5 1150 7 0,03% 0,09% 5,63% 

20 6 2,5 1150 8 0,03% 0,04% 6,87% 

20 6 2,5 1150 9 0,03% 0,05% 6,14% 

20 6 2,5 1150 10 0,03% 0,02% 6,02% 

21 9 2,5 1150 1 0,10% 0,10% 4,59% 

21 9 2,5 1150 2 0,07% 0,07% 3,08% 

21 9 2,5 1150 3 0,02% 0,02% 4,12% 

21 9 2,5 1150 4 0,08% 0,08% 4,93% 

21 9 2,5 1150 5 0,10% 0,10% 2,63% 

21 9 2,5 1150 6 0,04% 0,04% 2,20% 

21 9 2,5 1150 7 0,04% 0,04% 3,32% 

21 9 2,5 1150 8 0,04% 0,04% 2,66% 

21 9 2,5 1150 9 0,06% 0,06% 3,54% 

21 9 2,5 1150 10 0,07% 0,07% 4,52% 

22 3 5 1150 1 0,00% 0,00% 15,46% 

22 3 5 1150 2 0,00% 0,00% 14,58% 

22 3 5 1150 3 0,01% 0,01% 12,87% 

22 3 5 1150 4 0,02% 0,02% 14,10% 

22 3 5 1150 5 -0,02% -0,02% 14,30% 

22 3 5 1150 6 0,01% 0,01% 9,12% 

22 3 5 1150 7 -0,01% -0,01% 12,08% 

22 3 5 1150 8 0,02% 0,02% 12,35% 

22 3 5 1150 9 -0,01% -0,01% 13,05% 

22 3 5 1150 10 0,01% 0,01% 9,09% 

23 6 5 1150 1 0,15% 0,15% 7,00% 

23 6 5 1150 2 0,14% 0,14% 4,07% 

23 6 5 1150 3 0,14% 0,14% 9,56% 

23 6 5 1150 4 0,13% 0,13% 7,33% 

23 6 5 1150 5 0,13% 0,13% 8,87% 

23 6 5 1150 6 0,14% 0,14% 7,25% 
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23 6 5 1150 7 0,14% 0,14% 11,36% 

23 6 5 1150 8 0,13% 0,13% 6,85% 

23 6 5 1150 9 0,14% 0,14% 8,84% 

23 6 5 1150 10 0,13% 0,13% 7,55% 

24 9 5 1150 1 0,19% 0,15% 6,59% 

24 9 5 1150 2 0,16% 0,14% 6,15% 

24 9 5 1150 3 0,14% 0,15% 6,45% 

24 9 5 1150 4 0,16% 0,12% 5,66% 

24 9 5 1150 5 0,17% 0,15% 7,81% 

24 9 5 1150 6 0,18% 0,13% 6,66% 

24 9 5 1150 7 0,21% 0,18% 7,35% 

24 9 5 1150 8 0,20% 0,18% 3,66% 

24 9 5 1150 9 0,22% 0,10% 2,37% 

24 9 5 1150 10 0,22% 0,15% 5,53% 

25 3 7,5 1150 1 1,59% 1,59% 8,29% 

25 3 7,5 1150 2 0,74% 0,74% 17,85% 

25 3 7,5 1150 3 0,80% 0,80% 15,95% 

25 3 7,5 1150 4 0,72% 0,72% 14,69% 

25 3 7,5 1150 5 0,74% 0,74% 17,83% 

25 3 7,5 1150 6 0,74% 0,74% 18,79% 

25 3 7,5 1150 7 0,78% 0,78% 14,06% 

25 3 7,5 1150 8 1,34% 1,34% 15,34% 

25 3 7,5 1150 9 0,61% 0,61% 8,43% 

25 3 7,5 1150 10 1,58% 1,58% 11,89% 

26 6 7,5 1150 1 0,90% 0,61% 8,95% 

26 6 7,5 1150 2 1,19% 0,67% 8,35% 

26 6 7,5 1150 3 0,90% 0,56% 8,84% 

26 6 7,5 1150 4 0,81% 0,50% 12,35% 

26 6 7,5 1150 5 0,90% 0,58% 9,48% 

26 6 7,5 1150 6 0,99% 0,65% 9,93% 

26 6 7,5 1150 7 1,10% 0,64% 10,89% 

26 6 7,5 1150 8 0,82% 0,53% 10,85% 

26 6 7,5 1150 9 0,86% 0,57% 14,60% 

26 6 7,5 1150 10 0,92% 0,60% 8,25% 

27 9 7,5 1150 1 0,53% 0,30% 7,86% 

27 9 7,5 1150 2 0,42% 0,26% 6,74% 

27 9 7,5 1150 3 0,35% 0,28% 7,66% 

27 9 7,5 1150 4 0,50% 0,32% 5,23% 

27 9 7,5 1150 5 0,49% 0,27% 6,86% 

27 9 7,5 1150 6 0,49% 0,27% 9,91% 
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27 9 7,5 1150 7 0,56% 0,23% 5,51% 

27 9 7,5 1150 8 0,43% 0,29% 7,96% 

27 9 7,5 1150 9 0,55% 0,27% 10,24% 

27 9 7,5 1150 10 0,41% 0,23% 8,25% 
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