
FACULTY OF SCIENCES

Faculty of Sciences
Department of Physics and Astronomy

A holographic view of entanglement entropy

Matthias Bal

Dissertation submitted in fulfillment of the requirements for the degree of
Master of Science in Physics and Astronomy

Academic year: 2012-2013

Promoter: Dr. Karel Van Acoleyen





Acknowledgements

I would like to thank my promoter Dr. Karel Van Acoleyen for offering the opportunity
to explore interesting new ideas. In the last few months, I have learned a great deal of
fascinating physics, which has made the process of writing this dissertation both worthwhile
and rewarding. I would also like to thank the quantum group of Prof. Dr. Frank Verstraete
for hosting regular lunch meetings and providing a stimulating environment.

On a personal level, I wish to express my sincerest gratitude to my friends, family and cat for
their love and encouragement. To my parents, for their unconditional support. To my brother,
for his interest in my well-being. To my close friends, for keeping up with my whining and
complaining. To Berdien, without whom I would not be the person I am today.

Matthias Bal June 2013





Contents

1 Introduction 1

2 Theoretical groundwork 5

2.1 Quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 States and density operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.2 Unitary evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.3 Quantum measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.4 Composite physical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Extended quantum systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Quantum lattice models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.2 Quantum field theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.3 Thermodynamic limit and cutoff . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Quantum correlations and entanglement . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3.1 Bell’s inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.2 Reduced density operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.3 Singular value and Schmidt decomposition . . . . . . . . . . . . . . . . . . 15

2.3.4 Entanglement entropy and mutual information . . . . . . . . . . . . . . . 16

2.3.5 Quantum phase transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.6 Area laws in quantum lattice systems . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Renormalization group theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4.1 Quantum and classical partition functions . . . . . . . . . . . . . . . . . . 22

2.4.2 Momentum-space renormalization in the continuum . . . . . . . . . . . 23

2.5 Conformal field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.1 Conformal group in d dimensions . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.2 Conformal theories in d ≥ 3 dimensions . . . . . . . . . . . . . . . . . . . 26

2.5.3 Conformal theories in two dimensions . . . . . . . . . . . . . . . . . . . . 27



vi Contents

3 The holographic principle 33

3.1 Black hole entropy and holography . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1.1 Black hole thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1.2 Unruh and Hawking temperature . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1.3 Bekenstein-Hawking entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.1.4 Entropy bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.1.5 The holographic principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 AdS/CFT correspondence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.1 Large N limit of gauge theories . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.2 Maldacena conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.3 Euclidean GKPW prescription . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.4 Holographic interpretation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2.5 Finite temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3 Towards an efficient description of physical Hilbert space . . . . . . . . . . . . . 55

4 Variational real space renormalization group methods 59

4.1 Tensor network states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.1.1 Numerical renormalization group methods . . . . . . . . . . . . . . . . . 60

4.1.2 Matrix product states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.1.3 Projected entangled-pair states . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2 Entanglement renormalization on the lattice . . . . . . . . . . . . . . . . . . . . . . 67

4.2.1 Coarse-graining and entanglement . . . . . . . . . . . . . . . . . . . . . . . 68

4.2.2 Multi-scale entanglement renormalization ansatz . . . . . . . . . . . . . . 70

4.2.3 Renormalization group, fixed points and quantum phases . . . . . . . . 74

4.3 Entanglement renormalization in the continuum . . . . . . . . . . . . . . . . . . . 75

4.3.1 Continuous entanglement renormalization ansatz . . . . . . . . . . . . . 77

4.3.2 Renormalization group flow . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.3.3 Correlations and entanglement entropy . . . . . . . . . . . . . . . . . . . . 84

4.3.4 Example: free scalar field theory . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.4 Physical and holographic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.4.1 Correlations and geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.4.2 Entanglement entropy and area laws . . . . . . . . . . . . . . . . . . . . . . 92

4.4.3 Holographic branching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94



Contents vii

5 Holographic entanglement entropy 95

5.1 Black holes, entanglement and the area law . . . . . . . . . . . . . . . . . . . . . . . 95

5.2 Entanglement entropy in quantum field theories . . . . . . . . . . . . . . . . . . . 97

5.2.1 The replica trick . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.2.2 Path integrals and Riemann surfaces . . . . . . . . . . . . . . . . . . . . . . 98

5.2.3 Twist fields and correlation functions . . . . . . . . . . . . . . . . . . . . . 100

5.2.4 Entanglement entropy in CFT2 . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.3 The Ryu-Takayanagi conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.3.1 Motivation and definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.3.2 Area law and properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5.3.3 Holographic entanglement entropy in AdS3/CFT2 . . . . . . . . . . . . . 111

5.3.4 Holographic entanglement entropy in AdSd+2/CFTd+1 . . . . . . . . . . 114

5.3.5 Applications in condensed matter and high-energy physics . . . . . . . 116

6 Holography and entanglement renormalization 119

6.1 Entanglement and spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.2 Holographic interpretation of the MERA . . . . . . . . . . . . . . . . . . . . . . . . 122

6.2.1 Geometry from entanglement . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6.2.2 Finite temperature and black holes . . . . . . . . . . . . . . . . . . . . . . . 125

6.2.3 Structure of correlation functions . . . . . . . . . . . . . . . . . . . . . . . . 126

6.2.4 Heuristic metric proposal for holographic geometry . . . . . . . . . . . 127

6.3 Towards holographic entanglement renormalization . . . . . . . . . . . . . . . . . 131

Conclusion 133

Appendix A Anti-de Sitter space 135

A.1 AdSd+2 from pseudo-Euclidean embedding . . . . . . . . . . . . . . . . . . . . . . . 135

A.2 Vacuum solution Einstein-Hilbert action . . . . . . . . . . . . . . . . . . . . . . . . 135

A.3 Common coordinate systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

A.4 Euclidean anti-de Sitter space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

Bibliography 138





Chapter 1

Introduction

In the last two decades, the discipline of quantum many-body physics has flourished under the
influence of seemingly unrelated branches of theoretical physics. By combining ideas from
condensed matter physics, renormalization group theory, quantum information theory and
even quantum gravity, powerful new variational tools have been developed to approximate
strongly correlated quantum systems. The study of entanglement has been of key importance
in this respect, as entanglement expresses the purely quantum mechanical correlations occur-
ring between subsystems of a larger quantum system. Entanglement between a subsystem
and the rest of a system can be quantified by the entanglement entropy, which generally scales
with the volume of the subsystem under consideration. However, it has been found for
lattice systems that the entanglement entropy in ground states and low-lying excited states of
local Hamiltonians scales with the area of the boundary of the subsystem, up to logarithmic
corrections for critical systems. Physically relevant states thus contain less entanglement than
generic quantum states and occupy only a tiny corner of the exponentially large Hilbert space
of a quantum many-body system. This permits an efficient and accurate parametrization of
that corner in terms of variational wavefunctions, collectively known as tensor network states.

The area law scaling behavior of entanglement entropy in lattice systems is strongly remi-
niscent of black holes, whose Bekenstein-Hawking entropy is known to be proportional to
the area of the black hole horizon. To gain a better understanding of black hole entropy,
the relationship between black holes, entanglement entropy and area laws in the continuum
has been studied extensively since the early nineties. In an attempt to reconcile quantum
mechanics with gravity, ’t Hooft and Susskind conjectured the holographic principle in 1993
by claiming that the information contained in the interior of a spacetime volume can be
equivalently represented by degrees of freedom living on the boundary of that region. The
most explicit and well-understood realization of this principle is the AdS/CFT correspondence,
which was formulated by Maldacena in 1999 and relates a (d + 2)-dimensional gravitational
theory in anti-de Sitter spacetime times a compact manifold to a (d+1)-dimensional conformal
field theory living on the boundary of that spacetime. In 2006, Ryu and Takayanagi proposed
the holographic entanglement entropy as a geometrical interpretation of entanglement entropy
in the framework of AdS/CFT by associating the area of a minimal surface in the bulk to
the entanglement entropy of a subsystem defined on the boundary. In this way, a relation
between holographic geometry and entanglement entropy was established.
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The above developments suggest that some kind of holographic principle might be key
to interpreting the success of tensor network states in describing ground states of local
Hamiltonians. In this dissertation, we will focus on the particularly explicit holographic
interpretation of the multi-scale entanglement renormalization ansatz, as was first suggested
by Swingle in 2009. The entanglement renormalization process underlying this variational
ansatz makes use of an additional dimension to organize the information in a quantum state in
terms of effective descriptions according to a length scale. The idea of Swingle was to identify
the emergent renormalization group scale of the multi-scale entanglement renormalization
ansatz with the holographic dimension appearing in the bulk spacetime of the AdS/CFT
correspondence, leading to a remarkable qualitative agreement between these two concepts.
More generally, it is important to investigate the extent to which entanglement can relate
holography to variational renormalization group methods, as the existence of a quantitative
connection could lead to intriguing new insights in both disciplines.

The goal of this dissertation is to provide an overview of recent developments on the con-
nection between holography and the multi-scale entanglement renormalization ansatz. By
collecting ideas that were previously scattered across the literature, it is our intention to
provide a coherent presentation of why this connection seems plausible and how it might
serve as a bridge between different areas of physics. Along the way, all necessary ingredients
will be introduced to arrive at a complete and accessible picture of the current state of the art.
An overview of the key concepts is given in Fig. 1.1, together with a subjective take on their
interrelationships.

(Chapter 2)
entanglement entropy

tensor networks
(Chapter 4)

Quantum gravity
String theory

Quantum
information

theory

Quantum many-
body systems

(lattice, QFT, CFT)
AdS/CFT

holography
(Chapter 3)

holographic entanglement
entropy (Chapter 5)

holography and
entanglement

renormalization
(Chapter 6)

Figure 1.1: A map of the key concepts discussed in this dissertation.

Chapter 2 starts of with the postulates of quantum mechanics and defines extended quantum
systems. Next, the nature of quantum correlations and entanglement is investigated and the
emergence of area laws for the entanglement entropy of lattice systems is highlighted. Basic
notions of renormalization group theory and conformal field theory are introduced as well.

Chapter 3 discusses how black hole entropy and considerations of quantum gravity led to
the holographic principle, with the AdS/CFT correspondence as its most well-understood
realization. At the end of the chapter, a preview is given of the assumed holographic nature of
the variational ansätze that will be studied in the next chapter.
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Chapter 4 provides an introduction to variational real space renormalization group methods
and attempts to highlight the importance of entanglement entropy in their development.
After describing matrix product states, entanglement renormalization is introduced and its
associated multi-scale entanglement renormalization ansatz is studied both on the lattice and
in the continuum. Finally, the different geometries of tensor network states are contrasted.

Chapter 5 introduces the parallel development of entanglement entropy in high-energy
physics and studies entanglement entropy in (1+ 1)-dimensional conformal field theories.
Next, a holographic interpretation of entanglement entropy is provided in the framework of
the AdS/CFT correspondence. After this chapter, all pieces will be in place to appreciate the
conjectured connection between holography and entanglement renormalization.

Chapter 6 presents a preliminary exploration of the connection between entanglement and
spacetime, after which the qualitative arguments in favor of the holographic interpretation of
entanglement renormalization are given. This final chapter is concluded with an analysis of
some of the shortcomings of the current proposal and provides suggestions for future research.





Chapter 2

Theoretical groundwork

In this chapter, a concise summary is given of the ideas and concepts that are of importance
for the remainder of this dissertation. After highlighting the postulates of quantum mechanics
and defining extended quantum systems, the next sections deal with quantum correlations
and entanglement entropy and discuss the emergence of area laws due to the special nature of
quantum states governed by local interactions. Next, the renormalization group is described,
which is an essential mathematical tool to quantify the effect of scale transformations in
physical systems and unifies the physics of fluctuations that encompass a wide range of scales.
The last section introduces basic notions of conformal field theories, which arise naturally in
string theory, high-energy physics, condensed matter physics and statistical mechanics.

2.1 Quantum mechanics

2.1.1 States and density operators

The physical state Ψ(t ) of a quantum system at time t is described by a state vector |Ψ(t )〉
living in a Hilbert space H or, equivalently, by a density operator ρ(t ) ∈ L(H), which is a
self-adjoint, positive, linear operator of unit trace. The state of a quantum system is said to be
a pure state1 Ψ when it is known exactly, in which case the associated density operator reduces
to ρ= |Ψ〉 〈Ψ| with a single eigenvalue λ= 1. Otherwise, the system is said to be in a mixed
state, describing an ensemble of pure states {pi , |ψi〉} where pi denotes the probability of the
system to be in the state ψi . The associated density operator is given by ρ=

∑

i pi |ψi〉 〈ψi |,
which is a most convenient quantity to describe both quantum systems whose state is not
completely known and subsystems of composite quantum systems. Note that an explicit
ensemble interpretation of the density operator is not needed, as it is completely characterized
by the positivity and trace conditions, which respectively imply positive eigenvalues and
proper normalization. A simple criterion to determine whether a given state is pure or mixed
is given by Tr(ρ2)≤ 1, where the equality holds if and only if ρ describes a pure state.

1Note that pure states are in fact an idealization, occurring, for example, at zero temperature and in most
applications of quantum information theory. In practice, interaction with the environment inevitably leads to
decoherence and the state under consideration becomes mixed.
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2.1.2 Unitary evolution

In continuous time, the evolution of a state Ψ(t ) of a closed2 quantum system is described by
the well-known Schrödinger equation

i
d

dt
|Ψ(t )〉=H (t ) |Ψ(t )〉 , (2.1)

where H (t ) is the Hamiltonian of the closed system. The solution of this equation may be
written in terms of a unitary evolution operator U (t , t0), which transforms the state |Ψ(t0)〉
at time t0 to the state |Ψ(t )〉 at time t , so that |Ψ(t )〉= U (t , t0) |Ψ(t0)〉. More generally, the
evolution of a state in a closed quantum system is described by a unitary transformation,
which need not be a continuous time evolution. This interpretation lends itself more easily
to thinking in terms of quantum circuits with unitary quantum gates acting on states, which
will be encountered in Chapter 4. From the unitary transformation of the state vectors, the
density operator ρ(t ) is seen to transform as ρ(t ) =U (t , t0)ρ(t0)U

†(t , t0), which leads to

d

dt
ρ(t ) =−i[H (t ),ρ(t )]. (2.2)

The Liouville-von Neumann equation (2.2) governs unitary time evolution of a density opera-
tor ρ(t ) describing a closed quantum system. It is completely equivalent to the corresponding
Schrödinger equation for state vectors and can be regarded as the quantum analog of the
Liouville equation of classical statistical and Hamiltonian mechanics.

2.1.3 Quantum measurements

In the so-called general measurement formalism, quantum measurements are described by a
set {Mm} of measurement operators with possible results m, which act on the state space of
the system and satisfy the completeness relation

∑

m M †
m Mm = 1 [1]. If the state of a quantum

system is |ψ〉 before a measurement, then the probability for the possible outcome m to occur
is given by p(m) = 〈ψ|M †

mMm|ψ〉, while the state after measuring becomes

Mm |ψ〉
Æ

〈ψ|M †
mMm|ψ〉

. (2.3)

As a trivial example of the general measurement formalism, consider the measurement of a
single qubit in the computational basis {|0〉 , |1〉}. The two outcomes are defined by the two
measurement operators M0 = |0〉 〈0| and M1 = |1〉 〈1|, which are Hermitian in this example
and satisfy M 2

i =Mi for i = 0,1, so that the completeness relation is obeyed. The probabilities
for the two possible outcomes when measuring the state |ψ〉= α |0〉+β |1〉, ∀α,β ∈C, are

p(0) = 〈ψ|M †
0 M0|ψ〉= |α|

2, p(1) = 〈ψ|M †
1 M1|ψ〉= |β|

2. (2.4)

2Note that the time evolution of open quantum systems requires more advanced tools from quantum
information and quantum computation, such as the quantum operator formalism, quantum noise and master
equations [1].
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The states after measuring are respectively (α/|α|) |0〉 and (β/|β|) |1〉, which are effectively |0〉
and |1〉 up to a phase factor. Note that if the post-measurement state is of no importance and
only the measurement statistics are required, then the positive operator-valued measure (POVM)
formalism can be employed, which is a widely used special case of the general measurement
formalism. The positive operators Em ≡M †

mMm denote the POVM elements associated to the
measurement, so that

∑

m Em = I and p(m) = 〈ψ|Em|ψ〉. It can be shown that no quantum
measurement is capable of distinguishing non-orthonormal states, but the POVM formalism
can be applied to distinguish quantum states some of the time. It never makes an error of
mis-identification in the long run, although the measurement sometimes yields a result which
does not allow to infer anything about the identity of the state. The key idea behind POVM is
that this non-result prevents mistakingly identifying states.

A perhaps more familiar special case are the projective measurements, which are sufficient to
implement general measurements once all postulates of quantum mechanics are taken into
account. A projective measurement is described by an observable M , which is a Hermitian
operator on the state space of the system being observed. It has spectral decomposition
M =

∑

m mPm, where Pm is the projector onto the eigenspace of M with eigenvalue m. The
probability to obtain an outcome m is equal to p(m) = 〈ψ|Pm|ψ〉, with the state becoming
Pm |ψ〉/

p

p(m) after outcome m has occurred. These statements follow from the general
measurement formalism when the measurement operators are taken to be orthogonal pro-
jectors satisfying Mm =M †

m and Mm Mm′ = δmm′Mm, in addition to the completeness relation
∑

m M †
mMm = 1. Expectation values can be easily obtained as

〈M 〉=
∑

m

m p(m) =
∑

m

m 〈ψ|Pm|ψ〉= 〈ψ|
∑

m

mPm|ψ〉= 〈ψ|M |ψ〉 . (2.5)

In the language of density operators, general measurements are similarly described by a
collection {Mm} of measurement operators satisfying

∑

m M †
mMm = 1 with possible results

m. If ρ is the density operator immediately before the measurement, then the probability for
outcome m to occur is p(m) = Tr(M †

m Mmρ) and the state of the system after measuring is
given by MmρM †

m/
p

p(m). For projective measurements, the expectation value is given by

〈M 〉=
∑

m

m p(m) =
∑

m

m Tr
�

Pmρ
�

=Tr

��

∑

m

mPm

�

ρ

�

=Tr (Mρ) . (2.6)

2.1.4 Composite physical systems

The last postulate of quantum mechanics states that the Hilbert space of a composite physical
system is the tensor product of the individual Hilbert spaces of its components. Given n
systems, the joint state of a composite system is given by |ψ1〉 ⊗ |ψ2〉 ⊗ . . . |ψn〉 in terms of
state vectors or by ρ1⊗ρ2⊗ . . .ρn in terms of density operators. Note that this behavior is
of prime importance for quantum many-body physics and contains the essence of quantum
entanglement. To illustrate the formalism of the previous subsections, the important notion
of an ancilla system is introduced below, which will be encountered at the end of Chapter 3
and in Chapter 4.
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Ancilla system

Let Q be the Hilbert space of a quantum system Q and let the measurement operators {Mm}
describe a measurement on that system. Next, introduce an ancilla system M with Hilbert
space M, having an orthonormal basis |m〉 that is in one-to-one correspondence with the
possible outcomes m of the measurement we want to perform. The ancilla system can either
be regarded as a mathematical tool in the measurement construction or it can be an actual
physical quantum system with the required properties. By letting |0〉 denote any fixed state of
M, an operator U can defined to act on product states of the form |ψ〉 |0〉, ∀|ψ〉 ∈Q, by

U |ψ〉 |0〉=
∑

m

Mm |ψ〉 |m〉 . (2.7)

Using the orthonormality of the |m〉 states and the completeness relation of the measurement
operators, we find

〈φ| 〈0|U †U |ψ〉 |0〉=
∑

m′,m′′
〈φ|M †

m′
Mm′′ |ψ〉 〈m

′|m′′〉=
∑

m′
〈φ|M †

m′
Mm′ |ψ〉= 〈φ|ψ〉 . (2.8)

The operator U preserves inner products between states of the form |ψ〉 |0〉 and it can be
shown that U can be extended to a unitary operator on the whole tensor product spaceQ⊗M,
which we continue to denote by U . Performing a projective measurement on the two systems,
described by the projectors Pm ≡ IQ⊗ |m〉 〈m|, leads to a probability for the result m of

p(m) = 〈ψ| 〈0|U †PmU |ψ〉 |0〉= 〈ψ|M †
m Mm|ψ〉 , (2.9)

which is exactly what was postulated in the previous section for general measurements. After
measuring outcome m, the joint state of the two systems is given by

PmU |ψ〉 |0〉
Æ

〈ψ| 〈0|U †PmU |ψ〉 |0〉
=

Mm |ψ〉 |m〉
Æ

〈ψ|M †
mMm|ψ〉

. (2.10)

From this result, it follows that the state of the ancilla system M after measurement is |m〉,
and the state of the quantum system Q after measurement is

Mm |ψ〉
Æ

〈ψ|M †
mMm|ψ〉

, (2.11)

again in accordance with the previous section. This proves the earlier statement that projective
measurements, together with unitary dynamics and the ability to introduce ancilla systems,
are able to realize any general measurements [1].

2.2 Extended quantum systems

Extended quantum systems are composite quantum systems which have degrees of freedom
associated to every site or point of a latticeL or to every point of a continuumR . Lattice
spin models such as the Ising, Heisenberg, Majumdar-Ghosh, Hubbard, Potts and XY model
are important examples of the former, while quantum field theories are the most prominent
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example of the latter. In the next two subsections, it is shown how to formally introduce
quantum mechanics on the lattice and in the continuum, based on the exposition given in [2].
Despite the formality of the approach, it highlights the importance of the development of
accurate and efficient approximation methods and clearly exposes the crucial mathematical
difficulties which arise when taking an all too rigorous view towards quantum field theory.

2.2.1 Quantum lattice models

A lattice L can be regarded as a discrete subset L ⊂ Rd , where d represents the number
of physical spatial dimensions, with a Hilbert space H~n associated to each site ~n ∈L . The
dimension q~n = dimH~n of each site can be finite, e.g. when the site contains elementary spin-J
degrees of freedom (q = 2J +1) or N species of fermions (q = 2N ), or can be countably infinite,
e.g. when the site hosts one or more species of bosonic particles. In most physical systems, all
sites are considered to be equivalent, which implies q~n = q , ∀~n ∈L . As seen in Section 2.1.4,
the state of the quantum system defined on the lattice L is given by a state vector in or a
density operator on the direct product Hilbert space

HL =
⊗

~n∈L

H~n. (2.12)

Assuming that the Hilbert space H~n can be constructed by acting with creation operators ĉ†
~n

on a vacuum state |0〉~n ∈H~n, which is annihilated by the corresponding annihilation operator
ĉ~n such that ĉ~n |0〉~n = 0, then

H~n = span







�

ĉ†
~n

�s

p
s !
|0〉~n ,∀s ∈Zq







. (2.13)

This way of constructing H~n is valid for spin-1/2 systems, fermions and bosons and can be
straightforwardly generalized to general spin-J systems and multiple particle species. Due to
the tensor product structure, the total Hilbert space is

HL = span







∏

~n∈L

�

ĉ†
~n

�s~n

p

s~n!
|0〉 ,∀s ∈Z⊗Lq







, (2.14)

where the product
∏

~n∈L has a specific order depending on the particle statistics, and the
vacuum state |0〉 is defined as |0〉=

⊗

~n∈L |0〉~n.

From this construction, it is clear that dimHL = q |L | and thus scales exponentially in the
number of sites |L |. While this scaling behavior entails an extraordinary richness that practical
quantum computers might exploit in the future, it is at the same time extremely inconvenient
and explains the severe limitations of numerically solving quantum many-body systems by
means of exact diagonalization. For example, using conventional techniques, present day
classical computers can only calculate the low energy behavior of spin-1/2 spins (q = 2) up
to the order of a few tens of lattice sites in a reasonable amount of time. Doubling the
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computing power thus only increases the maximal system size of the simulation by one site.
This observation underlines the importance of tools like the variational renormalization
group methods of Chapter 4, which allow to efficiently simulate quantum systems on classical
computers.

Note that the above construction starts from the full Hilbert space H~n of a single site ~n and
subsequently adds further sites to construct HL , which can only be formally defined through
a limit procedure when the case of |L |=∞ is considered. An alternative construction that
immediately takes into account the whole lattice, and holds even when |L |=∞, is the Fock
construction. This way of defining the many-body Hilbert space starts from the single-particle
problem on the entire latticeL , which has an associated Hilbert space

H(1)L = span
�

|~n〉 ,∀~n ∈L
	

, (2.15)

where the basis vectors |~n〉 = c†
~n
|0〉 correspond to particles localized at site ~n with the

orthonormality condition 〈~n| ~m〉 = δ~n, ~m. The Hilbert space for the N -particle problem is
then constructed as

H(N )L = span







∏

~n∈L

�

ĉ†
~n

�s~n

p

s~n!
|0〉 ,∀s~n ∈Zq |

∑

~n∈L

s~n =N







. (2.16)

If q = 2, then dimH(N )L =
�|L |

N

�

, while dimH(N )L =
�|L |+N−1

N

�

for q countably infinite, as all
N bosons can cram together on one of the |L | sites. The complete Fock space is obtained
by adding all N -particle Hilbert spaces as HF

L =
⊕(q−1)|L |

N=0 H(N )L . For bosons or fermions,
the N -particle Hilbert spaces contain respectively all symmetric or anti-symmetric tensors
of rank N with the indices taking values in L , where H(0)L is identified with C. Note
that the approaches used in constructing HL and HF

L are equivalent for a finite lattice size
|L |, but differ in the thermodynamic limit as lim|L |→∞ dimHL = lim|L |→∞ q |L | becomes
uncountably infinite. In contrast, the asymptotic behavior of the binomial coefficients reveals
that lim|L |→∞ dimH(N )L = lim|L |→∞O (|L |N ), which is countably finite by construction and
thus the same holds for

dimHF
L =

∞
∑

N=0

dimH(N )L . (2.17)

The reason for this difference lies in the fact that the Fock construction leads to states |Ψ〉 ∈HF
L

with a finite and well-defined expectation value 〈Ψ|N̂ |Ψ〉/ 〈Ψ|Ψ〉 for the number operator
N̂ =

∑

~n∈L ĉ†
~n
ĉ~n. Indeed, the Fock space is by definition made up of linear combinations of

states with each state having a definite amount of particles.

2.2.2 Quantum field theories

To formally introduce quantum field theories, letR be a finite regionR ⊂Rd , where d again
represents the number of physical spatial dimensions and continuously associate a Hilbert
space H(~x) to every point ~x ∈R . For non-relativistic field theories, the Fock construction
can be used to define the appropriate Hilbert space. As is known from quantum mechanics,
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the wave function of a non-relativistic particle onR is a vector in the Hilbert space of square
integrable functions so that the one-particle problem boils down to H(1)R = L2(R). The N -
particle space is then constructed by taking a symmetrized or antisymmetrized subspace of
R (N ) =R×R × . . .×R so that H(N )R = L2(R (N )S,A ) with S for bosons and A for fermions. The
complete Fock space is defined by summing over all N -particle states,

HF
R =

∞
⊕

N=0

H(N )R . (2.18)

Creation and annihilation operators ψ̂†(~x) and ψ̂(~x) can be constructed for every point ~x ∈R
to satisfy {ψ̂(~x), ψ̂†(~y)}∓ = δ(~x−~y), ∀~x,~y ∈R , with the commutator (−) for bosons and the
anticommutator (+) for fermions. The continuous version of the discrete number operator is
N̂ =

∫

R dd x ψ̂†(~x)ψ̂(~x), which, due to the Fock construction, has a finite expectation value
with respect to |Ψ〉 ∈ HF

R . For a finite region |R| <∞, ground states and excited states of
non-relativistic field theories contain a finite number of particles and can be described in
the countably infinite dimensional HF

R . Despite having an infinite number of degrees of
freedom, the finite number of particles in the ground state |Ψ〉 of a Hamiltonian defines a
corresponding finite particle density ρ= 〈Ψ|N̂ |Ψ〉/ 〈Ψ|Ψ〉, related to an intrinsic real space
cutoff a = ρ−1/d with d the number of spatial dimensions. On the other hand, relativistic
quantum field theories cannot be easily described in a fixed Fock space, even for a finite system
size |R|<∞, and are troubled with serious mathematical difficulties. Quantum field theories
have however shown themselves to be among the most accurate descriptions of the physical
world known to this day, which forces one to take a more pragmatic viewpoint.

2.2.3 Thermodynamic limit and cutoff

The physical volume of extended quantum systems is often considered to be infinite due to
the interesting properties of systems with an infinite number of degrees of freedom, such
as the possibility for translation invariance and symmetry breaking in the thermodynamic
limit [2]. As seen from the subsections above, this leads to great difficulties with respect
to the rigorous mathematical construction of the appropriate Hilbert space. By adopting
a pragmatic viewpoint whereby the relevant Hilbert space is always assumed to exist, it is
implicitly assumed that the number of degrees of freedom somehow remains finite. This
can be achieved by considering a finite—macroscopically large—volume or by introducing an
intrinsic cutoff at a fundamental scale, characteristic for the system under consideration.

2.3 Quantum correlations and entanglement

To introduce quantum correlations, consider a quantum system AB divided3 into two disjoint
subsystems A and B in such a way that A∪B =AB and A∩B = ;. In general, correlations are
measured by the connected correlation functions

CA,B = 〈OA⊗OB〉− 〈OA〉 〈OB〉 , (2.19)
3This division need not necessarily correspond to a physical division of the spatial regionL orR on which

an extended quantum system AB might be defined. An abstract bipartition, as with qubits or other composite
quantum systems, works just as well.
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where the observables OA and OB each act exclusively on their own respective subsystem. For
extended quantum systems, the connected correlation functions become position dependent.
If there exists a complete set of observables O (α)

~n
or O (α)(~x) for every site ~n ∈L or for every

point ~x ∈R , then the two-point connected correlation functions are given by

C (α,β)
~n, ~m
= 〈O (α)

~n
⊗O (β)

~m
〉− 〈O (α)

~n
〉 〈O (β)

~m
〉 , (2.20)

C (α,β)(~x,~y) = 〈O (α)(~x)⊗O (β)(~y)〉− 〈O (α)(~x)〉 〈O (β)(~y)〉 . (2.21)

In Section 2.3.1, it will be shown that correlations in local classical theories are bounded by the
Bell inequalities, which can be violated by entanglement in quantum theories. Entanglement
describes the quantum correlations appearing in composite quantum systems that cannot be
explained by underlying classical theories. These quantum correlations should be distinguished
from classical correlations such as thermal fluctuations resulting from probabilistic mixtures.
Entanglement is the central resource of quantum computation and the amount of entanglement
quantifies the extent to which a classical computer is able to efficiently simulate a quantum
computation. As any other correlation, entanglement can only arise if the subsystems of a
composite quantum system have had a common origin or if local interactions have taken
place between them at some point in the past. The existence of entanglement is implied
by the postulate of Section 2.1.4 and its description depends on how we understand the
decomposition of the many-body Hilbert space into tensor products of the Hilbert spaces
associated to the individual subsystems. In this dissertation, we will focus on bipartite
entanglement, as multipartite entanglement is much harder to quantify due to the additional
complexity of having more than two subsystems [3].

If the state describing the quantum system AB is pure and can be written as |ΨAB〉= |ΨA〉⊗|ΨB〉,
where |ΨA〉 and |ΨB〉 are pure states of the respective disjoint subsystems A and B , then |ΨAB〉
is called a product state. Otherwise, |ΨAB〉 is called an entangled state. As an example, the four
maximally entangled states of two qubits are the so-called Bell states

|Φ±〉=
1
p

2

�

|0〉A⊗ |0〉B ± |1〉A⊗ |1〉B
�

≡
1
p

2
(|0,0〉± |1,1〉) , (2.22)

|Ψ±〉=
1
p

2

�

|0〉A⊗ |1〉B ± |1〉A⊗ |0〉B
�

≡
1
p

2
(|0,1〉± |1,0〉) . (2.23)

Similar considerations hold for density operators, where ρAB = ρA⊗ ρB now represents a
product state, and states which can be written as ρAB =

∑

i piρ
i
A⊗ ρ

i
B are called separable

states. Indeed, as separable states are a probabilistic mixture of product states, they contain no
entanglement and their classical correlations satisfy the Bell inequalities. If this decomposition
is impossible for a general quantum state ρAB , then ρAB represents an entangled state and the
subsystems A and B are said to be entangled.

Despite the possibility of quantum correlations to violate the Bell inequalities, it should be
stressed that entanglement is not an unlimited resource. It has been shown using quantum
information theory that entanglement has a monogamous nature [4] [5], meaning that if one
subsystem A1 is maximally entangled with another subsystem A2, there can be no additional
entanglement between A1 or A2 and any other subsystem Ai , ∀i > 2. The monogamy of en-
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tanglement is essentially a consequence of the no-cloning theorem4 and puts strong limitations
on how quantum correlations can be shared among different parties. Quantum information
theory has also taught us that entanglement does not violate causality by seemingly allowing
instantaneous transmission of information—as correlations alone cannot be used to signal
information—and that entanglement is no spooky action at a distance either. These flawed pic-
tures are the result of persistently adhering to classical interpretations of quantum mechanics
and neglect the overwhelming evidence that Nature truly is quantum mechanical.

2.3.1 Bell’s inequalities

To highlight the essential difference between quantum and classical physics, let us consider a
thought experiment that has led to experimental verifications which have invalidated the local
hidden-variables proposals initially put forward by Einstein, Podolsky and Rosen [6]. The
key point of the EPR-paradox is that a pair of entangled particles seemingly behaves as one
entity when one of the two parties is measured. Common sense tells that either superluminal
interaction has to have had taken place to communicate the result of the measurement or that
all possible outcomes of the measurement were already present in both entangled particles.
The first solution appears to be in conflict with relativity theory and is strongly non-local,
while the second possibility assumes the presence of hidden variables encoding a realistic
objective universe that exists independently of measurements made by an observer.

Suppose that Alice and Bob share two qubits in the entangled Bell state |Ψ−〉 given in (2.23).
Alice can choose to measure one of two observables A and A′, while Bob can measure either
the observable B or B ′. Assuming that all measurements of the observables can take values in
{±1}, there is only a limited amount of possibilities. If A,A′ =±1, then either A+A′ = 0, in
which case A−A′ =±2, or A−A′ = 0, in which case A+A′ =±2, which leads to

c = (A+A′)B +(A−A′)B ′ =±2. (2.24)

Note that local hidden-variables reasoning has been applied in this step, as it has been silently
assumed that the values {±1} can be assigned simultaneously to all observables, contrary to
the fact that Alice and Bob cannot individually measure their mutually exclusive observables
at the same time. From the relation |〈c〉| ≤ 〈|c |〉= 2, it immediately follows that

| 〈AB〉+ 〈A′B〉+ 〈AB ′〉− 〈A′B ′〉 | ≤ 2, (2.25)

which is the Clauser-Horne-Shimony-Holt inequality, one of the many Bell inequalities. The
inequality holds for any random variables A, A′, B , B ′ taking values ±1 according to a joint
probability distribution.

4In its most basic form, this no-go theorem states that it is impossible to make a copy of an unknown
quantum state. Suppose we have a quantum copying machine in the initial state |ψ〉⊗ |s〉, where the unknown
pure state |ψ〉 acts as input and a generic pure state |s〉 as output. A unitary copying procedure U ideally leads to
U (|ψ〉⊗ |s〉) = |ψ〉⊗ |ψ〉, and, if it works for two pure states |ψ〉 and |φ〉, we find 〈ψ|φ〉= (〈ψ|φ〉)2 upon taking
the inner product. So either |ψ〉= |φ〉 or |ψ〉 and |φ〉 are orthogonal, which implies that the copying machine
can only clone states which are orthogonal to one another. Classical information can of course always be cloned,
as different states of classical information can be regarded as orthogonal quantum states. [1]
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To see how quantum mechanics violates (2.25), let us introduce the familiar Pauli operators
acting on a single qubit,

σx = |0〉 〈1|+ |1〉 〈0| , (2.26)
σy = i (|0〉 〈1| − |1〉 〈0|) , (2.27)

σz = |1〉 〈1| − |0〉 〈0| , (2.28)

Define ~σ = (σx ,σy ,σz) and explicitly choose the observables to be

A= ~σA · â, A′ = ~σA · â′, B = ~σB · b̂ and B ′ = ~σB · b̂ ′, (2.29)

acting respectively on Alice’s and Bob’s qubit, with â, â′, b̂ and b̂ ′ unit vectors along the
measurement axes. Each observable has eigenvalues ±1 so that the outcome of a single
measurement is also restricted to ±1. Recall from (2.23) that |Ψ−〉 is explicitly given by

|Ψ−〉=
1
p

2
(|0,1〉− |1,0〉) , (2.30)

which leads to the expectation value
¬

Ψ−
�

�

�

�

~σA · ~n
�

⊗
�

~σB · ~m
�

�

�

�Ψ−
¶

=−~n · ~m =−cosθ, (2.31)

where θ is the angle between the unit vectors ~n and ~m. The interpretation of the above
expectation value is that whenever Alice and Bob measure the same Pauli operators—when
~n and ~m are parallel—the results of both measurements are random but completely anti-
correlated. Alice and Bob can find out these correlations by communicating their results using
classical information channels. If â′, b̂ , â and b̂ ′ are taken5 to be coplanar and successively
separated by 45◦, then quantum mechanics predicts

〈AB〉= 〈A′B〉= 〈AB ′〉=−cos
π

4
=−

1
p

2
, 〈A′B ′〉=−cos

3π

4
=

1
p

2
, (2.32)

which leads to | 〈AB〉+ 〈A′B〉+ 〈AB ′〉 − 〈A′B ′〉 | = 2
p

2 ≥ 2. Quantum mechanics is seen to
violate the CHSH inequality (2.25) and experiments using photons have been performed in
favour of the quantum mechanical prediction. Bell’s theorem states that local realistic theories
are incompatible with quantum mechanics, which means that either the assumption of realism
or the assumption of locality is wrong. If we hold on to locality, then randomness must be
accepted as an unavoidable and intrinsic feature of quantum measurements, rather than a
consequence of incomplete knowledge [7].

2.3.2 Reduced density operator

Consider two quantum systems A and B , whose composite system is described by a density
operator ρAB . The reduced density operator for system A is defined as

ρA=TrB ρAB , (2.33)

5Although this choice seems to be rather ad hoc, it can be proven that maximal violation occurs for this
particular configuration of unit vectors.
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where TrB is a partial trace over system B . The operation TrB(·) is defined by requiring
linearity in its input in order to act on the tensor product space as

TrB (|a1〉 〈a2| ⊗ |b1〉 〈b2|)≡ |a1〉 〈a2|Tr (|b1〉 〈b2|) , (2.34)

for any kets |a1〉 , |a2〉 ∈HA and |b1〉 , |b2〉 ∈HB . The partial trace operation provides the correct
description of observable quantities for subsystems of a composite system. For a product state
ρAB = α⊗β, where α is a density operator for system A and β a density operator for system
B , we immediately find ρA= α and ρB =β. A less trivial example is provided by the Bell state
|Ψ−〉, which has an associated density operator

ρΨ
−
=
|01〉 〈01| − |01〉 〈10| − |10〉 〈01|+ |10〉 〈10|

2
, (2.35)

and a reduced density operator for the first qubit

ρΨ
−

A =TrB ρ
Ψ− =

|0〉 〈0|+ |1〉 〈1|
2

=
1

2
. (2.36)

The result is a mixed state, since Tr
�

(1/2)2
�

= 1/2< 1, which means that the entangled state
of a joint system of two qubits in a Bell state is a pure state—as it is known exactly—but either
subsystem of the two qubits is described by a mixed state. Note that this follows from the fact
that we do not have maximal knowledge about the pure joint state anymore, as the degrees of
freedom of the complementary system have been traced out.

2.3.3 Singular value and Schmidt decomposition

Due to the tensor product structure of composite quantum systems, a general bipartite pure
state |ΨAB〉 ∈H=HA⊗HB can be written in terms of an orthonormal basis {|a〉} ∈HA and
{|b 〉} ∈HB as a sum over product states

|ΨAB〉=
dimHA
∑

a=1

dimHB
∑

b=1

ca,b |a〉 |b 〉 ,
∑

a,b

|ca,b |
2 = 1. (2.37)

If the coefficient matrix ca,b has rank 1, we can write ca,b = cA
a cB

b so that |ΨAB〉 factorizes into

|ΨAB〉= |ΨA〉⊗ |ΨB〉 , |ΨA〉=
dimHA
∑

a

cA
a |a〉 , |ΨB〉=

dimHB
∑

b

cB
b |b 〉 , (2.38)

which is exactly the pure product state considered earlier. For a more general case, the coeffi-
cient matrix ca,b of the pure state ΨAB can always be decomposed into ca,b =

∑D
k=1 Ua,kλkVb ,k

using singular value decomposition. Here, D = min(dimHA, dimHB), U and V are unitary
matrices—or can be expanded to be unitary if they are rectangular—and λk denote non-
negative real elements of a diagonal matrix with normalization

∑D
k=1λ

2
k = 1. The matrices

U and V can be found by respectively diagonalizing the Hermitian matrices C C † and C †C ,
where [C ]ab = ca,b , and their columns are related to the eigenvectors of C C † and C †C [3].
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Using the singular value decomposition for the coefficient matrix, the pure state |ΨAB〉 can be
decomposed as

|ΨAB〉=
D
∑

k=1

λk |Ψ
A
k 〉⊗ |Ψ

B
k 〉 , |ΨA

k 〉=
dimHA
∑

a

Ua,k |a〉 , |ΨB
k 〉=

dimHB
∑

b

Vb ,k |b 〉 , (2.39)

which is called the Schmidt decomposition. The λk ≥ 0 are referred to as Schmidt coefficients and
the number of non-zero values λk is called the Schmidt number, with the {|ΨA

k 〉} and {|ΨB
k 〉}

representing orthonormal bases forHA andHB . The reduced density operators for subsystems
A and B can now be written as

ρA=TrB ρAB =
D
∑

k=1

λ2
k |Ψ

A
k 〉 〈Ψ

A
k | , ρB =TrAρAB =

D
∑

k=1

λ2
k |Ψ

B
k 〉 〈Ψ

B
k | , (2.40)

which have the same spectrum of eigenvalues, given by the square of the Schmidt coefficients.
The Schmidt decomposition provides us with an elegant way to characterize entanglement in
bipartite pure states. If one of the Schmidt coefficients is equal to one and all the rest equals
zero, we have a separable product state like in (2.38). In all other cases, the state is entangled
and maximum entanglement is obtained for λk = 1/

p
D , ∀k = 1, . . . , D . The Schmidt number

in some sense quantifies the amount of entanglement, which will be used in Chapter 4 to
retain the highest-weight contributions of Schmidt decompositions, as well as in the next
section to define entanglement entropy.

2.3.4 Entanglement entropy and mutual information

There exist many measures for entanglement, but we will focus on those that apply to isolated
systems at zero temperature and also restrict the discussion to the case of bipartite divisions.
Unless explicitly mentioned otherwise, the state of the total system is always assumed to
be a pure state. Quantifying entanglement for systems at finite temperature is far from
trivial, because the mixed state density operator, which describes the total system at finite
temperature, contains classical correlations on top of the entanglement that is already present
at zero temperature. Although particular techniques exist to deal with multipartite divisions,
there is no general way to quantify entanglement, as new correlations that are not reducible to
the case of two subsystems may appear between all subsystems [3].

For any state ρ and any 0<α≤∞, the Rényi entropy is defined as

Sα(ρ) =
1

1−α
log(Trρα). (2.41)

Note that knowing the Rényi entropy for all α is equivalent to knowing the full eigenvalue
spectrum for ρ, which tells more about the reduced density operator than knowing Sα(ρ) for
one particular value of α. An interesting entropy contained in (2.41) is the von Neumann
entropy of a quantum state ρ, defined by the limit α→ 1,

S(ρ) =−Tr (ρ logρ) =−
∑

k

λk logλk , (2.42)
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where λk denote the eigenvalues of ρ and where 0 log0≡ 0 is implicitly assumed. For a pure
state, S(ρ) = 0, while the entropy equals log d for a completely mixed density operator 1/d
in a d -dimensional Hilbert space. For three quantum systems A, B and C , the von Neumann
entropy satisfies the strong subadditivity inequalities,

S(ρA)+ S(ρC )≤ S(ρA∪B)+ S(ρB∪C ), (2.43)
S(ρA∪B∪C )+ S(ρB)≤ S(ρA∪B)+ S(ρB∪C ). (2.44)

Strong subadditivity further implies the Araki-Lieb inequality

|S(ρA)− S(ρB)| ≤ S(ρA∪B), (2.45)

and the subadditivity property

S(ρA∪B)≤ S(ρA)+ S(ρB), (2.46)

which is satured only if the density matrix ρA∪B factorizes as ρA∪B = ρA⊗ρB .

Returning to the case of bipartite entanglement of a pure state, the entanglement entropy of a
subsystem A with respect to its complementary subsystem B is defined as the von Neumann
entropy of the reduced density matrix ρA,

S(ρA) =−Tr (ρA logρA) =−
D
∑

k=1

λ2
k logλ2

k , (2.47)

where (2.40) was used in the last equation. Note that S(ρA) = S(ρB) if the total system A∪B
is in a pure state, which shows that the entanglement entropy is not an extensive quantity.
If the total system is not in a pure state, e.g. at finite temperature, then S(ρA) 6= S(ρB) in
general. Due to its definition, the entanglement entropy inherits all properties of the von
Neumann entropy. Expressed in terms of von Neumann entropies, the strong subadditivity
equality applied to two general subsystems A and B of a larger system C, where A∩B = ; and
A∪B =C need not necessarily hold, takes on the form

S(ρA∪B)+ S(ρA∩B)≤ S(ρA)+ S(ρB). (2.48)

For A∩B = ;, this allows to define the mutual information I (A : B) as

I (A : B) = S(ρA)+ S(ρB)− S(ρA∪B)≥ 0, (2.49)

which measures correlations rather than entanglement and includes possible classical thermal
correlations. It quantifies the information about B which can be obtained from A and the
other way around and is zero if and only if there is neither any entanglement nor any classical
correlations between the two subsystems. Elementary properties are positivity, the fact that it
vanishes for product states—where no correlations are present—and that it cannot decrease
by more than twice the entropy of any subsystem we choose to discard. In field theory
calculations, mutual information is sometimes preferred over entanglement entropy, as the
ultraviolet divergences which appear in the entanglement entropy cancel each other for disjoint
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and mutually disconnected regions A and B [8]. The mutual information between separate
regions is seen to bound the correlations (2.19) as [9]

(CA,B)
2 ≤ 2||OA||

2||OB ||
2I (A : B), (2.50)

where the observables OA and OB act respectively on subsystems A and B and || . . . || denotes
an operator norm. This means that entanglement—as measured by the mutual information—
yields an upper bound for the maximum correlations and, equivalently, the connected correla-
tion function acts as a lower bound for the minimum amount of entanglement required for
the system to sustain these correlations.

2.3.5 Quantum phase transitions

Quantum phase transitions appear in strongly correlated quantum systems at absolute zero
temperature, which implies that all fluctuations are of purely quantum mechanical origin
and can be attributed to entanglement. As second-order classical phase transitions, quantum
phase transitions exhibit a diverging correlation length ξc � a, where a is the lattice spacing,
with algebraically decaying correlations near the critical point. There is no characteristic
length scale and fluctuations at different length scales are self-similar, with scale invariant long
distance behavior at the critical point. The nature of the quantum correlations changes drasti-
cally during a quantum phase transition, which is reflected in singular behavior of physical
observables at the critical point and is characterized by a universal set of critical exponents.
As a non-trivial example, consider the quantum Ising model with local Hamiltonian [10]

H =−g J
∑

i

σ x
i − J

∑

〈i j 〉
σ z

i σ
z
j , (2.51)

where J > 0 is an exchange constant setting the overall energy scale, g is a dimensionless
coupling parameter and σ x,z

i are the Pauli matrices. The nature of the ground state is qual-
itatively different for the limits g � 1 and g � 1, signaling that there is a quantum phase
transition taking place at some critical coupling value g = gc . One can show that this happens
at gc = 1, where the system finds itself between a disordered paramagnetic phase and an
ordered ferromagnetic phase. For a finite lattice, the first excited state of (2.51) is separated
by a finite energy gap ∆E > 0 from the ground state. But in the thermodynamic limit where
an infinite lattice is considered, ∆E can either remain finite or approach zero. These two
cases are respectively identified with having a gapped6 (non-critical) or gapless (critical) energy
spectrum. For the quantum Ising model, there exists a non-zero energy gap ∆E for all g 6= gc ,
which closes for g → gc until a gapless spectrum emerges at g = gc .

For completeness, note that not all quantum phase transitions are captured by the Landau-
Ginzburg-Wilson paradigm of spontaneously broken symmetries and phase transitions cap-
tured by a local order parameter. Quantum systems allow for the existence of topological
order [11], or a pattern of long-range entanglement, which requires the use of topological field
theory and other advanced mathematics to obtain an effective description of the low-energy

6The notion of a gapped Hamiltonian is actually a lot more subtle than presented here. For instance, a gapped
system may have gapless excitations living at its boundary and there also exist exotic phases of matter, such as
spin liquids, which introduce non-trivial excitations obscuring the definition of a gapped system.



2.3. Quantum correlations and entanglement 19

properties. Topologically ordered states are gapped, have no broken symmetry, support
fractional statistics of excitations called anyons and their locally identical ground states have a
degeneracy depending on the topology of the system.

2.3.6 Area laws in quantum lattice systems

As (2.50) hints at a relation between correlations and entanglement, it is natural to ask whether
the singular and universal behavior close to a quantum critical point can be found in the
entanglement structure of the ground state. This would provide complementary information
on the critical point, beyond the usual long-distance behavior of correlation functions. Unless
explicitly stated otherwise, it is always implicitly assumed that the extended quantum system
under consideration is described by a local Hamiltonian, with short-ranged interactions,

H (t ) =
∑

X⊂{1,2,...,N}
HX (t ), (2.52)

where X labels a subset of the N lattice positions, e.g. two sites for nearest-neighbour two-body
interactions, and each finite interaction term HX (t ) is assumed to be bounded and local, in the
sense that it does not act on more than k sites with k independent of the system size. Note
that the Ising model (2.51) is of exactly this form. The local behavior of the Hamiltonian is
crucial to obtain sensible results and is motivated by the locality of interactions as observed
throughout physics. Besides locality, a notion of causality is often required in proofs of
properties of non-relativistic lattice models. To this end, the Lieb-Robinson bound introduces
an effective light cone on the lattice for two operators OA and OB having support on disjoint
regions A and B , given by

||[OA(t ),OB] || ≤ c min(|A|, |B |) ||OA|| ||OB ||exp

�

−
d (A,B)− v t

ξ

�

, (2.53)

where OA(t ) = e iH t OAe−iH t and c , v,ξ > 0 are constants depending only on the maximum
finite interaction strength of the local Hamiltonian. The factor min(|A|, |B |) is the number of
sites in the smallest of A and B and d (A,B) =mini∈A, j∈B(|i − j |) denotes the shortest distance
between A and B . The commutator of two operators at distance d (A,B) and time difference t
is exponentially small if d (A,B) > v t . The constant v can be associated to a speed of light
of the lattice model, which limits the propagation of information. For local Hamiltonian
evolution, non-relativistic quantum mechanics is thus seen to give rise to an effective light cone
with exponentially decaying tails, mimicking the intrinsic causality of relativistic quantum
field theories [12].

The behavior of entanglement in the neighborhood of critical points in one-dimensional
lattice spin models was first studied in [13] [14], but using an entanglement measure not
particularly well-suited towards analyzing global entanglement in ground states. In the spirit
of critical phenomena, a better way to analyze global entanglement behavior is by evaluating
the entanglement scaling of a block of degrees of freedom as a function of the size of the
block, which will be frequently used throughout the remainder of this dissertation. Consider
a bipartition C = A∪ B of an extended quantum system C and associate a spatial region
A ⊂L orA ⊂R to A, withL orR the lattice or continuum on which C is defined, which
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we henceforth continue to denote by A. The complementary system B is associated to the
complementary spatial regionL \A orR\A , which we again continue to denote by B . The
entanglement entropy between subsystems A and B is then denoted by SA=−Tr(ρA logρA),
with ρA ≡ ρA = TrL\A |Ψ〉 〈Ψ|, where the reference to the associated spatial regions of the
subsystems is always implicitly understood.

For one-dimensional lattice systems, the entanglement entropy of a region A of length l ,
containing l/a neighboring spins, has been found to diverge as SA∼ log(l/a) at the critical
point [15] [16]. Furthermore, it can be proven for one-dimensional lattice systems that the
presence of a finite gap ε > 0 in the spectrum implies that the entanglement entropy of a
block A of l spins saturates to some constant value SA∼ logξc for l →∞ [17] [18] [19]. This
result is known as an area law or boundary law for the entanglement entropy, as the area
of a one-dimensional region A of length l is a constant number. No proof of the area law
for higher-dimensional gapped lattice systems has been found as of yet, but it is believed to
continue to hold [3] [17]. In critical fermionic systems, a multiplicative logarithmic violation
of the area law has been reported, due to the presence of a finite Fermi surface [20] [21].

For systems at thermal equilibrium, the von Neumann entropy becomes the extensive ther-
modynamic entropy of the state ρβ = exp(−βH )/Tr(exp(−βH )), at finite temperature β−1.
The entanglement entropy then contains a contribution which is proportional to the volume,
as the von Neumann entropy does not differentiate between classical and quantum correlations.
For a Hamiltonian with just two-site interactions, one can show that the mutual interaction is
bounded by the area as [9]

I (A : B)≤ 2β||h|||∂ A|, (2.54)

where ||h|| is the maximal eigenvalue—interaction strength—of all two-site Hamiltonians
across the boundary. At zero temperature, where I (A : B) = 2SA, the entanglement entropy
can contain logarithmic behavior in critical systems and the bound (2.54) is seen to diverge to
accommodate this behavior. Conversely, (2.54) states that these logarithmic corrections ought
to vanish at any finite temperature [9].

Area laws beyond equilibrium are demonstrated in [12] for Hamiltonians on a bipartite lattice

H (t ) =HA(t )+HB(t )+
∑

k

rk(t ) J
k
A ⊗ J k

B , (2.55)

where the bounded operators J k
A and J k

A act on their respective domains. The number of terms
rk(t ) is proportional to the boundary of A due to the locality of the Hamiltonian. It is then
shown that the rate at which entanglement is created by such a Hamiltonian is bounded by

dSA(t )

dt
≤ c∗

∑

k

|rk(t )|, (2.56)

where the constant c∗ ≈ 1.9, which implies that if an initial state satisfies the area law, all states
in the same quantum phase will continue to obey the area law after some time t . Recently,
the above argument has been improved, as it only applied to adiabatic evolution and not
to quasi-adiabatic evolution needed for proving area laws [22]. The improved bound again
depends on the boundary area, but also on log d , with d the local dimension of a lattice site.
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An intuitive understanding of the area law is provided by the fact that a short-ranged Hamil-
tonian should not be able to detect the presence of the volumes of A and its complement,
but only the area ∂ A that is shared between them. Note that it is correctly pointed out in
[23] that the relation between entanglement and correlations is less intuitive than might be
expected from the above argument. A diverging correlation length ξc need not necessarily
occur together with a diverging entanglement length ξe . The existence of quantum expanders
indicates that there exist states which have exponentially decaying correlation functions, but
still contain a large amount of entanglement. Also, there exist critical points in two dimensions
which support long-range correlations but still obey the area law [23]. This, together with the
fact that singling out a region A breaks translation invariance, partly explains the difficulty in
rigorously proving the area law beyond gapped one-dimensional systems [17].

In conclusion, the entanglement entropy in ground states of short-ranged Hamiltonians
between a subsystem A and its complement is seen to scale as the area of the boundary ∂ A,
with at most logarithmic corrections for critical systems. In contrast, the entropy for generic
quantum states is upper bounded by log(dimHA), with dimHA scaling exponentially with the
volume of A, so that the entanglement entropy in a general quantum state is extensive. The
existence of an area law indicates that ground states of local Hamiltonians are only lightly
entangled compared to generic quantum states. It will be argued in Section 3.3 that these
ground states occupy a tiny part of the total Hilbert space, which is of key importance to the
efficient variational ansätze to be introduced in Chapter 4. The discussion of entanglement
entropy in the continuous setting of quantum field theories deserves a section of its own, and
is therefore postponed to Chapter 5. It will become clear that area laws and entropy scaling
are not unique to lattice systems and complement known field theory results, which signifies
the possibility of a unified understanding of quantum many-body systems.

2.4 Renormalization group theory

Renormalization group theory developed as a mathematical tool to systematically study the
effect of a change of observational scale in a physical system. Both classical and quantum
critical phenomena and relativistic quantum field theories are characterized by fluctuations at
all length scales, which can be either of statistical or quantum mechanical nature. In critical
phenomena, an explicit ultraviolet cutoff scale is provided by the lattice spacing a or the inter-
particle distance of order a = ρ−1/d for systems with a finite particle density ρ in d spatial
dimensions. The infrared behavior in these systems is determined by a diverging correlation
length ξc →∞, as was mentioned earlier in Section 2.3.5. In relativistic quantum field theories,
on the other hand, there is no finite ultraviolet cutoff available as a→ 0 in the continuum.
In both cases, the range of scales ξc/a over which fluctuations act is seen to diverge, leading
to the lack of a definite length or energy scale in the system. The system is then said to be
scale-invariant with fluctuations at all scales being equally important. Additionally, physical
systems at critical points have been known to display universal behavior characterized by a set
of critical exponents which do not depend on the details of a particular system but only on its
general properties such as the physical dimension, type of order parameter and the short-range
nature of interactions.
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The important concepts of scale invariance and universality can be interpreted in the modern
renormalization group framework by adhering to the idea that fluctuations at different scales
are strongly influenced by fluctuations living at nearby scales. This picture explains that
the behavior of fluctuations at intermediate scales—far from the ultraviolet or the infrared
scale—ought to be identical up to a scale transformation, due to the local coupling between
fluctuations. Along the renormalization group flow, fluctuations can amplify relevant or wash
out irrelevant details of the fundamental theory at the ultraviolet scale, which results in the
universality observed at the infrared scale.

After illuminating an important and deep connection between quantum theory and classical
statistical mechanics in Section 2.4.1, the key concepts of renormalization will be demonstrated
in Section 2.4.2 using the standard Wilson-Kadanoff momentum-space formalism [24]. It is
however well known that perturbation theory breaks down for strongly correlated systems,
implying that momentum-space renormalization techniques become of limited use to describe
these systems. To this end, real-space renormalization was developed as an alternative procedure
to approximate strongly correlated systems beyond the limitations of perturbation theory.
The introduction to real-space renormalization will be postponed to Chapter 4, but note
that it shares many conceptual ideas with the momentum-space renormalization procedure
discussed below.

2.4.1 Quantum and classical partition functions

The renormalization group was developed simultaneously for classical phase transitions and
for relativistic quantum field theories. To understand the deep connection between classical
and quantum systems, consider a quantum theory in d spatial dimensions defined in terms of
a field φ. Following Feynman, the amplitude to go from field configuration φ1 at time t1 to
field configuration φ2 at time t2 in the path integral formalism is given by [25]

〈φ2, t2|φ1, t1〉=
∫

[dφ(t )]exp (iS(φ(t ))) , (2.57)

where S(φ) denotes the action. But the transition amplitude is also equal to

〈φ2, t2|φ1, t1〉= 〈φ2|exp (−iH (t2− t1)) |φ1〉 , (2.58)

where H is the Hamiltonian. Setting t2− t1 =−iβ and identifying φ1 =φ2 leads to

Z =Trexp (−βH ) =
∫

[dφ(τ)]exp (−SE (φ(τ))) , (2.59)

where SE (φ) is the Euclidean action obtained after Wick rotating t → −iτ and the path
integral is taken over all fields with period β in imaginary time τ. The partition function
of a d -dimensional quantum system can thus be obtained from the ordinary path integral
by Wick rotating and by restricting imaginary time to a finite domain of length β. At zero
temperature, this domain is infinite in extent (β→∞) and the usual Euclidean generating
functional is recovered. At finite inverse temperatures β, the quantum partition function
of a d -dimensional system resembles that of a (d+1)-dimensional classical statistical system
with an extra compactified dimension of length β. Near thermodynamic phase transitions
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at finite temperature, the thermal fluctuations are much more important than the quantum
fluctuations and the system can effectively be considered classical. For the quantum phase
transitions of Section 2.3.5, the length of the imaginary time dimension diverges and the
properties of thermodynamic phase transitions in d dimensions are then valid for quantum
phase transitions in d − 1 dimensions [24]. This connection between statistical mechanics and
Euclidean quantum field theory will used both in Chapter 3 and in Chapter 5.

2.4.2 Momentum-space renormalization in the continuum

Consider a model defined in terms of a single scalar field φ(x) in d spatial dimensions with
φ̂(k) denoting the components of the Fourier decomposition of φ(x). The action functional
S[φ, gi] can then be expressed in terms of φ̂(k), where gi contains the collection of parameters
appearing in front of the various (short-range) interaction terms of the Lagrangian density
of the theory. Naturally, the continuum theory is defined only through a regularization
procedure, which can be implemented with a sharp momentum cutoff7 Λ. The integration
over k in the Fourier-transformed action S[φ, gi ,Λ] is then restricted to arguments k of φ̂(k)
that lie within the cutoff region |k| < Λ. As the Fourier transform yields no Jacobian, the
functional integration measure may be formally written as

[dφ]Λ =
∏

x

dφ(x) =
∏

|k|<Λ
dφ̂(k), (2.60)

so that the Euclidean generating functional becomes

Z =
∫

[dφ]Λ exp
�

−S[φ, gi ,Λ]
�

. (2.61)

Firstly, the high-energy degrees of freedom e−sΛ < |k| < Λ are integrated out, where s > 0
denotes a dimensionless scale variable, which leads to an effective reduction in the number
of degrees of freedom and imposes a new cutoff e−sΛ. The modified action functional
S[φ′, g ′i , e

−sΛ] contains the same long-distance physics as S[φ, gi ,Λ] for modes sufficiently
below the new cutoff e−sΛ. Secondly, applying a scaling transformation k → k ′ = es k or
x→ x ′ = e−s x with scale parameter b = es brings the cutoff back to its original value Λ. After
the integration and the rescaling procedure, the two actions S[φ, gi ,Λ] and S[φ, g ′i ,Λ] can
be compared8 with respect to the same cutoff Λ. Although they yield the same behavior
for the low-energy modes, the renormalized parameters g ′i are generally different from gi .
The renormalization procedure thus generates a curve gi (s) in the parameter space of the
theory, where each point on the curve defines an action functional with the same long-distance
properties. This is captured by the renormalization group equation

dgi

ds
(s) =βi (g j (s)), (2.62)

7Note that this cutoff can be interpreted as stating that any quantum field theory is fundamentally defined
with respect to some cutoff Λ. The crucial point is that a cutoff has physical significance, as it can be associated
with some fundamental graininess of spacetime. This honest way of thinking implies that all quantum field
theories are in fact effective field theories, reflecting our lack of knowledge on quantum gravity.

8This assumes that the scaling dimension has been chosen appropriately such that the two actions do not
differ by a multiplicative constant, which can happen in general.
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where βi is commonly referred to as the beta function associated with the parameter gi . The
above equation can also be rewritten more generally as a matrix equation dg

ds (s) = R(g (s)),
with R the renormalization group transformation law and g denoting the set of parameters.
Note that the beta function is local in the sense that it is determined by the parameters
evaluated at the scale s and does not depends on the ultraviolet or infrared behavior. A fixed
point of the renormalization group flow is a point in the parameter space that is unaffected
by the renormalization procedure and is hence characterized by a vanishing beta function
βi (g

∗
j ) = 0. To summarize, the renormalization group transformation amounts to a scale

transformation applied both to the action and to the integration measure. In the absence of
anomalies, a fixed point of the renormalization group transformation thus defines a theory
that has scale invariance at the quantum level.

Fixed point behavior and relevantness

Let us now study the vicinity of a fixed point with associated action S0[φ0], where the generic
action S[φ]may be written as S[φ] = S0[φ]+

∑

i gi

∫

dd xOi (x), with the Oi ’s local operators
expressible in terms of the field φ. As this analysis boils down to a linearization around the
fixed point, the couplings gi ought to be small. As will be demonstrated in Section 2.5.2, a
scalar field transforms in general as φ′(x/b ) = b∆φ(x) or φ̂′(b k) = b∆−d φ̂(k) under scaling
transformations, where ∆ is the scaling dimension of φ. Under a renormalization group
transformation, the field thus transforms as φ′(x) = b∆φ(b x), leaving only the action S0[φ]
invariant. The other terms are modified through their small couplings S ′[φ] = S0[φ] +
∑

i g ′i
∫

dd xOi (x). Assuming that the couplings gi are so small that they have a negligible
effect on the integration of the high-energy degrees of freedom, the new couplings g ′i can
be obtained from the behavior of the operators Oi under a scale transformation, which is
O ′i (x) = b∆i Oi (x) as Oi can be expressed in terms of φ. Together with the factor resulting
from the integration variable, one finds g ′i = s d−∆i gi solely by using dimensional analysis. A
coupling gi is called relevant if ∆i < d , as it will grow upon integration of the high-energy
degrees of freedom. On the other hand, an irrelevant coupling has ∆i > d , which quickly
decays along the renormalization group flow. In between is the marginal case ∆i = d , which
requires a higher-order perturbative expansion to determine whether the coupling is either
marginally relevant or marginally irrelevant.

Criticality and universality

Because the correlation length is infinite at a critical fixed point, an infinite number of
iterations is needed to to leave that point. In general, a system is critical not only at a given
point in parameter space, but on a whole critical surface. Indeed, starting from a well-tuned
set of physical parameters, a point on the critical surface stays on the critical surface under
the renormalization group flow (2.62). The universality of critical exponents can then be
understood in light of the existence of critical surfaces and fixed points. Universality classes of
physical systems have the same critical behavior because they live on different submanifolds
of one larger parameter space. If these submanifolds intersect the same critical surface, it is
likely that all of these systems are ultimately driven toward the same fixed point with the same
critical scaling exponents.
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2.5 Conformal field theory

Conformal field theories9 are field theories that are invariant under the action of the conformal
group, which is the subgroup of coordinate transformations that preserves angles and leaves
the background metric of a theory invariant up to a scale change. As conformal invariance is a
generalization of scale invariance, conformal field theories are able to describe critical points
of systems at second-order phase transitions, which motivated their initial application to the
study of (1+1)-dimensional quantum systems and two-dimensional classical systems at critical
points. Understanding low-dimensional quantum systems in general is of prime importance
in modern condensed matter physics, and conformal field theories can—among many other
things—provide an inherently non-perturbative description of the continuum limit of lattice
models. In high-energy physics, conformal field theories live on the worldsheets of strings in
string theory and have also been studied intensively in conjunction with supersymmetry due
to their major role in the AdS/CFT correspondence. Even though conformal field theories
are a subset of quantum field theories, they are formulated in an entirely different language
as there is no such thing as a characteristic length scale or a concept of mass. Only massless
excitations are supported and relevant questions do not involve particles or S-matrices, but
correlation functions and the behavior of operators under conformal transformations instead.

2.5.1 Conformal group in d dimensions

The infinitesimal generators of the conformal group in d dimensions10 follow from the
invariance condition gµν → g ′

µν
(x ′) = Ω(x)gµν(x) on the flat space metric, which, together

with an infinitesimal coordinate transformation xµ→ x ′µ = xµ+ εµ(x), can be shown to lead
to the set of equations

∂µεν + ∂νεµ =
2

d
gµν(∂ · ε) and

�

gµν∂
2+(d − 2)∂µ∂ν

�

(∂ · ε) = 0. (2.63)

For d ≥ 1, the diagonal components of the second equation imply (d − 1)∂ 2(∂ · ε) = 0, while
the off-diagonal components for d > 1 require (d−2)∂µ∂ν(∂ ·ε) = 0. Neglecting the trivial case
d = 1, it is already clear that the infinitesimal generators of the conformal group will behave
very differently for d = 2 than for d ≥ 3. In three or more dimensions, conformal invariance
does not turn out to give much more information than scale invariance. But in two dimensions,
the conformal algebra becomes infinite-dimensional, which leads to significant restrictions on
two-dimensional conformal field theories. Note that having conformal invariance on a classical
level—by having an action invariant under conformal transformation—does not necessarily
transfer to the quantum theory as quantum field theories require a regularization prescription
that introduces a regularization scale into the theory. This breaks naive conformal invariance,
except for particular values of the parameters that are tuned to a non-trivial fixed point of the
renormalization group flow.

9Conformal field theory is an extremely rich area of mathematical physics and we will restrict ourselves to
the basic notions needed to appreciate the remainder of this dissertation. The content of this section is based on
the canonical reference [24] and the lecture notes [26] [27].

10Throughout this section, d refers to the total number of spacetime dimensions.
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2.5.2 Conformal theories in d ≥ 3 dimensions

The constraints 2.63 imply the following general form for εµ(x),

εµ(x) = aµ+ωµ
ν

x ν +λxµ+(bµx2− 2xµb · x), (2.64)

where the above terms are respectively associated to the generators Pµ for translations, Mµν

for rotations, D for scale transformations and Kµ for special conformal transformations.
In total, there are (d + 1)(d + 2)/2 generators and their commutation relations constitute
the conformal algebra, which is isomorphic to the algebra of SO(d , 2) in d -dimensional
Minkowski space or SO(d + 1,1) in d -dimensional Euclidean space11. Integrating to finite
conformal transformations leads to the conformal group, which consists of the usual Poincaré
group with the addition of dilatations and special conformal transformations,

xµ→ x ′µ = λxµ, xµ→ x ′µ =
xµ+ bµx2

1+ 2b · x + b 2x2
. (2.65)

In a theory with conformal invariance, a spinless field12 φ, transforming under global confor-
mal transformations as

φ(x)→

�

�

�

�

�

∂ x ′

∂ x

�

�

�

�

�

∆/d

φ(x ′), (2.66)

is called a quasi-primary field. Here, the Jacobian is | ∂ x ′

∂ x | = Ω(x)
−d/2, e.g. | ∂ x ′

∂ x | = λ
d for

scale transformations, and ∆ denotes the scaling dimension of the field φ. Note that the
commutation relations of the conformal algebra imply that the operator Pµ raises the scaling
dimension of the field while the operator Kµ lowers it. Correlation functions of quasi-primary
fields have to be covariant under the conformal group according to

〈φ1(x1) . . .φn(xn)〉=

�

�

�

�

�

∂ x ′

∂ x

�

�

�

�

�

∆1/d

x=x1

. . .

�

�

�

�

�

∂ x ′

∂ x

�

�

�

�

�

∆n/d

x=xn

〈φ1(x
′
1) . . .φn(x

′
n)〉 , (2.67)

which imposes severe restrictions on the two- and three-point functions. Indeed, translation
and rotation invariance requires two-point functions 〈φ1(x1)φ2(x2)〉 to depend only on r12 =
|x1− x2|. Scale invariance further implies 〈φ1(x1)φ2(x2)〉= c12/r∆1+∆2

12 for some constant c12

determined by the normalization of the fields. Finally, the special conformal transformations
require that ∆1 =∆2 if c12 6= 0, so that

〈φ1(x1)φ2(x2)〉=
c12

r 2∆
12

, (2.68)

11Strictly speaking, the SO(d + 1,1) group only contains elements continuously connected to the identity.
The conformal group however also contains the inversion x ′ = x/x2, which allows to construct all conformal
transformations, e.g. the special conformal transformation is a sequence inversion-translation-inversion [28].

12Note that in conformal field theory, a field refers to any local operator expression that can be written down.
For example, apart from φ itself, this also includes derivatives ∂ nφ and composite operators such as eiφ.



2.5. Conformal field theory 27

for ∆1 =∆2 =∆, while 〈φ1(x1)φ2(x2)〉= 0 if ∆1 6=∆2. Similarly, the three-point function is
restricted under translations, rotations and dilatations to

〈φ1(x1)φ2(x2)φ3(x3)〉=
∑

a,b ,c

cab c

r a
12 r b

23 r c
13

, (2.69)

where the sum over a, b , c is to be taken such that a + b + c = ∆1+∆2+∆3. Covariance
under special conformal transformations further requires a =∆1+∆2−∆3, b =∆2+∆3−∆1

and c =∆3+∆1−∆2, so that the three-point function only depends on a single constant c123,

〈φ1(x1)φ2(x2)φ3(x3)〉=
c123

r∆1+∆2−∆3
12 r∆2+∆3−∆1

23 r∆3+∆1−∆2
13

. (2.70)

Note that four-point and higher-point correlators are less restricted and may have an arbitrary
dependence on conformal invariants defined from cross-ratios of ri j factors.

2.5.3 Conformal theories in two dimensions

In two-dimensional Euclidean space with the flat metric gµν = δµν , the first equation of (2.63)
reduces to the Cauchy-Riemann equations, so that it is natural to introduce the complex
coordinates z = x + iτ and z̄ = x − iτ with ∂z =

1
2 (∂x − i∂τ) and ∂z̄ =

1
2 (∂x + i∂τ). The

Euclidean fields naturally split up in a holomorphic and an anti-holomorphic part, which
correspond to left- and right-moving massless fields in the equivalent description in two-
dimensional Minkowski space. From the invariance condition on the metric, local conformal
transformations in two dimensions are seen to coincide with the set of all analytic maps z→
f (z) and z̄→ f̄ (z̄). Substituting a Laurent expansion of ε(z) around z = 0 in the infinitesimal
holomorphic transformation z → z + ε(z) and in its anti-holomorphic counterpart z̄ →
z̄ + ε̄(z̄), leads to the classical infinite-dimensional conformal algebra

[lm, ln] = (m− n)lm+n, [ l̄m, l̄n] = (m− n) l̄m+n, [lm, l̄n] = 0, (2.71)

which is generated by ln =−zn+1∂z and l̄n =−z̄n+1∂z̄ with n ∈Z. Actually, due to [lm, l̄n] = 0,
the conformal algebra is the direct sum of two Witt algebras with the above commutation
relations. The two independent algebras act naturally on C2 instead of R2, so that it is allowed
to treat the z and z̄ coordinates independently with z̄ = z∗ corresponding to the real surface.

Note that not all of the infinite amount of generators of the local conformal algebra are
globally well-defined on the two-dimensional Riemann sphere S2 =C∪∞. In order to form
the true conformal group, the transformations must be invertible and must map the whole
Riemann sphere onto itself. It can be shown that only the conformal transformations generated
by the set of infinitesimal generators {l−1, l0, l1, l̄−1, l̄0, l̄1} are globally defined and constitute
the 6-parameter global conformal group in two dimensions. The set of global conformal
transformations forms the special conformal group, given by the projective transformations

f (z) =
az + b

c z + d
with ad − b c = 1, (2.72)

where a, b , c , d ∈C. By associating a complex invertible 2× 2 matrix with unit determinant
to each of these mappings, the global conformal group in two dimensions is seen to be
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isomorphic to SL(2,C)/Z2
∼= SO(3,1), which agrees with the SO(d + 1,1) group of the

general d -dimensional case. Each of the two infinite-dimensional algebras (2.71) contains a
finite subalgebra, generated by {l−1, l0, l1} and { l̄−1, l̄0, l̄1} respectively, which is associated with
the global conformal group. The algebra elements l−1 and l̄−1 can be identified as generators
of translations, l0+ l̄0 and i(l0− l̄0) respectively as generators of dilatations and rotations on
the real surface and l1 and l̄1 as generators of special conformal transformations. Note that the
distinction between global and local conformal groups is unique to two dimensions.

Primary fields and correlation functions

The definition of quasi-primary fields can be extended to apply to fields with spin as well,
which characterizes how a field transforms under rotations. For a field with scaling dimension
∆ and spin s , the holomorphic conformal dimension h and its anti-holomorphic counterpart
h̄ are respectively defined by h = 1

2 (∆ + s) and h̄ = 1
2 (∆− s). Under a conformal map

z→ w(z), z̄→ w̄(z̄), a quasi-primary field then transforms as

φ(z, z̄)→φ′(w, w̄) =
�

dw

dz

�−h�dw̄

dz̄

�−h̄

φ(z, z̄), (2.73)

which generalizes the transformation (2.66). The infinitesimal transformations w = z + ε(z)
and w̄ = z̄+ ε̄(z̄), with both ε and ε̄ small, lead to the infinitesimal variation of quasi-primary
fields, given by δε,ε̄φ=− (hφ∂zε+ ε∂zφ)−

�

h̄φ∂z̄ ε̄+ ε̄∂z̄φ
�

. A field whose variation under
any local conformal transformation in two dimensions is given by (2.73), is called as a primary
field with conformal weight (h, h̄). All primaries are quasi-primary, but the converse is not
true as a field may transform according to (2.73) though only under an element of the global
conformal group SL(2,C). A field which is not primary is called secondary and may or may
not be quasi-primary. Finding and classifying the spectrum of weights (h, h̄) of the primary
fields in a conformal field theory is of key importance, as it can be understood as determining
particle masses in quantum field theory or critical exponents in statistical mechanics. Note
that a unitary conformal field theory requires h, h̄ ≥ 0.

Similar to the general case (2.67), correlation functions in two dimensions are restricted by

〈φ1(w1, w̄1) . . .φn(wn, w̄n)〉=
n
∏

i=1

�

dw

dz

�−hi

w=wi

�

dw̄

dz̄

�−h̄i

w̄=w̄i

〈φ1(z1, z̄1) . . .φn(zn, z̄n)〉 , (2.74)

which again fixes the two- and three-point functions. Now including spin si = hi − h̄i and
using complex coordinates where ri j = (zi j z̄i j )

1/2, the two-point function becomes

〈φ1(z1, z̄1)φ2(z2, z̄2)〉=
c12

z2h
12 z̄2h̄

12

if







h1 = h2 = h,

h̄1 = h̄2 = h̄,
(2.75)

and the three-point function 〈φ1(z1, z̄1)φ2(z2, z̄2)φ3(z3, z̄3)〉 takes on the form

c123

1

z h1+h2−h3
12 z h2+h3−h1

23 z h3+h1−h2
13

1

z̄ h̄1+h̄2−h̄3
12 z̄ h̄2+h̄3−h̄1

23 z̄ h̄3+h̄1−h̄2
13

. (2.76)
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For spinless fields, both correlation functions (2.75) and (2.76) reduce to their respective
general cases (2.68) and (2.70).

Conformal invariance in quantum field theory

An explicit introduction to the quantum treatment of conformally invariant field theories
in two dimensions would lead us too far, but the basic picture is required to obtain an
understanding of the origin of the central charge in a conformal field theory. First of all,
an important concept in (conformal) field theory is the operator product expansion (OPE),
which captures the short-distance behavior of two local operators inserted at nearby points by
expressing it as a sum of other local operators,

〈Oi (z, z̄)O j (w, w̄)X 〉=
∑

k

c k
i j (z −w, z̄ − w̄) 〈Ok(w, w̄)X 〉 . (2.77)

This expansion holds inside time-ordered correlation functions13 and the X denote an arbitrary
product of additional local operator insertions at distances large compared to |z −w|. The
coefficients c k

i j contain the singular behavior for z → w, which turns out to be the only
relevant part as the singular terms capture how local operators transform under symmetries.
To see how this works, recall that an exact symmetry of a d -dimensional quantum theory
has a conserved Noether current jµ associated to it, satisfying ∂µ jµ = 0 in flat space. These
classically conserved currents are mirrored by associated Ward identities, which are constraints
imposed on correlation functions by classical symmetries of a theory. If the path integration
measure however does not possess the symmetry of the action, the classical symmetry can
become anomalous at the quantum level. Local coordinate transformations are generated by
the energy-momentum tensor Tµν , which is in general a symmetric divergence-free tensor or
can be constructed to be so. In theories with scale invariance, Tµν can be made traceless and
when this is possible, full conformal invariance follows from scale invariance and Poincaré
invariance. It can be shown that the vacuum expectation value of the trace of the energy-
momentum tensor vanishes in two dimensions if a theory has scale, rotation and translation
invariance, which implies that this trace is identically zero in the quantum theory as well and
that conformal invariance in two dimensions follows from the above invariances.

In two dimensions, the conservation law ∂ µTµν = 0 in complex coordinates on flat Euclidean
space indicates that the energy-momentum tensor has non-vanishing components T (z) =
Tz z(z) and T̄ (z̄) = Tz̄ z̄(z̄), as the traceless condition implies Tz z̄ = Tz̄ z = 0. For later use in
Chapter 5, note that the holomorphic conformal Ward identity is explicitly given by

〈T (z)φ1(w1, w̄1) . . .φn(wn, w̄n)〉

=
n
∑

i=1

�

hi

(z −wi )
2
+

1

z −wi

∂wi

�

〈φ1(w1, w̄1) . . .φn(wn, w̄n)〉 , (2.78)

which sums up the consequences of local conformal symmetry on correlation functions, up
to holomorphic functions of z which are regular at z = wi . It is seen that the correlation
functions are meromorphic functions of z with singularities at the positions of the inserted

13Note that the 〈. . .〉 are often implicitly assumed in OPE calculations and dropped for notational convenience.
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operators and that the residues at these singularities are determined by the conformal properties
of the operators. Reversing this reasoning and dropping the 〈. . .〉 notation, (2.78) can thus
be regarded as determining the conformal behavior of primary fields through the operator
product expansion with the energy-momentum tensor, as (2.78) gives the singular behavior of
the correlator of the field T (z) with primary fields φi (wi , w̄i ) as z→ wi . For a single primary
field of conformal weight (h, h̄), this yields

T (z)φ(w, w̄) =
h

(z −w)2
φ(w, w̄)+

1

z −w
∂wφ(w, w̄)+ . . . , (2.79)

T̄ (z̄)φ(w, w̄) =
h̄

(z̄ − w̄)2
φ(w, w̄)+

1

z̄ − w̄
∂w̄φ(w, w̄)+ . . . , (2.80)

which encodes the conformal transformation properties of φ(w, w̄). An example of a field
that is not a primary operator, is the energy-momentum tensor itself. It can be shown that the
most generally allowed operator product expansion of T (z) with itself is given by

T (z)T (w) =
c/2

(z −w)4
+

2

(z −w)2
T (w)+

1

(z −w)
∂ T (w)+ . . . , (2.81)

and a similar equation involving c̄ for the anti-holomorphic14 sector. The model-dependent
constant c is called the central charge and cannot be determined from symmetry considerations.
It reflects the conformal anomaly arising from the breaking of conformal invariance due to
quantum fluctuations and manifests itself in a variety of ways. From a renormalization group
perspective, the value of c is related to the universality class of the model under consideration,
e.g. c = 1 for free bosons or c = 1/2 for free fermions and the Ising model. Except for the
anomalous term, T (z) transforms as a primary operator of conformal weight (2,0). The
energy-momentum tensor is however not primary unless c = 0, but unitarity requires any non-
trivial conformal field theory in two dimensions to have c > 0. In general, the infinitesimal
transformation law for T (z), induced by (2.81), is

δεT (z) =−2∂zε(z)T (z)− ε(z)∂zT (z)−
c

12
∂ 3

z ε(z), (2.82)

which can be integrated to finite conformal transformations w→ z(w), yielding

T (w) =
�

dz

dw

�2

T (z)+
c

12
{z, w}, (2.83)

where {z, w} = (z ′′′z ′− 3
2 z ′′2)/z ′2. This Schwartzian derivative turns out to be the unique

weight-two object that vanishes when restricted to the global SL(2,C) subgroup of the two-
dimensional conformal group. On the infinitesimal level, this can be easily seen, as the third
partial derivative in (2.82) vanishes for ε of the form (2.64), which is at most quadratic for
conformal transformations. On a finite level, the Schwartzian derivative preserves the group
structure of successive conformal transformations, making the energy-momentum tensor an
example of a quasi-primary field.

14Sensible physical restrictions and the cancellation of local gravitational anomalies often require c = c̄ for
consistency.
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The operator formalism and radial quantization

As opposed to working with correlation functions to approach the quantum theory, it is often
beneficial to use an operator formalism15 and realize the symmetries of conformal field theory
in terms of generators acting on the Hilbert space of states of the theory. In radial quantization,
a conformal field theory defined on a cylinder is mapped onto the complex plane such that
equal-time slices of the cylinder correspond to circles of constant radius on the complex plane.
The dilatation generator on the plane can then be regarded as the Hamiltonian of the system.
Using the power of contour integrals and complex analysis, operator product expansions
can be related to commutation relations and the holomorphic and anti-holomorphic energy-
momentum tensor can be expanded in terms of mode operators Ln and L̄n, which generate
local conformal transformations on the Hilbert space and obey the Virasoro algebra

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2− 1)δn+m,0, (2.84)

[Ln, L̄m] = 0, (2.85)

[L̄n, L̄m] = (n−m)L̄n+m +
c

12
n(n2− 1)δn+m,0. (2.86)

Note that the Virasoro algebra coincides with the Witt algebra for a vanishing central charge c
and for global conformal transformations with n = 0,±1, as it is the central extension of the
Witt algebra. The quantum generators Ln and L̄n, acting on the Hilbert space, have to be
compared to the previously considered generators ln and l̄n of conformal mappings, acting on
the space of functions. Likewise, the generators of SL(2,C) in the Hilbert space are L−1, L0

and L1, together with their anti-holomorphic counterparts, and L0+ L̄0 is proportional to the
Hamiltonian of the system. In this way, the classification of the spectrum of a conformal field
theory boils down to the study of the representation theory of the Virasoro algebra.

Central charge and renormalization group flow

This concise introduction to conformal field theory is concluded by mentioning Zamolod-
chikov’s famous c -theorem for two-dimensional quantum field theories. Under certain reason-
able conditions, it can be shown that there exists a positive real function C (gi ,µ), depending
on the coupling constants {gi} of the theory and the energy scale µ, which decreases mono-
tonically under the renormalization group flow and is stationary at fixed points, where it is
equal to the central charge c of the corresponding conformal field theory. At least for two
dimensions, the c -theorem demonstrates the irreversibility of the renormalization group flow
and hints at the interpretation of the central charge as a measure for the degrees of freedom.

15The previously sketched formalism was based on constraints imposed on correlation functions in the form
of Ward identities, which are most easily expressed in the form of an operator product expansion of the energy-
momentum tensor with local fields. But it was implicitly understood that the operator product expansions
occured within correlation functions and no use was made of any operator formalism or Hilbert space, e.g. the
correlation functions could in principle be obtained in the path integral formalism [24].





Chapter 3

The holographic principle

This chapter introduces1 the holographic principle and its implications in a way that suffices to
understand the connections that will be developed from Section 3.3 onwards. The implications
of the remarkable Bekenstein-Hawking formula for black hole entropy inspired ’t Hooft
and Susskind to propose the holographic principle as an alternative perspective on possible
theories of quantum gravity. The holographic principle implies a significant reduction in
the degrees of freedom needed to describe a physical system, with the most explicit and
well-studied realization of this idea being the AdS/CFT correspondence. According to this
duality, gravitational degrees of freedom of a (d + 2)-dimensional anti-de Sitter spacetime are
said to correspond to field degrees of freedom living on the (d + 1)-dimensional boundary of
that spacetime. To transition into Chapter 4, this chapter is concluded with a brief discussion
on variational real-space renormalization group methods from a holographic viewpoint.

3.1 Black hole entropy and holography

3.1.1 Black hole thermodynamics

Following seminal works by Bekenstein, Bardeen, Carter, Hawking, Israel, Unruh, Wald and
others, it became clear in the 1970s that black holes are to be understood as thermodynamic
objects obeying four laws of black hole mechanics. On a classical level, the no-hair theorem
states that a stationary black hole is characterized by only three quantities to an observer
outside the event horizon: its mass M , angular momentum J and charge Q. This implies that
a black hole is classically in a unique state with zero entropy. For a general rotating, charged
black hole, the surface gravity2 c and horizon area A are given by

c=
4πµ

A
, A= 4π

�

2M (M +µ)−Q2� (3.1)

with µ = (M 2 −Q2 − J 2/M 2)1/2. The zeroth law states that the surface gravity c is always
constant over the horizon of a stationary black hole, analogous to the temperature being
uniform everywhere in a system in thermal equilibrium.

1Section 3.1 is partly based on [29] [30] [31], while Section 3.2 is inspired by [28] [30] [32] [33] [34] [35].
2Surface gravity can be defined as the acceleration of a static particle near the horizon as measured by an

observer at spatial infinity.
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The first law follows from the Einstein equations and entails energy conservation,

dM =
c

8πG
dA+ΩdJ +ΦdQ, (3.2)

where G denotes the gravitational constant, Ω the angular velocity and Φ the electrostatic
potential. Other matter fields, which may be present outside the black hole, contribute to the
right-hand side of the first law. The second law is Hawking’s area theorem dA≥ 0, which states
that the area of a black hole event horizon never decreases with time. Finally, the third law
states that the surface gravity c of the horizon cannot be reduced to zero in a finite number of
steps3, comparable to absolute zero temperature in thermodynamics.

The no-hair theorem poses a paradox, as the formation of a black hole apparently violates the
second law of thermodynamics by going from an initial state with arbitrary large entropy
of infalling matter to a final state with none at all. The area theorem however provides a
way out when the growth of the area is interpreted as compensating for the loss of entropy
of the collapsing matter. This led Bekenstein to suggest that a black hole carries an entropy
equal to its horizon area SBH = ηA, where η is a number of order unity, which Hawking later
proved to be η= 1

4G . Around the discovery of the Bekenstein-Hawking entropy, the second
law was subsequently generalized to the generalized second law, stating that the sum of all black
hole entropies and matter entropy will never decrease. This solved the paradox posed by the
no-hair theorem, as matter disappearing into the black hole leads to a growth of the event
horizon and the corresponding black hole entropy in such a way that the final total entropy
always increases or remains the same.

Black holes clearly have mass and if the Bekenstein-Hawking entropy is to be taken serious,
then the analogy with the first law of thermodynamics implies the existence of a temperature
through dM = T dSBH. Comparing this with the first law of black hole mechanics suggests that
the surface gravity is related to the temperature, although, classically, a black hole ought to be
at zero temperature since no radiation can escape from it. Hawking showed by a semi-classical
calculation that black holes do radiate when taking quantum mechanics into account and that
a distant observer will detect a thermal spectrum of particles at temperature TH =

c
2π , coming

from the black hole. The discovery of Hawking radiation solidified the thermodynamic
description of black holes and made its entropy and temperature as physically real as its mass.
In a way, the laws of black hole thermodynamics constitute a coarse-grained description of a
yet to be discovered theory of quantum gravity [36]. In the next subsections, it will be shown
how to arrive at the Hawking temperature and the Bekenstein-Hawking entropy.

3.1.2 Unruh and Hawking temperature

Let us consider the (3+ 1)-dimensional Schwarzschild black hole, described by the metric

ds 2 =−
�

1−
2M G

r

�

dt 2+
�

1−
2M G

r

�−1

dr 2+ r 2dΩ2, (3.3)

3We will not concern ourselves with extremal black holes, which are black holes satisfying µ = 0 so that
c= 0 and A= 4π(2M 2−Q2). Albeit having a vanishing surface gravity, their non-zero entropy can be calculated
by counting microstates using string theory methods.
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where M is the black hole mass, G ≡ G(4)N the four-dimensional gravitational constant and
dΩ2 the two-dimensional unit sphere metric dθ2+ sin2θdφ2. Note that the surface gravity is
c= 1/(4GM ) for a Schwarzschild black hole and that flat Minkowski spacetime is retrieved
in the asymptotic limit r � 2GM . The event horizon is the stationary null surface located
at r = 2GM , which causally separates the inside and the outside of the black hole. The
near-horizon geometry can be obtained by the coordinate transformation ξ = r − 2GM ,
leading to the metric

ds 2 =−
ξ

2GM
dt 2+

2M G

ξ
dξ 2+(2GM )2dΩ2, (3.4)

up to corrections of the order (2GM )−1. By introducing the coordinates ρ2 = (8GM )ξ and
ω = t/(4M G), we obtain

ds 2 =−ρ2dω2+ dρ2+(2GM )2dΩ2, (3.5)

so that the manifold is seen to factorize into the product of a 2-sphere S2 of radius 2GM
and a two-dimensional submanifold. The metric of the latter submanifold is just flat (1+ 1)-
dimensional Minkowski space expressed in hyperbolic polar coordinates, since the Minkowski
line element in two dimensions can be written as

ds 2 =−dt 2+ dx2 =−ρ2dω2+ dρ2, (3.6)

where the coordinates are related by t = ρ sinhω and x = ρcoshω. The Rindler coordinates
(ω,ρ) are span the Rindler wedge |t |< x in Cartesian Minkowski space and manifestly display
the boost symmetry of the Poincaré group. An equivalent interpretation of the Rinder
coordinates is that they describe uniformly accelerating frames of reference in flat spacetime.

Rather than resorting to Hawking’s original derivation in the operator formalism using
Bogoliubov transformations, a temperature can be more easily obtained directly from the
metric (3.5). By employing the ideas of Euclidean quantum field theory from Section 2.4.1, a
Wick rotation t →−iτ in (3.3) leads to the Euclidean Schwarzschild black hole,

ds 2 =
�

1−
2M G

r

�

dτ2+
�

1−
2M G

r

�−1

dr 2+ r 2dΩ2. (3.7)

Note that the metric approaches flat Euclidean space for r � 2GM , which allows us identify
an inverse temperature βH through the compactification of the Euclidean time τ ∼ τ+βH .
Changing coordinates as before by introducing ρ2 = (8GM )(r − 2GM ) and ω = τ/(4M G),
gives the Euclidean4 version of (3.5),

ds 2 = ρ2dω2+ dρ2+(2GM )2dΩ2, (3.8)

The Euclidean version of (3.6) leads to the Euclidean flat plane R2 metric in polar coordinates

ds 2 = ρ2dω2+ dρ2, (3.9)

4Observe that the Euclidean gravity approach also allows us to explore the interior of the black hole by
analytically continuing the coordinate ρ=

p

(8GM )(r − 2GM ) to imaginary values for r < 2GM .
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which is completely non-singular near ρ = 0 as long as a conical singularity is avoided by
periodically identifying ω ∼ω+ 2π. Note that, although the Rindler coordinates only cover
a quarter of the entire Minkowski space R1,1, the Euclidean rotation of the time coordinate
gives the entire flat Euclidean plane R2. The full Euclidean geometry is depicted in Fig. 3.1 and
looks like a cigar, where it is understood that an additional 2-sphere is located at every point.
For the correct periodicity, the geometry is non-singular and resembles flat space in polar
coordinates. Requiring the same periodicity ω ∼ω+2π for the black hole solution (3.8) near
the event horizon, we can immediately identify a dimensionless temperature T = 1/(2π).

ρ= 0 ω

Figure 3.1: Sketch of the cigar geometry (3.8) arising from compactifying Euclidean time.

For constant ρ, the Rindler metric (3.9) yields ds = ρdω, so that the proper temperature at a
distance ρ is given by T (ρ) = 1/(2πρ). This is nothing but the local Unruh temperature as felt
by a near-horizon observer in his uniformly accelerated frame of reference. By the principle
of equivalence, the Hawking temperature is then the temperature as measured by a distant
observer asymptotically far from the horizon, which boils down to a red-shifted version of the
Unruh temperature near the horizon. Said otherwise, the Unruh effect can be regarded as the
near-horizon form of the Hawking radiation. From the asymptotic identification τ ∼ τ+βH

and ω = τ/(4M G), the Hawking temperature is obtained as

TH =
1

8πM G
=
c

2π
, (3.10)

which represents the true thermodynamic temperature of an isolated black hole as measured by
an asymptotic observer. It is the equilibrium temperature at which black holes emit Hawking
radiation until they eventually evaporate, which leads directly to the black hole information
paradox and the important ideas of black hole complementarity. The on-going debate about
the recently proposed firewall phenomenon [37] [38] goes only to show how black holes
will continue to provide paradoxes and thought experiments until a true understanding of
quantum gravity is obtained.

3.1.3 Bekenstein-Hawking entropy

To calculate the black hole entropy, we can make use of (3.10) and the thermodynamic relation
dM = T dSBH to arrive at SBH = 4πM 2G, where it was assumed that SBH = 0 if M = 0. By
recognizing the horizon area A= 4π(2M G)2, the Bekenstein-Hawking entropy is found as

SBH =
A

4G
. (3.11)

It is important to mention that both the Hawking temperature and the Bekenstein-Hawking
entropy have been derived for the specific case of a Schwarzschild black hole. But the same
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procedure can be applied to arbitrary black holes regardless of the spacetime dimension,
charges, or angular momentum. In all cases, a well-behaved Euclidean solution can be
obtained whose regularity condition near the event horizon produces the desired black hole
temperature and an entropy which scales with the area of the event horizon. Note that the
microscopic nature of the Bekenstein-Hawking entropy is still not fully understood, except in
very special cases like supersymmetric BPS black holes where string theory exactly reproduces
the Bekenstein-Hawking entropy by explicitly counting microstates.

Alternatively, the Bekenstein-Hawking entropy can be obtained in an elegant way from the
semi-classical approximation of the Euclidean quantum gravity path integral [25]. From Sec-
tion 2.4.1, the thermodynamical partition function is given by the saddle-point approximation

Z[β] = e−βF ≈ e−SE [g
cl], (3.12)

where F is the free energy of the Schwarzschild black hole and SE[g
cl] denotes the Euclidean

gravity action of a classical solution g cl to the equations of motion with periodic boundary
conditions τ ∼ τ+β in imaginary time. Explicitly, the action is given by

SE =−
1

16πG

∫

M
d4x
p

gR −
1

8πG

∫

∂M
d3x
p

hK , (3.13)

where the first term is the Einstein-Hilbert action and the second term is the Gibbons-
Hawking-York boundary term, with h the induced metric on the boundary and K the trace of
the extrinsic curvature of the boundary. This additional term is needed to have a well-defined
variational problem—in terms of first-order derivatives of the metric—when the spacetime
manifoldM has a boundary ∂M . Indeed, a silent assumption in variationally deriving the
field equations for general relativity from the Einstein-Hilbert action is that the spacetime
manifoldM is closed, meaning that is both compact and has no boundary ∂M .

For an asymptotically flat geometry, like the Schwarzschild solution (3.7) we are considering,
the action is infinite and needs to be regulated somehow. This can be done by subtracting the
action SE[g

0] of a flat background metric g 0, which acts as a reference spacetime. For vacuum
solutionsRµν = 0, the Einstein-Hilbert terms in the actions vanish and the difference of the
actions boils down to

SE[g
cl]− SE[g

0] =−
1

8πG

∫

∂M
d3x
p

h(K −K0). (3.14)

The key point is that the integral is taken over the asymptotic boundary of the spacetime,
where the geometries of the Schwarzschild spacetime and the flat background spacetime have
to be isometric. This matching procedure yields the free energy βF of the black hole with
respect to flat spacetime, from which the energy and entropy follow as

E =
∂ (βF )

∂ β
, S =

�

β
∂

∂ β
− 1

�

(βF ). (3.15)

To regularize the calculation and match the two geometries, let us introduce an arbitrary finite
cutoff radius rc , which will eventually be removed by letting rc →∞. The boundary metrics,
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evaluated at the boundary ∂M , are given by

ds 2|rc
= hµνdxµdx ν =

�

1−
2GM

rc

�

dτ2+ r 2
c dΩ2, (3.16)

ds 2
0 |rc
= h0

µν
dxµdx ν = dτ2

0 + r 2
c dΩ2, (3.17)

whose angular parts already coincide. What is left to be matched, is the length of the imaginary
time circles corresponding to the inverse temperatures,

∫ β

0
dτ
Æ

hττ =
∫ β0

0
dτ0

q

h0
ττ

−→ β

È

1−
2GM

r
=β0. (3.18)

The integral in (3.14) can now be computed using the relation
p

hK = nµ∂µ
p

h, where n is
the outward radial unit vector normal to the boundary ∂M . From n ∝ ∂

∂ r and gµνn
µnν = 1,

the non-zero component n r = 1/pgr r =
p

1− 2GM/r is found. As the induced metric is
diagonal, the square root of the determinant is

p
h = r 2 sinθ

p

1− 2GM/r , leading to

p

hK =

È

1−
2GM

r
∂r






r 2 sinθ

È

1−
2GM

r







�

�

�

�

�

�

r=rc

= 2rc sinθ

�

1−
3GM

2rc

�

. (3.19)

With
p

hK0 = 2rc sinθ and the matching condition (3.18), one finds
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dφ
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This is a finite quantity for rc →∞, so that the free energy is given by

βF =−
1

8πG

∫

∂M
d3x
p

h(K −K0) =
βM

2
=

β2

16πG
, (3.21)

where we have used (3.10) since the solution describes a Schwarzschild black hole. The energy
and entropy are then found to be equal to the expected values

E =
β

8πG
=M , SBH =

β2

16πG
=

A

4G
. (3.22)

3.1.4 Entropy bounds

The finiteness of the black hole entropy (3.11) signals that local quantum field theory signifi-
cantly overestimates the number of independent degrees of freedom. To this end, Bekenstein
was among the first to suggest that the generalized second law implies the entropy bound
Smatter ≤ 2πER, where E is the total energy of the matter system and R the radius of the
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smallest sphere that fits around the matter system. The underlying assumption is that gravity
is weak enough to allow for a time-slicing where the system is at rest and space is close to
Euclidean. The Bekenstein bound Smatter ≤ 2πER can be derived on a classical level by studying
the Geroch process, where matter is dropped in a black hole from near the horizon, but its
validity is questionable as inconsistencies appear when trying to incorporate quantum effects.

Under certain assumptions, another bound can be directly obtained from the generalized
second law according to the Susskind process. Here, a system with a mass E , less than the
mass M of a black hole with the same surface area, can be converted into a black hole by
letting a spherically symmetric shell of mass M − E collapse onto the system. The resulting
spherical entropy bound is given by

Smatter ≤
A

4G
, (3.23)

where A denotes a well-defined area enclosing the matter system. As an example, ’t Hooft
pointed out that the entropy of a Schwarzschild black hole precisely saturates the above
holographic bound. This implies that a black hole is the most entropic object that fits inside a
given spherical surface and that the maximum entropy attainable in that region of space is
proportional to its area measured in Planck units. Spacelike entropy bounds S(V )≤A/(4G)
result from generalizing the spherical entropy bound (3.23) to the area of the boundary
B = ∂ V of a hypersurface V at a certain time t and dropping the assumptions under which
the spherical entropy bound was derived. Several counterexamples were however found so
that spacelike entropy bounds, as sketched on the left-hand side in Fig. 3.2, are not considered
to be generally applicable.

time

space

V

B = ∂ V
time

B

F1

F3

Figure 3.2: (Left) Spacelike entropy bound of a hypersurface V at equal time t . (Right)
Covariant entropy bound construction of a spherical surface B , displaying two cones F1 and
F3 which have negative expansion and hence correspond to light-sheets.

A more successful generalization of (3.23) is the covariant entropy bound, which is naturally
defined on lightlike surfaces instead of spacelike surfaces. In the spacelike formulation, the
starting point is a spatial volume V with boundary B = ∂ V whose area is claimed to be
an upper bound on the entropy S(V ) in V . The covariant entropy bound works the other
way around by starting from a codimension-2 surface B to construct a codimension-1 null
hypersurface L. This hypersurface is called a light-sheet of B if it is generated by the light
rays which begin at B , extend orthogonally away from B and have a non-positive expansion
θ≤ 0 everywhere on L. The expansion θ of a family of light rays is motivated by the focusing
theorem in general relativity, which reflects the tendency for light rays to bend around
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regions of non-zero energy. A given surface B always possesses precisely four orthogonal
null directions and one can show that there always exist at least two directions F1 and F3

away from B which do not expand, as depicted in Fig. 3.2. Intuitively, the non-expansion
condition provides a rigorous and universally valid way of defining the inside and the outside
of the light-sheet. When light rays intersect themselves, they start expanding again so that
light-sheets terminate at focal points or at the boundary of the spacetime geometry. The
covariant entropy bound then states that the entropy on any light-sheet of a surface B will not
exceed the area of B ,

S[L(B)]≤
A(B)

4G
. (3.24)

Observe that light-sheets play the role of holographic screens, as they encode all the information
contained within them, and thus relate information and geometry in a general way. Note
that no physically realistic counterexample of the Bousso bound (3.24) has been found as of
yet. The bound is semi-classical in the sense that it still depends on the existence of a smooth
geometry to define light-sheets and, because of the fact that it can not be derived from any
other laws of physics or black hole thermodynamics, it is often considered an imprint of a
more fundamental theory.

3.1.5 The holographic principle

It is interesting to question how many independent states are required to describe all physics
in a region bounded by an area A. For ease of discussion, let us consider a finite spherical
volume V with boundary area A in (3+ 1)-dimensional asymptotically flat spacetime, and
assume that gravity is sufficiently weak so the notion of geometry does not break down.
No particular system is envisioned, but rather a fundamental system to which all physical
systems can ultimately be reduced, according to some unknown fundamental theory. Similar
to the entropy definitions in Chapter 2, the number of degrees of freedom N of a quantum-
mechanical system is taken to be the logarithm of the dimensionN of its Hilbert space H so
that N = lnN = ln(dimH). As per Boltzmann’s interpretation of entropy, this is equal to the
number of bits of information needed to characterize a state, up to possible factors.

For a lattice spin model with lattice spacing a, the number of spins is n = V /a3 and the
number of states is equal to N = 2n, so that the number of degrees of freedom N = n ln2
grows as the volume. In the continuum, local quantum field theory consists of an infinite
amount of harmonic oscillators, with each oscillator having an infinite-dimensional Hilbert
space and thus an infinite amount of degrees of freedom. Let us discretize space at the Planck
length scale to crudely incorporate the effect of gravity, such that there remains one oscillator
per Planck volume. Due to the finite volume, the oscillator spectrum becomes discrete and
bounded from below, which is an infrared effect. The spectrum is also bounded from above by
an ultraviolet cutoff due to the Planck energy, as the localization of a higher amount of energy
in a Planck cube results in the production of a black hole. So the total number of oscillators
is V in Planck units, and each oscillator has a finite number of states n. Again, we obtain
the number of statesN ∼ nV and the number of degrees of freedom N ∼V ln n. The above
results are typical for theories which have local degrees of freedom in space, leading to the
number of distinct states being exponential in the volume V of the system.
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To see how the above point of view is in conflict with gravity, we will heuristically employ the
spherical entropy bound (3.23). Let S be the thermodynamic entropy of an isolated system
at fixed values of macroscopic parameters such as energy and volume. Then, again due to
Boltzmann’s vision, eS is the number of independent quantum states describing the same
macroscopic state, which reflects our ignorance about the microscopic state of the system.
Instead of asking how many independent states are required to describe all physics in a region
bounded by an area A, we can equivalently question what the entropy S of the fundamental
system might be when only its boundary area is given, as the number of states then follows
from N = eS . The spherical entropy bound makes no reference to microscopic properties
and hence applies to the fundamental system in particular. As mentioned before, a black hole
is able to saturate this bound, so that the number of degrees of freedom in a region bounded
by a sphere of area A is given by N =A/(4G), leading to a number of states

N = eA/(4G). (3.25)

As the volume of physical systems larger than the Planck scale will always exceed their
boundary area in Planck units, the spherical entropy bound result N ∼A is at odds with the
much larger field theory estimate N ∼V . The reason for this discrepancy is that local field
theory overcounts the available degrees of freedom because it does not account for gravity.
The infrared cutoff, due to the restriction to finite spatial size, prohibits the generation of
entropy by long wavelength modes of the system. Most of the entropy contribution in the
field theory estimation thus comes from very high energies. But a spherical surface cannot
contain more mass than a black hole of the same area. The mass of a Schwarzschild black
hole is proportional to its radius, so that the mass M contained in a sphere of radius R has
to obey M ® R. In the previous paragraph, the ultraviolet cutoff was only applied at the
smallest available scale in Planck units. For regions larger than the Planck length, this kind of
naive cutoff allows M ∼ R3 behavior, which violates M ® R and is by far not strict enough to
prevent black hole formation on larger scales5. Thus most of the states included in the field
theory estimation are far too massive to be gravitationally stable. A black hole would form
long before any quantum field can be excited to such energy levels. Said otherwise, not all
available field theory degrees of freedom can be used to generate entropy or store information.

As unitary quantum mechanical time evolution is supposed to preserve information, the
conversion of a region described by a Hilbert space of dimension eV to a black hole described
by a Hilbert space of dimension eA/(4G), would make it impossible to retrieve the initial state
from the final state. A possible solution to this violation of unitarity is that the Hilbert space
must have had dimension eA/(4G) all along. Insisting on unitarity in the presence of black holes,
’t Hooft and Susskind suggested that a region with boundary area A should be fully described
by no more than A/(4G) degrees of freedom, or about 1 bit of information per Planck area.
Using the covariant entropy bound, Bousso elevated the previous suggestion, which was based
on the non-universally applicable spherical entropy bound, to a universal principle:

5A numerical example may clarify this point. Consider a sphere of radius R= 1 cm, which equals 1033 in
Planck units. Suppose the field energy in the enclosed region saturates the naive cutoff in each of the 1099 cubic
Planck cells, leading to a mass inside the sphere of 1099, in Planck units of energy. But the most massive object
that can exist inside the sphere, according to gravity, is a black hole of radius and mass 1033 in Planck units.
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The covariant entropy bound is a law of physics which must be manifest in an
underlying theory. This theory must be a unified quantum theory of matter and
spacetime. From it, Lorentzian geometries and their matter content must emerge in
such a way that the number of independent quantum states describing the light-sheets
of any surface B is manifestly bounded by the exponential of the surface area

N [L(B)] = eA(B)/(4G), (3.26)

or without explicitly referring to quantum mechanics and Hilbert spaces,

The number of degrees of freedom N involved in the description of L(B) must not
exceed A(B)/4.

The holographic principle implies a drastic reduction in the degrees of freedom needed to
describe physical systems. From the holographic perspective, quantum field theory is a highly
redundant effective description of the physical world in which the true number of degrees of
freedom is obscured.

3.2 AdS/CFT correspondence

3.2.1 Large N limit of gauge theories

The relation between gauge theories and string theory had been studied for many years leading
up to the discovery of the AdS/CFT correspondence. A description of the strong interaction
that agreed with all experimental data was provided by quantum chromodynamics, which
is a non-abelian gauge theory with gauge group SU(3). Although the high-energy behavior
of the strong interaction is succinctly described in terms of quantum chromodynamics,
non-perturbative low-energy phenomena are beyond the realm of perturbative quantum
field theory and are only accessible using numerical lattice calculations. Originally, string
theory was developed as an explanation for the strong interaction, due to the observation
of string-like properties such as confinement, resulting from the formation of flux tubes
between quarks and anti-quarks. Some kind of string theory might provide a tractable dual
complementary description of quantum chromodynamics in the low-energy region, which is
partially motivated by the large N limit of gauge theories, as was first suggested by ’t Hooft.

Due to the phenomenon of dimensional transmutation, the dimensionless coupling constant
gY M in four-dimensional SU(N) Yang-Mills theories is effectively replaced by a dimensionful
mass scale Λ, so that no obvious perturbative expansion can be used at low energy scales.
Having no other parameters available, ’t Hooft’s idea was to study how gauge theories might
simplify in the limit of large N to allow for an expansion in 1/N . To this end, consider a
general quantum field theory with fields φa

i , which transform in the adjoint representation of
the gauge group, where a denotes the adjoint index and i some label of the fields. Schematically,
the Lagrangian of a toy model theory is given by

L ∼Tr
�

(∂ φi )
2�+ gY M c i j k Tr

�

φiφ jφk

�

+ g 2
Y M d i j k l Tr

�

φiφ jφkφl

�

, (3.27)
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for some interaction constants c i j k and d i j k l , which, after letting φi 7→gYMφi , leads to

L ∼
1

g 2
Y M

�

Tr
�

(∂ φi )
2�+ c i j k Tr

�

φiφ jφk

�

+ d i j k l Tr
�

φiφ jφkφl

��

. (3.28)

To obtain a well-defined large N limit, it is convenient to introduce the ’t Hooft coupling
λ = g 2

Y M N , so that the coefficient in front of the above Lagrangian is N/λ. Naively, this
coefficient diverges in the limit when N →∞ while keeping λ fixed, but the clue is that the
number of components N 2− 1 in the fields also goes to infinity. The large-N theory does not
resemble a free theory at all and preserves many features of the small-N interacting theory.
Dropping the additional label i of the fields φa

i , we can equivalently interpret the adjoint
fields φa as an N ×N matrix φa=1,...,N

b=1,...,N̄
with two indices respectively in the fundamental and

anti-fundamental representation. Using this interpretation, the SU(N ) propagator,

〈φa
bφ

c
d 〉 ∝ g 2

Y M

�

δa
dδ

c
b −

1

N
δa

bδ
c
d

�

, (3.29)

is equivalent to the one in a U(N ) theory in the large-N limit and motivates the use of a
double-line notation for the adjoint fields in Feynman diagrams, as depicted in Fig 3.3 below.

c
d

a
b

∝ g 2
Y M ∝ g−2

Y M ∝ g−2
Y M

Figure 3.3: (From left to right) Diagrams in double-line notation of the propagator, three-
and four-point interaction vertices of the toy model Lagrangian (3.28).

Let us first consider vacuum diagrams without external fields. Propagators are proportional to
λ/N , while each vertex carries a coefficient proportional to N/λ. Additional powers of N
can arise from the contribution of loops, with each loop contributing a factor N due to the
sum over indices in the trace. Topologically, every double-line graph defines a triangulation
of a 2-dimensional surface Σ. A general Feynman diagram with V interaction vertices, E
propagators (edges), and F index loops (faces) thus gives a contribution proportional to

N V−E+FλE−V =NχλE−V , (3.30)

where χ is the Euler character of the 2-dimensional surface Σ corresponding to the diagram.
This is a topological invariant of the surface Σ constructed from the Feynman diagram graph
and is generally given by χ [Σ] = 2−2g−b , where g denotes the number of handles—the genus
of the surface—and b the number of boundaries. For vacuum diagrams, the corresponding
surfaces have no boundaries and are thus topologically classified by their genus. The effective
action, which yields the sum over connected vacuum-to-vacuum diagrams in this case, boils
down to an N -counting of all possible surface topologies,

lnZ =
∞
∑

g=0

N 2−2g
∞
∑

i=0

cg ,iλ
i =

∞
∑

g=0

N 2−2g fg (λ), (3.31)
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where fg is a polynomial in λ. In the large N limit, surfaces of maximal χ—or minimal
genus—will dominate the expansion, which are the most simple surfaces with the topology
of a sphere and correspond to planar diagrams. These diagrams give a contribution of the
order N 2, while all other diagrams will be suppressed by subsequently higher powers of 1/N 2.
The form of the expansion (3.31) is analogous to the one found in perturbative string theory
expansions with closed oriented strings, where the string coupling constant gs is replaced by
1/N . In the large N limit, the joining and splitting of closed strings is suppressed and the
theory becomes effectively classical in this sense. The analogy between these perturbative
expansions for large N , where the string theory is weakly coupled, strongly suggests a relation
between field theories and string theories, but does not suggest which particular string theory
is dual to a given gauge theory. The key idea behind the AdS/CFT correspondence is that it
precisely realizes such an identification.

3.2.2 Maldacena conjecture

The original AdS/CFT correspondence was proposed by Maldacena in [39] and relates (9+ 1)-
dimensional type IIB string theory, compactified on AdS5⊗ S5, to (3+ 1)-dimensionalN = 4
super-Yang-Mills (SYM) theory. To see how this correspondence arises, let us first introduce
some basic facts about string theory and branes. Length scales in string theory are measured
with respect to the string scale ls ≡

p
α′ and a dimensionless coupling constant gs is present in

the theory. Additionally, the 10-dimensional gravitational coupling is given by c210 = 8πG(10)
N =

64π7 g 2
s α
′4. Type IIB string theory was originally thought of as a theory of closed strings, until

it was shown that it also contained open strings whose endpoints lie on (p + 1)-dimensional
hypersurfaces called D p-branes. On the other hand, D-branes can also be interpreted as
solitonic solutions of classical type IIB supergravity, which is the low-energy limit of type
IIB string theory. It is this dual identification of D -branes, as either hyperplanes where open
strings can end or as solitonic solutions of type IIB supergravity in particular limits, which
proves to be crucial to the AdS/CFT correspondence.

The open strings ending on the D -branes decouple from the closed strings at low energies and
their respective dynamics are described by a gauge field theory. For a stack of N coincident
D p-branes, the corresponding gauge theory is seen to be a non-abelian SU(N ) theory. In his
original argument, Maldacena considered a stack of N coincident D3-branes, in which case
the branes precisely entail the particle content and symmetries of theN = 4 SYM theory and
imply the relation gs = g 2

Y M/4π between the string coupling and the coupling constant of
the gauge theory. Due to its nature,N = 4 SYM theory has an exactly vanishing β-function
and thus enjoys a superconformal symmetry at the quantum level. The effective action of the
low-energy massless modes looks like

S = Sbulk+ Sbrane+ Sint, (3.32)

where Sbulk is the 10-dimensional supergravity action including higher order derivative terms
corresponding to stringy α′ corrections, Sbrane is the (3+1)-dimensional brane action containing
N = 4 SYM plus some higher derivative corrections and Sint describes the interactions between
the open strings on the brane and the closed strings in the bulk. The low-energy limit is
taken by keeping the energy and all dimensionless parameters fixed while sending α′→ 0, so
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that c10 ∼ gsα
′2 approaches zero as well. This implies that the interaction term Sint vanishes,

together with all the higher derivative terms in the brane action, leaving just pure N = 4
SYM in (3+ 1)-dimensions. Furthermore, the supergravity theory in the bulk becomes free,
so that the low energy limit is seen to yield two decoupled systems.

From the closed string point of view, the D-branes are massive charged objects which curve
spacetime around them. Starting from a well-chosen ansatz, the supergravity solution describ-
ing a set of N coincident D3-branes is given by

ds 2 =
1

p

H (r )
ηµνdxµdx ν +

Æ

H (r )
�

dr 2+ r 2dΩ5

�

, (3.33)

F5 = dA+ ∗(dA), A=
1

H (r )
dx0 ∧ dx1 ∧ dx2 ∧ dx3, (3.34)

where F5 is a 5-form field strength originating from the bosonic field content of the theory.
Additionally, the solution to the ansatz fixes

H (r ) = 1+
R4

r 4
, R4 = 4πα′2 gs N , (3.35)

where dΩ5 is the SO(6) invariant metric on the unit 5-sphere and the integer N is determined
by the flux of the 5-form field strength F5 through the 5-sphere. Geometrically, the solution
(3.33) describes a spacetime which is asymptotically flat for r →∞ and contains a geodesically
long throat region near r ≈ 0. Near the horizon r → 0, the metric can be approximated as

ds 2 =
r 2

R2
ηµνdxµdx ν +

R2

r 2
dr 2+R2dΩ5 =

R2

z2

�

dz2+ηµνdxµdx ν
�

+R2dΩ5, (3.36)

which are exactly the Poincaré coordinates of the AdS5 geometry described in Appendix A,
up to an additional 5-sphere. The AdS5⊗ S5 geometry appears as the near-horizon limit of
the D3-brane solution of type IIB supergravity and describes the throat region of the full
geometry. Note that the metric component gt t in (3.33) is non-constant, so that the redshift
relation between the energy Er of an object as measured by an observer at constant position r
and the energy E∞ as measured by an observer at infinity is given by E∞ =H−1/4(r )Er . This
means that the object appears to have lower and lower energy to an observer at infinity if it is
brought closer to r → 0, giving a geometric notion of the low energy regime. Therefore, two
kinds of massless excitations have to be distinguished for closed strings from the viewpoint of
an observer at infinity. There are massless particles propagating in the bulk region r →∞
with very large wavelengths, incapable of noticing the AdS radius R, and any kind of excitation
that is brought close enough to r = 0. In the low energy limit, these two types of massless
excitations decouple as the throat region acts as an effective potential well for the closed strings
by preventing them from escaping. Again, two decoupled theories emerge, with one of them
being free supergravity in the bulk and the other one being the near-horizon limit of the
D3-brane solution of type IIB supergravity.

Both from the open string point of view of a field theory living on the brane and from the
closed string point of view of supergravity, two decoupled theories appear in the low energy
limit. In both cases, one of the decoupled systems is supergravity in flat space, which led
Maldacena to identify the two remaining systems in both descriptions:
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The Maldacena conjecture states thatN = 4 SYM with gauge group6 SU(N ) in
(3+1) dimensions is the same—or is dual to—type IIB superstring theory on AdS5⊗S5.

In Appendix A, it is given that the isometry group of AdSd+2 equals SO(d + 1,2), so that the
symmetry of AdS5⊗ S5 is the isometry group SO(4,2)⊗ SO(6). Recall from Section 2.5.2
that the group SO(4,2) is the same as the conformal group in (3+ 1) dimensions, so the fact
that the low-energy field theory on the brane is conformal is reflected by the near-horizon
geometry being anti-de Sitter. It is in this sense that the field theory is said to live on the
boundary of the AdS spacetime, as the spatial boundary at infinity of AdSd+2 in Poincaré
coordinates is a copy of (d + 1)-dimensional Minkowski space. The SO(6) symmetry group
rotates the 5-sphere and can be identified with the SU(4)R symmetry group of the global
internal R-symmetry of the gauge theory. By including all symmetries of the near-horizon
limit of the type IIB supergravity D3-brane solution, it can be shown that a perfect match
with the superalgebra SU(2,2|4) ofN = 4 SYM is obtained.

From the comments on the ’t Hooft limit in Section 3.2.1, we know that the perturbative
analysis of Yang-Mills theory is assumed to be reliable when

g 2
Y M N ∼ gs N ∼

R4

l 4
s

� 1. (3.37)

On the other thand, the classical supergravity description can be trusted when the radius R of
the AdS space and of S5 is large compared to the string length, leading to

R4

l 4
s

∼ gs N ∼ g 2
Y M N � 1. (3.38)

Both regimes are seen to be perfectly incompatible, which is why the AdS/CFT correspon-
dence is often referred to as a duality. The two theories are conjectured to be exactly the
same, but when one of them is considered to be weakly coupled in a certain regime, the
other one is necessarily strongly coupled. Note that the previously stated conjecture is the
strongest form of the AdS/CFT correspondence, relating both theories for all values of gs

and N . But as there is no non-perturbative description of string theory yet, this statement
remains a conjecture. A weaker form is obtained by keeping λ= g 2

Y M N fixed while sending
N →∞, so that gs → 0, which reduces the quantum type IIB string theory on AdS5 ⊗ S5

to its classical limit. An even weaker—and the only practically usable form—is provided by
additionally letting λ = g 2

Y M N →∞ so that ls � R or, equivalently, keeping R fixed while
λ= g 2

Y M N →∞ so that l 2
s = α

′→ 0. In this limit, strongly coupled N = 4 SYM is dual to
weakly coupled—and therefore tractable—type IIB classical supergravity on AdS5⊗ S5.

3.2.3 Euclidean GKPW prescription

Although Maldacena’s original work was was deep and profound, it did not include a way
to actually put the correspondence to work. A prescription was provided independently by

6The distinction between U(N) and SU(N) boils down to certain U(1) modes which can be chosen to be
included or not.
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Gubser, Klebanov and Polyakov in [40] and Witten in [34], given by the relation
D

e
∫

dd+1 xφ0(x)O (x)
E

CFT
= Zstring, (3.39)

which relates the partition function of the string theory in (d +2)-dimensional Euclidean AdS
space to the generating functional of the conformal field theory with source φ0 living on the
(d +1)-dimensional boundary R4. The left-hand side of (3.39) can be written as the generating
functional

Z[φ0] =
D

e
∫

dd+1 xφ0(x)O (x)
E

CFT
=

∫

[dφ′]e−SCFT[φ
′]+
∫

dd+1 xφ0(x)O (x)

∫

[dφ′]e−SCFT[φ
′]

≡ e−WCFT[φ0], (3.40)

where WCFT[φ0] denotes the familiar generator of connected correlation functions which can
be obtained by functionally differentiating WCFT[φ0] with respect to the respective source φ0.
The right-hand side of (3.39) denotes the partition function of the bulk string theory, which is
obtained by formally integrating over all bulk field configurations φ′,

Zstring =
∫

[dφ′]e−Sstring[φ
′]. (3.41)

As seen previously in Section 3.1.3, the primary contribution to the Euclidean path integral
arises from the saddle point Zstring ≈ e−Sstring[φ], which corresponds to the classical solutions
φ of the equations of motion. According to the prescription, the bulk field φ equals the
source field φ0 on the boundary. Of course, the appearance of the string theory action in
the saddle-point approximation is still impractical, but by taking the weakest limit of the
AdS/CFT correspondence where N →∞ and λ= g 2

Y M N →∞, it reduces to the computable
classical supergravity action7

Sstring[φ]≈ SSUGRA[φ]+O
� 1

N 2

�

+O
�

1
p
λ

�

. (3.42)

The prescription then states that, for N →∞ and g 2
Y M N � 1, the following relation holds for

a classical supergravity theory in the bulk and its dual strongly coupled CFT on the boundary,
D

e
∫

dd+1 xφ0(x)O (x)
E

CFT
≈ e−SSUGRA[φ], (3.43)

such that

WCFT[φ0] =− ln 〈e
∫

dd+1 xφ0(x)O (x)〉CFT ≈ extremum
φ|z=ε=φ0

SSUGRA[φ]. (3.44)

In this expression, φ represents the classical solution of the equations of motion of SSUGRA,
which takes on the values φ0 at the boundary. Substituting this solution into the action yields
the on-shell action SSUGRA[φ0], expressed in terms of the boundary data φ0. In Poincaré
coordinates, the AdS boundary corresponds to z = 0 and a cutoff has been introduced at

7Note that it can be shown that the terms appearing in the SSUGRA action, corresponding to the dual (3+ 1)-
dimensional N = 4 SYM theory, are proportional to 1/c210 ∼ 1/g 2

s ∼ N 2/λ2, as expected from the large-N
scaling behavior of Section 3.2.1.



48 Chapter 3: The holographic principle

z = ε in anticipation of divergences that will inevitably occur in calculations. The core of the
GPKW prescription boils down to the fact that the boundary value φ0 of the bulk field φ is
interpreted as the source of the composite operator O (x) in the dual conformal field theory.
As per usual, connected correlation functions can be obtained by functional derivation as

〈O∆(x1) . . .O∆(xn)〉= (−)
n−1 δ

δφ0(x1)
. . .

δ

δφ0(xn)
SSUGRA[φ0]|φ0=0, (3.45)

where ∆ refers to the scaling dimension of the composite operator O∆(x) and where φ is said
to couple to O at the AdS boundary. In the examples of the next subsections, we will only
consider free bulk fields, but do note that interactions can be incorporated perturbatively,
similar in spirit to Feynman diagrams. The tree-level diagrams of the gravity theory that arise
from this procedure are called Witten diagrams and can be used to compute the interactions of
particles in the bulk. Also note that the previous formulas only involved one field in the bulk,
but, of course, there ought to be a corresponding bulk field φ for every operator O in the dual
field theory. Although matching fields and operators is hard in general, one can show that
conformal primary operators correspond to elementary fields on the weakly-coupled gravity
side8. Below, we will discuss the wave equation for the free massive scalar field in the bulk and
elaborate on the calculation of two-point correlation functions in the Euclidean AdS/CFT
framework.

Wave equation of the free massive scalar field

Let us consider a bulk action for the massive scalar field of the form

S[φ] =
∫

dd+2z
p

g
�1

2
gµν∂µφ∂νφ+

1

2
m2φ2+

1

3
bφ3+ . . .

�

, (3.46)

up to a normalization constant, which contains the gravitational origin of the action and
scales as N 2. The Euclidean Poincaré metric (A.15) will be used in all calculations, so that
pg =

p

|det g |= (R/z0)
d+2. The free massive scalar field action is obtained by disregarding

the interaction terms and its dynamics in the bulk is governed by the Laplace equation

1
pg

∂µ
�p

g gµν∂νφ
�

−m2φ= (�−m2)φ= 0, (3.47)

where the Laplacian operator � was introduced. For fields φ(z0,~z) which satisfy these
equations of motion, the on-shell action is given by a boundary term arising from partial
integration, as will be seen explicitly when calculating two-point correlators. Since the
components of the Euclidean AdSd+2 metric only depend on z0, the wave equation (3.47)
becomes

zd+2
0

∂

∂ z0

�

z−d
0

∂

∂ z0

φ(z0,~z)
�

+ z2
0

∂ 2

∂ ~z 2
φ(z0,~z)−m2R2φ(z0,~z) = 0, (3.48)

8Here, elementary refers to the notion of a single particle corresponding to single-trace operators in the
large-N limit. In this sense, excitations in the bulk created by multi-trace operators correspond to multi-particle
states of φ.



3.2. AdS/CFT correspondence 49

where the notation of the second term refers to the Laplacian on the boundary. Before turning
to an elegant solution of this boundary value problem in real space, let us first derive an
important formula relating bulk masses to operator dimensions for scalar fields. Using

φ(z0,~z) =
∫ dd+1 p

(2π)d+1
ei~p·~zφ(z0,~p), (3.49)

the Fourier space version of the wave equation (3.47) becomes
�

z2
0∂

2
0 − d z0∂0−

�

p2z2
0 +m2R2

��

φ(z0,~p) = 0, (3.50)

which is a modified Bessel’s equation with two linearly independent solutions. We will study
the explicit solutions in more detail when calculating the two-point function, but let us already
anticipate the asymptotic power law behavior near the boundary z0→ 0. Substituting the
ansatz φ(z0,~p) = z∆0 in (3.50) yields

�

∆(∆− (d + 1))−
�

p2z2
0 +m2R2

��

z∆0 = 0, (3.51)

which, for z0 approaching the boundary z0→ 0, leads to the condition9

∆(∆− (d + 1)) = m2R2. (3.52)

In spirit of Section 2.4.2, the relevantness of operators under the renormalization group flow
can be discussed. For m2 > 0, the operator O∆ associated to φ is an irrelevant operator as
(3.52) implies that ∆> d + 1. This means that the perturbation of the conformal theory will
go away upon renormalizing towards the infrared. For m2 = 0, we find ∆ = d + 1 so that
O∆ is marginal. If m2 < 0, then ∆< d + 1 and O∆ is a relevant operator. These tachyons are
allowed in AdS spacetimes, as long as m2 does not render the scaling dimension complex,
which happens for m2 <−(d + 1)2/4R2. The two solutions of (3.52) satisfy ∆++∆− = d + 1
and are given by

∆± =
d + 1

2
±

√

√

√

√

�

d + 1

2

�2

+m2R2. (3.53)

The solution proportional to z∆−0 is bigger near the boundary than the solution proportional
to z∆+ , as the latter decays near the boundary for any value of the mass since ∆+ > 0,
∀m. Since the leading behavior of a generic solution is φ ∼ z∆−0 near the boundary, the
boundary condition in (3.43) ought to be renormalized as φ(ε,~z) = ε∆−φ0(~z), in order to
obtain consistent behavior with φ0(~z) finite for ε→ 0. From dimensional analysis of the
prescription (3.43), it can then be intuitively seen that the associated operator O needs to have
a scaling dimension equal to d + 1−∆− =∆+ ≡∆. The fact that ∆ does correspond to the
scaling dimension of the operator O∆, will become more clear from the calculation of the
two-point function.

9Alternatively, the result (3.52) can be found for d = 3 from the spherical harmonics on S5, which are the
result of a Kaluza-Klein dimensional reduction of (9+ 1)-dimensional type IIB supergravity on AdS5⊗ S5.
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Going back the boundary value problem (3.48), the Green’s function

K∆(z0,~z,~x) = c∆

 

z0

z2
0 +(~z −~x)

2

!∆

, c∆ =
Γ(∆)

π(d+1)/2Γ(∆− (d + 1)/2)
(3.54)

solves (3.48) if ∆=∆+ satisfies (3.52). The function K∆(z0,~z,~x) is normalized as

lim
z0→0

z∆−(d+1)
0 K∆(z0,~z,~x) = δ(~z −~x), (3.55)

so that the integral solution

φ(z0,~z) =
∫

dd+1x K∆(z0,~z,~x)φ0(~x) (3.56)

determines the solution of (3.48) which approaches the boundary data φ0(~x) as φ(z0,~z)→
zd+1−∆

0 φ0(~z) for z0→ 0. In this sense, the function K∆ is interpreted as the bulk-to-boundary
propagator [34].

Two-point correlation functions

Another example of the formalism is provided by the explicit computation of the two-point
function, which requires a careful analysis of potential divergences at the boundary. In the
following, we will set the R = 1 for convenience. To regulate the calculations, a cutoff at
z0 = ε is placed in the bulk geometry. Let us then consider the Dirichlet boundary value
problem at the regularized boundary z0 = ε,

�

�−m2�φ(z0,~z) = 0, φ(ε,~z) = φ̄(~z). (3.57)

Again considering massive scalar fields, the equations of motion are substituted into the action
(3.46) to find the on-shell action after integration by parts,

S[φ̄] =−
1

2εd

∫

dd+1z φ̄(~z)∂0φ(ε,~z), (3.58)

which is equal to the contribution of the regularized boundary. Since the on-shell action
is quadratic in the source φ̄ and the two-point function of the dual CFTd+1 operator O∆
is obtained from (3.45) as the second functional derivative with respect to the source, the
two-point function will only depend on the free field limit of the action (3.46). Solving (3.57)
is most easily done in momentum space, as working in position space is considerably more
difficult due to the fact that the full symmetry properties of AdS space are lost for the region
z0 ≥ ε. The solutions of (3.50) will now be studied in detail, starting from

�

z2
0∂

2
0 − d z0∂0−

�

p2z2
0 +m2

��

φ(z0,~p) = 0, φ(ε,~p) = φ̄(~p), (3.59)

The two linearly independent solutions to this modified Bessel’s equation are explicitly given
by z (d+1)/2

0 Kν(z0 p) and z (d+1)/2
0 Iν(z0 p), with ν = ∆− (d + 1)/2 and p = |~p|. The former

solution is chosen, which is exponentially damped for z0→∞ and behaves like zd+1−∆
0 for

z0→ 0, as was anticipated in (3.51). The latter solution is rejected on physical grounds, as it
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increases exponentially in the deep interior of AdS space. Note that the boundary behavior
for z0→ 0 and the bulk behavior for z0→∞ yield the two conditions needed to solve the
second order equations of motion in the bulk. The normalized solution of the boundary value
problem (3.59) is then given by

φ(z0,~p) =
z (d+1)/2

0 Kν(z0 p)

ε(d+1)/2Kν(εp)
φ̄(~p), (3.60)

which is sometimes referred to as the bulk-boundary propagator in momentum space. The
on-shell action (3.58) is given in momentum space by

S[φ̄] =−
1

2εd

∫

dd+1 p dd+1q (2π)d+1δ(~p + ~q)φ̄(~p)∂0φ(ε,~q), (3.61)

which, after functional differentiation, leads to the cutoff correlation function

〈O∆(~p)O∆(~q)〉ε =−
δ2S

δφ̄(~p)δφ̄(~q)
≡ (2π)d+1δ(~p + ~q)Fε(p), (3.62)

Fε(p) =
1

εd

d

dε
ln
�

ε(d+1)/2Kν(εp)
�

. (3.63)

To extract the physical correlation function in the limit ε→ 0, the case of non-integer10 ν is
considered. From (3.63), it is clear that the near-boundary behavior of the Bessel function is
required for this analysis, which can be obtained from (3.59) by the Frobenius method,

Kν(u) = u−ν(a0+ a1u2+ . . .)+ u ν(b0+ b2u2+ . . .), (3.64)

where only the leading coefficients a0 = 2ν−1Γ(ν) and b0 =−2−ν−1Γ(1− ν)/ν will be needed.
After a tedious calculation of the logarithmic derivative in (3.63), it can be shown that

Fε(p) =
1

εd+1

 

d + 1

2
− ν
�

1+ c2(εp)2+ . . .
�

︸ ︷︷ ︸

irrelevant

+
2νb0

a0

(εp)2ν
�

1+ d2(εp)2+ . . .
�

︸ ︷︷ ︸

relevant

!

. (3.65)

The irrelevant series in the above equation corresponds to integer powers of p2, which, after
Fourier transforming back to position space, would produce singular contact terms of the
form δ(x − y), �δ(x − y), etc. These infinite, scheme-dependent and unobservable terms are
usually disregarded in quantum field theory. Note that the infrared—long distance—cutoff ε
in AdS space acts as an ultraviolet—short distance—cutoff in the dual field theory, which is a
particular instance of the UV/IR connection in AdS/CFT and a very distinctive feature of the
correspondence [41].

The relevant11 series contains non-integer powers of p, which are non-analytic and determine
the physical correlator in momentum space. We only retain the first term, since it is the least

10For integer ν, the factor p2ν in (3.66) is replaced by p2ν ln p, which is still non-analytic, and the coefficient
becomes 2νb0/a0 = (−)ν−12(2−2ν)/Γ(ν)2 instead.

11Alternatively, the irrelevant terms in (3.65) can be dealt with by introducing well-chosen counterterms at
the level of the action using the formalism of holographic renormalization [42].
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singular non-analytic term and the subsequent terms are subdominant in the limit ε→ 0,

Fε(p) = ε
2(∆−d−1)2νb0

a0

p2ν =−ε2(∆−d−1)(2ν)
Γ(1− ν)
Γ(1+ ν)

� p

2

�2ν

. (3.66)

The remaining cutoff factor ε2(∆−d−1) can be eliminated by noting that the boundary data
φ̄(~x) or φ̄(~p) should be rescaled in the limit ε → 0, in accordance with the boundary
behavior φ(z0,~z) → zd+1−∆

0 φ0(~z) of the exact solution as z0 → 0. The resulting rescaling
φ̄(~x)≡ εd+1−∆φ0(~x) or φ̄(~p)≡ εd+1−∆φ0(~p) could have been implemented in (3.62) already,
leading to functional differentiation with respect to the renormalized sources,

〈O∆(~p)O∆(~q)〉=− lim
ε→0

δ2S

δφ0(~p)δφ0(~q)
=−ε2(d+1−∆) lim

ε→0

δ2S

δφ̄(~p)δφ̄(~q)
, (3.67)

which nicely cancels the ε-dependence and leads to the following cutoff-independent physical
correlator in momentum space,

F (p) =−(2ν)
Γ(1− ν)
Γ(1+ ν)

� p

2

�2ν

, (3.68)

with Fourier transform

〈O∆(x)O∆(y)〉=
∫ dd+1 p

(2π)d+1
ei p·(x−y)F (p). (3.69)

The computation of this non-trivial integral relies on the Fourier transform of a power law,
∫ dd+1 p

(2π)d+1
ei p·x p2ν =

22ν

π(d+1)/2

Γ(∆)

Γ(−ν)
1

x2∆
. (3.70)

Taking everything together, the physical two-point correlation function is found to be

〈O∆(x)O∆(y)〉=
(2∆− d − 1)Γ(∆)

π(d+1)/2Γ(∆− (d + 1)/2)

1

(x − y)2∆
, (3.71)

so that ∆ can indeed be identified with the scaling dimension of the operator O∆.

3.2.4 Holographic interpretation

Let us now relate the AdS/CFT correspondence to the holographic principle of Section 3.1.5
to explicitly demonstrate how holography is integrated in this framework. Actually estimating
the degrees of freedom per Planck unit area is hard due to the infinite amount of degrees of
freedom in the field theory and the infinite area of the AdS boundary. As per usual, this is
circumvented by introducing a cutoff in the field theory which regulates the diverging number
of degrees of freedom. To interpret the effect of a cutoff on the gravity side, consider the
Euclidean AdS5⊗ S5 metric, written in the coordinates

ds 2 =
R2

(1− r 2)2
�
�

1+ r 2�2 dt 2+ 4
�

dr 2+ r 2dΩ2
3

��

+R2dΩ2
5, (3.72)
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where the AdS boundary is located at r = 1. In the example calculations of the previous
section, the boundary had to be regulated by specifying boundary conditions at r = 1−δ
and consequently taking the limit δ→ 0. This corresponds to imposing an infrared cutoff in
the AdS bulk, as the boundary is an infinite geodesic distance away from any interior point.
Although the previous sections should have given an idea of the the fact that an infrared cutoff
in the bulk corresponds to an ultraviolet cutoff on the boundary, another point of view is
provided by looking at the Euclidean Poincaré metric

ds 2 = R2

�

dt 2+ dz2+ d~x2

z2

�

, (3.73)

where the boundary is located at z = 0 and the horizon at z =∞. A dilatation ~x→ λ~x in the
conformal field theory on the boundary corresponds to an isometry in the AdS bulk, given
by ~x → λ~x and z → λz, so that the boundary is approached for λ < 1 and the coordinate
z can be interpreted as referring to some energy scale z−1. The range 0 < z < ∞ of the
coordinate z merely reflects the fact that the gravitational theory is dual to a scale-invariant
conformal field theory with degrees of freedom at all energies. In this way, the existence of
arbitrary low energy modes can be attributed to the warp factor R/z having a zero at z =∞.
In renormalization group language, the boundary region z→ 0 is associated to the ultraviolet
behavior of the conformal field theory, while the infrared regime is found in the horizon
region z →∞. It is in this sense that the conformal field theory is said to be living on the
boundary of anti-de Sitter space, with different regions in the bulk corresponding to physics
at different energy scales in the dual field theory. The identification of the radial coordinate in
the supergravity solution with an energy scale in the dual field theory is of crucial importance
to the qualitative statements which will be developed in Chapter 6.

Having sorted out the interpretation of the cutoff, let us now estimate the degrees of freedom
by considering a dimensionless cutoff δ� 1 in the case ofN = 4 SYM theory on a 3-sphere
of unit radius12. The regulated area—volume—of the S3 boundary surface is approximately
given by A≈ R3/δ3. On the field theory side, the ultraviolet cutoff δ partitions the sphere
into δ−3 cells and as a U(N ) gauge theory contains roughly N 2 independent field degrees of
freedom, the regulated number of degrees of freedom is estimated to be Ndof =N 2/δ3. Note
that the relation between the bulk and boundary cutoff is only determined up to prefactors
of O(1), which will be encountered again in Section 5.3.3 of Chapter 5. With the above area
estimate and the relation R4 = 4πl 4

s gs N , the number of degrees of freedom becomes

Ndof =
AR5

16π2 l 8
s g 2

s

∼
A

G(5)N

, (3.74)

where we recognized the 5-dimensional Newton constant G(5)N =G(10)
N /Area(S5) = 8π3 l 8

s g 2
s /R5.

Up to a prefactor of O(1), the number of degrees of freedom of the conformal field theory
is thus seen to saturate the holographic bound, which is a non-trivial statement due to the
relation R4 = 4πl 4

s gs N relating bulk and boundary.

12Note that we actually need not worry about the S5 part of the full metric (3.72), as a conformal rescaling
immediately shows that S5 shrinks to a point compared to the other four dimensions for δ→ 0. Hence, a theory
on the 9-dimensional surface r = 1−δ effectively becomes 4-dimensional as the boundary is approached.
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3.2.5 Finite temperature

Up to now, we have only considered the scale invariant pure AdS solution on the gravity side,
which is dual to the vacuum of a conformal field theory. Studying conformal field theory in a
thermal ensemble in the context of AdS/CFT can be done by relating the thermodynamical
partition function (3.12) of Section 3.1.3 to the Euclidean prescription (3.43) of Section 3.2.3.
Although the introduction of finite temperature breaks both supersymmetry and conformal
invariance, it is still interesting, since the AdS/CFT correspondence continues to hold for
spacetimes which are asymptotically AdS but differ in the interior of the bulk. The key idea is
that the compactification of Euclidean time in the bulk is transferred to the boundary through
the near-boundary limit of the metric. This allows to introduce a finite temperature on the
field theory side by placing a black hole in the bulk spacetime.

Similar to the Schwarzschild black holes in flat (3+ 1)-dimensional space (3.7), which are
solutions of the equations of motion of the action (3.13), the metric of (d + 2)-dimensional
Euclidean AdS-Schwarzschild black holes is given by

ds 2 = f (r )dτ2+
dr 2

f (r )
+ r 2dΩ2

d , f (r ) = 1+
r 2

R2
−
�µ

r

�d−1
. (3.75)

The radial variable r is restricted to r ≥ r+, where the horizon radius r+ is the largest root
of f (r ). In the limit R→∞, the metric becomes asymptotically flat and describes a black
hole in flat spacetime, which coincides with the famous Schwardzschild solution. In the limit
µ→ 0, the Euclidean version of the pure AdSd+2 metric (A.8) is recovered. Note that the last
term in the above equation can be intuitively interpreted as the gravitational potential of a
point mass in flat (d +2)-dimensional spacetime. The parameter µ is proportional to the mass
M of the black hole and it can be shown that the exact relation is [35]

M =
Ωd d

16πGd+2
N

µ, (3.76)

where Ωd = 2π(d+1)/2/Γ((d + 1)/2) is the volume of a unit d -sphere. Analogous to Sec-
tion 3.1.3, the Euclidean time is periodically identified as τ ∼ τ+β for the spacetime to be
free of conical singularities. It can be shown that this procedure yields an inverse temperature

β=
4πR2 r+

(d + 1)r 2
++(d − 1)R2

, (3.77)

which is to be compared with the Hawking temperature (3.10) for Schwarzschild black holes
in flat spacetime. Note that β has a maximum value, and therefore the temperature T has
a minimum value Tmin around r+ ∼ R. For a small black hole, r+� R, the thermodynamic
properties are qualitatively similar to the flat space Schwarzschild solution, where the tem-
perature decreases13 with increasing r+. For an intermediate value r+ ∼ R, the temperature
becomes an increasing function of r+, yielding a positive heat capacity. For T > Tmin, there are

13For the previously considered flat space Schwarzschild solution, identify r+ = µ = 2GM to see that the
Hawking temperature (3.10) indeed implies a negative specific heat C = ∂ M/∂ T .
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in fact two black hole solutions with the same temperature: a large one with positive specific
heat and a thermodynamically unfavoured small one with negative specific heat. The AdS-
Schwarzschild black hole can thus reach a stable equilibrium with its own thermal radiation if
it is massive enough.

The metric (3.75) solves the equations of motion of the action

SE =−
1

16πG

∫

M
dd+2x

p
g
�

R +
d (d + 1)

R2

�

−
1

8πG

∫

∂M
dd+1x

p

hK , (3.78)

which, compared to (3.13), has an extra cosmological constant term Λ = −d (d + 1)/R2

to incorporate a constant negative curvature. Similar to the asymptotically flat case of
Section 3.1.3, one can compute the difference between the Euclidean action SE (AdSBH) of the
AdS-Schwarzschild black hole (3.75) and the action SE (AdSvac) of pure AdSd+2 with the same
periodically identified Euclidean time, such that

β
Æ

1+ r 2/R2− (µ/r )d−1 =β0

Æ

1+ r 2/R2. (3.79)

The on-shell action of the first term in (3.78) is now non-zero due to the equations of motion
being R =−(d + 2)(d + 1)/R2 and the boundary term does not contribute since the black
hole correction to the AdS metric vanishes too rapidly at infinity [35]. The difference of both
actions boils down to the difference of two infinite volumes, leading to the finite result

SE (AdSBH)− SE (AdSvac) =
Ωd

�

R2 r d
+ − r d+2

+

�

4GN

�

(d + 1)r 2
++(d − 1)R2

� , (3.80)

from which the energy and entropy can be calculated as in Section 3.1.3. Note that (3.80) is
positive for small r+ and negative for large r+. This change in sign of the free energy reflects
the Hawking-Page phase transition between a thermal gas of particles in AdS (configuration
AdSvac) and an AdS black hole (configuration AdSBH). The competition between these two
contributions leads to an interesting phase diagram for gravity in AdS. At low temperature
T < Tmin, there is no black hole solution and the preferred phase is thermal radiation in AdS.
For temperatures T ∼ Tmin, black holes exist but have greater free energy than the thermal
radiation configuration. For a certain temperature THP > Tmin, the large black hole solution
with positive specific heat has lower free energy than the thermal gas and the small black hole.
The dual holographic interpretation is that the Hawking-Page phase transition describes a
thermal phase transition of the strongly coupled conformal field theory on the boundary.

3.3 Towards an efficient description of physical Hilbert space

Although the holographic principle originated from the study of quantum gravity and string
theory, the idea of holography has resonated far beyond its origins. In condensed matter
physics, for example, experimentalists have access to low-dimensional quantum systems and
are faced with the challenge of describing the entanglement properties of these strongly
correlated phases of quantum matter. Examples of such descriptions include the BCS state of
superconductivity, Laughlin’s fractional quantum Hall wavefunctions and the tensor network
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states14 which will be discussed in Chapter 4. These variational ansätze share the common
property that they only use a small number of parameters to efficiently capture the essential
physics of quantum many-body systems otherwise intractable. The fact that this is even
possible, despite the gargantuan dimension of the Hilbert space in which these systems live, is
remarkable, but can be understood by at least two observations.

Firstly, the class of physical states is defined in [43] as states that can be reached by the evolution
generated by an arbitrary time-dependent quantum many-body Hamiltonian, assuming that
this Hamiltonian is local—as defined in (2.52)—and that the duration of the evolution scales
at most as a polynomial in the number of particles in the system. It is then shown that
any time-dependent local Hamiltonian can be efficiently simulated by a quantum computer
based on polynomial-sized quantum circuits, since the high-frequency fluctuations of the
Hamiltonian barely affect the low-energy physics. This decoupling principle is fundamental to
the renormalization group methods that are used throughout physics. By means of a counting
argument rooted in quantum information theoretic concepts, it is then demonstrated that the
overwhelming majority of states in the exponentially large many-body Hilbert space can only
be reached after a time that scales exponentially with the number of particles. For all practical
purposes, most states cannot be reached within the lifetime of the universe, implying a vast
reduction of the degrees of freedom needed to describe the system. From the computational
viewpoint of a quantum computer, the physically accessible states are seen to occupy only
a tiny submanifold of the total Hilbert space, which leaves us with the impression that the
abstract Hilbert space of a quantum many-body system is but a convenient mathematical
background, far removed from reality.

Secondly, it appears that a manifestation of the holographic principle underlies the success
of tensor network states in their ability to parameterize quantum many-body states. For
example, we will see that matrix product states (MPS, Section 4.1.2) can be interpreted as
entangled multiqubit states which have been sequentially generated through the interaction
with a D-dimensional ancilla system [44]. From this perspective, the quantum state of
one-dimensional systems is completely encoded by an ancilla system living in zero spatial
dimensions. Similarly, the dynamics of a quantum field in a continuous MPS (cMPS) can
be completely described by the (dissipative) dynamics of a boundary field theory of one
dimension lower [45]. Expectation values of field operators can be obtained in terms of
the auxiliary lower-dimensional boundary system alone, which allows for an equivalent
and efficient description. A holographic framework has also been introduced for projected
entangled-pair states (PEPS, Section 4.1.3), providing a natural mapping between the bulk of
a quantum spin system described by a PEPS and its boundary [46]. For a given partition of
the physical system in two connected subregions, it is believed that a Hamiltonian on the
boundary can be associated to every bulk region in such a way that the bulk entanglement
spectrum corresponds to the excitation spectrum of the boundary Hamiltonian. Physical
operators in the bulk can be mapped to operators living in the virtual system at the boundary.
In particular, the bulk density matrix gets mapped to a boundary density matrix which

14A lot of current research in the field is devoted to reinterpreting existing models in terms of tensor network
state descriptions in order to further solidify the quantum information theoretic real-space renormalization
group approach to quantum many-body physics.
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can be formally written as ρA = e−H , with H the modular or entanglement Hamiltonian.
Furthermore, gapped bulk phases with local order are seen to correspond to quasi-local
boundary Hamiltonians and criticality in the bulk is reflected by a diverging interaction
length of the boundary Hamiltonian. The multi-scale entanglement renormalization ansatz
(MERA, Section 4.2) and its continuous analog (cMERA, Section 4.3) feature an even more
explicit holographic interpretation. The construction of the entanglement renormalization
process entails an additional holographic dimension that is commonly identified with a
renormalization group scale in the Wilsonian sense. By naturally associating a geometry to
the higher-dimensional tensor network structure, various properties of the MERA obtain
a geometrical interpretation, as will become clear in Section 4.4 and Section 6.2. It has
been conjectured that the emergent holographic geometry of the MERA can be interpreted
in the framework of AdS/CFT, leading to a heuristic connection between entanglement
renormalization and holography to be discussed in Chapter 6.

This chapter is concluded with two remarks. First of all, it should be stressed that the term
holography is used quite liberally in the tensor network literature. As should be clear from this
chapter, the holographic principle arises from considerations of gravity in its most extreme
form and acts as a guiding criterion for putative theories of quantum gravity. Of course,
there is no gravity present in lattice spin chains and other condensed matter models, which
signifies that the term holography is used to refer to the reduction of degrees of freedom
rather than the gravitational aspect of the principle15. However, when confronted with area
laws of entanglement entropy relating bulk to boundary, it is indeed tempting to recognize a
manifestation of the holographic principle in these systems. The second remark is related to
the significance of these area laws in light of the holographic principle. Although area laws of
entanglement entropy provide great insights to construct computationally efficient variational
ansätze (Chapter 4) and to understand black hole entropy (Chapter 5), one should be aware
of the fact that the holographic principle actually bounds the total entropy inside a spacetime
region, of which, in general, the entanglement entropy only describes a part that quantifies
correlations between subsystems.

15Note that the AdS/CFT correspondence is often used as a convenient mathematical tool to study strongly
coupled field theories, irrespective of the physical relevance of the gravity in the higher-dimensional system.
Since its initial formulation, the AdS/CFT correspondence has been generalized and applied to study topics as
diverse as relativistic heavy-ion collisions, confinement and superconductivity, among others.





Chapter 4

Variational real space renormalization
group methods

One of the main goals of quantum many-body physics is to describe the low-energy behavior
of systems governed by local Hamiltonians. As physical states appear to occupy only a tiny
corner of Hilbert space, it is natural to ask whether these states can be efficiently parametrized.
Ideas from quantum information and entanglement theory have shown that there exist classes
of variational wave functions, called tensor network states, which are able to capture the
low-energy physics of local Hamiltonians to go beyond mean-field theory and Monte Carlo
methods. The key idea is to study the entanglement properties of ground states of strongly
correlated quantum systems in order to determine whether the amount of entanglement
allows for an efficient1 classical simulation of the system. To this end, an important clue is
provided by the area laws of Section 2.3.6, which imply that most of the entanglement in
these states is concentrated along the boundary. Ground states of local Hamiltonians are
only slightly entangled when compared to random quantum states in the exponentially large
Hilbert space, whose entanglement entropy generally scales like the volume.

After discussing the historical significance of the numerical renormalization group and the
density matrix renormalization group in Section 4.1.1, the variational class of matrix product
states (MPS) will be described in Section 4.1.2. Higher-dimensional generalizations will be
touched upon in Section 4.1.3 by introducing projected entangled-pair states (PEPS). Critical
systems are more naturally described by the multi-scale entanglement renormalization ansatz
(MERA) and its continuous version cMERA, which will be thoroughly introduced in Sec-
tion 4.2 and Section 4.3 respectively due to their significance for Chapter 6. Finally, the last
section explores the relation between tensor network states and geometry. Although the focus
of this chapter lies on concepts and ideas, it should be stressed that tensor network states have
led to the development of numerous powerful algorithms to describe ground states, thermal
equilibrium, real-time evolution and low-lying excitations. The interested reader is referred to
[2] [47] [48] [49] [50] and the references contained therein for explicit implementations.

1Here, efficient refers to polynomial scaling in the number of particles N for both the number of variables
needed to parametrize the states and the number of operations needed for efficient simulability, e.g. calculating
expectation values. This is to be contrasted with the generic—and intractable—exponential scaling behavior
encountered in Section 2.2.
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4.1 Tensor network states

4.1.1 Numerical renormalization group methods

Apart from the landmark contributions Wilson made to the modern framework of renormal-
ization group theory, he also developed the numerical renormalization group method (NRG)
in the mid seventies to obtain information on the low-energy spectrum of models which are
not exactly solvable. In particular, Wilson studied the Kondo model, which describes the
influence of a magnetic impurity on a conduction band of electrons. The key idea was to
consider a one-dimensional discretized version of the model2 and iteratively solve the lattice
problem starting from a small exactly solvable lattice. At each step, the Hamiltonian H (L),
associated to the lattice with size L, is numerically diagonalized and only the D lowest energy
eigenstates are kept. Next, the D-dimensional reduced Hilbert space H̃(L) of the solution is
constructed from the linear span of the D eigenvectors and relevant operators are projected
onto D ×D -dimensional operators having support on H̃(L). At the end of each step, a lattice
site is added so that the Hilbert space for the next step looks like H(L+1) = H̃(L)⊗Hsite. This
process is then iterated with L→ L+ 1, where the new Hamiltonian H (L+1) is retrieved from
a renormalization group equation relating H (L+1) to H (L) [51]. Convergence is obtained at a
fixed point where the lowest energy eigenvalues of the Hamiltonian H (L) become independent
of the lattice size L. In essence, the NRG method boils down to recursively diagonalizing the
Hamiltonian from large to small energies, meaning that the low-energy modes are affected by
their high-energy counterparts but not the other way around. In this way, very accurate results
can be produced for systems with a clear separation of energies such as the aforementioned
quantum impurity problems where the interaction strength decreases exponentially along the
chain. The algorithm however quickly breaks down as soon as the strongly correlated physics
of the total system cannot be captured by an iterative restriction to isolated subsystems.

In 1992, White introduced the density matrix renormalization group (DMRG) to deal with
the shortcomings of Wilson’s NRG method [52]. The interactions of the isolated subsystems
with their environment effectively lead to the creation of entanglement, which White modeled
by considering a superblock of 2L sites: the left L sites represent the system block S and
the right L sites the environment block E . The renormalization algorithm is built around
the observation that the ground state of the superblock Hamiltonian H (S∪E) cannot be
projected onto a single state of the system block, but requires many different states [2]. An
approximate solution is provided by making use of the Schmidt decomposition (2.39) to
retain only the Schmidt vectors corresponding to the D largest Schmidt coefficients, which
effectively puts a limit on the maximum amount of entanglement in the resulting state. The
first step of the algorithm consists of adding a lattice site with dimHsite = d to both the
D -dimensional reduced system H̃(S) and the D -dimensional reduced environment H̃(E). This
leads to new Hilbert spaces of the extended system S ′ and the extended environment E ′

with dimension dimH(S ′) = dimH(E ′) = Dd . Next, a new superblock S ′ ∪ E ′ is constructed

2Although the original model is three-dimensional, the Kondo Hamiltonian only affects the s-wave part of
the wavefunction, so that the s-wave modes dominate at low energies and an effective one-dimensional model
emerges [47].
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with an associated Hamiltonian and a new ground state |Ψ(S ′∪E ′)〉 in the D2d 2-dimensional
Hilbert space H(S ′) ⊗H(E ′). The Schmidt decomposition |Ψ(S ′∪E ′)〉 =

∑Dd
α=1λα |Ψ

(S ′)
α
〉 |Ψ(E ′)

α
〉

is determined and the reduced Hilbert spaces for the block S ′ and the environment E ′ are
subsequently defined from the linear spans of the Schmidt vectors corresponding to the D
largest Schmidt coefficients. Finally, the identification S = S ′ and E = E ′ is made and the
algorithm is iterated again until the desired lattice size is obtained. The above algorithm is
referred to as the infinite size algorithm as the lattice grows with two sites per iteration. This
algorithm can be improved by storing the Schmidt bases for all sizes of the system and the
environment, and keeping the total superblock length constant while shrinking the system
by one site and adding one site to the environment. A new ground state calculation and
its Schmidt decomposition provides the optimal basis for a system block with L− 1 sites
and an environment block with L+ 1 sites. The process is repeated until the system has
reached a minimal size, after which the roles are reversed and the system is grown while
the environment is shrunk. This finite size algorithm sweeps back and forth and defines a
variational optimization procedure, so that the energy expectation value 〈Ψ|H |Ψ〉/ 〈Ψ|Ψ〉
monotonically decreases in each step until convergence to a (local) minimum is attained.

By 2004, a unified interpretation of both NRG and DMRG was realized in the framework
matrix product states using ideas from quantum information theory [47]. The states obtained
at the end of the NRG recursion procedure can be written in the form of matrix product
states, so that the energies calculated with NRG are the energies of an effective Hamiltonian
which is the original one projected onto a subspace of matrix product states. The NRG
algorithm can then be interpreted as a suboptimal variational procedure over the set of matrix
product states, as it is only applicable when there is a clear separation of energies. Intuitively,
a single sweep is done from left to right, which means that the influence of the low energy
modes on the higher energy ones is never accounted for. A better result can be obtained by
sweeping back and forth until convergence of the energy expectation value is obtained, which
is basically equivalent to what DMRG does [47]. Indeed, Östlund and Rommer had already
reinterpreted DMRG in the mid nineties by showing that the infinite size algorithm gives rise
to the matrix product state class of variational ansatzë and that the finite size algorithm is
essentially a variational procedure to optimize over this class of states. Matrix product states
are thus seen to underly the success of DMRG, and this observation, when combined with
entanglement related insights from quantum information theory, extended the domain of
DMRG from computing ground states and few excited states of finite spin chains with open
boundary conditions to spin chains with periodic boundary conditions, infinite spin chains,
higher-dimensional systems, finite-temperature properties and real-time evolution.

4.1.2 Matrix product states

Consider a one-dimensional lattice L with N sites, labeled by n ∈ L = {1, . . . ,N}, where
each site contains a d -dimensional3 quantum variable with local Hilbert space Hn spanned by
the basis {|sn〉 , sn = 1, . . . , d}. Following the discussion of Section 2.2.1, the total Hilbert space

3Of course, one could have a different local dimension dn associated to each lattice site n ∈L , but in practice
all sites are often considered to be physically equivalent (see Section 2.2.1).
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is given by HL =
⊗N

n=1Hn and is spanned by the product basis

HL =
�

|s1 s2 . . . sN 〉= |s1〉1⊗ |s2〉2⊗ . . .⊗ |sN 〉N |∀sn = 1, . . . , d ,∀n ∈L
	

. (4.1)

To specify a general state in HL requires knowledge of the coefficients c s1 s2...sN corresponding
to the element |s1 s2 . . . sN 〉 of the basis. A matrix product state on the total Hilbert space HL
is then defined by

|Ψ[A]〉=
d
∑

s1,s2,...sN

Tr (As1(1)As2(2) . . .AsN (N )) |s1 s2 . . . sN 〉 , (4.2)

where the Asn (n) contain the variational parameters4 of the ansatz. For each value of the
local spin sn, Asn (n) represents a Dn−1×Dn matrix, with D0 =DN , where the integers Dn are
called the bond dimensions of the matrix product state. Note that the coefficients c s1 s2...sN are
seen to correspond to products of matrices, hence the term matrix product states. The states
(4.2) contain an intrinsic area law property, as the entanglement entropy corresponding to
a region A, defined by creating two cuts, is bounded by SA ≤ 2 log D, with D =max({Dn})
some maximum bond dimension. The trace reveals that the ansatz (4.2) is formulated for
periodic boundary conditions, but it is obsolete for open boundary conditions as As1(1) and
Asn (n) respectively become row and column vectors in that case. To arrive at the convenient
graphical representation of matrix product states depicted in Fig. 4.1, the objects Asn (n) can
also be interpreted as tensors Asn

αβ
(n) containing one physical index sn = 1, . . . , d and two

auxiliary virtual indices α = 1, . . . , Dn−1 and β= 1, . . . , Dn. Further note that every MPS is
invariant under the gauge transformation As (n)→X (n− 1)As (n)X (n), ∀n = 1, . . . ,N , where
X is a non-singular matrix with X (0) =X (N ). Similar as in gauge theory, this gauge freedom
allows to specify conditions on the matrices A which can simplify calculations.

Asn

αβ

sn

α β

s1 sN

s1 sN(a)
(b)

(c)

Figure 4.1: Graphical representation of matrix product states in terms of tensor networks.
(a) Interpretation of the matrices Asn (n) as rank-3 tensors. (b) For a matrix product state with
open boundary conditions, the open bonds correspond to uncontracted physical spins and
the closed bonds to contracted auxiliary indices, obtained from taking matrix products. (c) A
matrix product state with periodic boundary conditions requires an extra closed bond.

By letting the Dn grow arbitrarily large, it can be shown that an exact matrix product state
representation of the form (4.2) can be constructed for any state in HL using successive
Schmidt decompositions [53]. The crucial feature of matrix product states is that they capture
the physics of local Hamiltonians whose ground states can typically be described by a small
bond dimension that scales only polynomially in the number of spins. This is the basic

4Assuming site-independent bond dimensions D ≡Dn , ∀n ∈L , the matrix product state (4.2) is described
by O(N d D2) parameters, which is polynomial in N .
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reason why renormalization group methods are exponentially more efficient than exact
diagonalization [47]. Although the Schmidt composition is particularly well-suited to quantify
bipartite entanglement of one-dimensional lattices with open boundary conditions, new
insights from quantum information theory were needed to obtain accurate results for lattices
with periodic boundary conditions [54]. A single cut between two sites on a lattice with
periodic boundary conditions does not lead to a bipartition of the lattice, which explains why
the original DMRG method is less accurate for systems with periodic boundary conditions.

(a)

(b)

(c)

s

s ′

On

Figure 4.2: Graphical representation of the evaluation of expectation values with matrix
product states in terms of tensor networks. (a) A local operator On acting on site n. (b) The
expectation value 〈Ψ[A]|OnOn′ |Ψ[A]〉 of two local operators at sites n and n′ is obtained
by contracting tensor networks. (c) From (4.3), the contraction in physical spin space can
be rewritten in the ancilla space using superoperators, with most of them being equal to the
insertion of the identity operator E

1
(n) = E(n).

Expectation values of product operators of the form O =
⊗N

n=1 On, where On acts locally
on Hn, can be efficiently calculated using matrix product states. Using (4.2) and the tensor
product properties of the trace operator, one arrives at

〈Ψ[A]|O|Ψ[A]〉=Tr
�

EO1
(1)EO2

(2) . . . EON
(N )
�

, (4.3)

where the superoperators5 EOn
(n) have been defined by

EOn
(n) =

∑

s ,s ′
〈s |On|s

′〉As ′(n)⊗As (n). (4.4)

The operator EOn
(n) acts in the tensor product space CDn ⊗CDn , consisting of the ancilla

space and its complex conjugate, and has range in the tensor product space of the previous
site’s ancilla, so that the EOn

(n) can be represented by D2
n−1 × D2

n matrices. Naively, the
matrix multiplication in the expectation value leads to a computational complexity of O(D6).
However, by using the Choi-Jamiolkwoski isomorphism from quantum information theory,
the tensor network can be cleverly contracted from left to right with all matrix multiplications
moved to the ancilla spaces [2]. In Fig. 4.2, the above relations are schematically depicted
using the graphical representation of matrix product states. For a lattice with open boundary

5Note that the superoperator E
1
(n) = E(n) associated to the identity operator resembles the concept of

transfer operators in statistical mechanics and E(n) is thus referred to as a transfer matrix.
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conditions6, it can then be shown that computing the expectation value of product operators
has a computational complexity O(N d 2D3). This means that local operators, correlation
functions and short-ranged Hamiltonians can also be efficiently evaluated, as all of these
operators can be written as a finite sum of product operators with most of the sites containing
the trivial identity operator.

The main source of inspiration to construct a time-independent variational method for matrix
product states with open boundary conditions came from the DMRG finite size algorithm.
As the matrix product state ansatz (4.2) is linear in each of its variational parameters A(n),
the variational optimization with respect to one tensor A(n), while keeping all other tensors
fixed, yields a quadratic optimization problem with quadratic constraints that is solved as an
eigenvalue problem [47]. Good convergence is obtained by subsequently fixing all tensors but
A(n), variationally optimizing the single tensor A(n) and sweeping n back and forth several
times. This sweeping algorithm is the standard method for solving the time-independent
variational problem and explains why DMRG is so successful for one-dimensional lattice
systems from the point of view of matrix product states [2] [47] [48]. An interesting point is
raised by computational complexity theory, which says that even though a ground state might
be well approximated by an MPS, this does not necessarily mean that an algorithm is able
to efficiently find the best approximation in the high-dimensional parameter space [17]. The
fact that DMRG and related algorithms work so well on a global level, despite only applying
local variations combined with sweeping, is not yet fundamentally understood. Thinking
about one-dimensional systems in terms of computational complexity classes provides another
viewpoint on quantum-many body systems, where quantum phases are classified according
to their computational complexity, and the difficulty of solving problems is seen to crucially
depend on entanglement and its relation to the ubiquitous area law [55].

In practice, one is interested in the study of bulk properties of macroscopic extended quantum
systems, which are often translation invariant. These requirements favor periodic boundary
conditions, where boundary effects are absent and translation invariance easily follows. For
lattices with periodic boundary conditions, the class of uniform matrix product states (uMPS)
is a translation invariant subclass of matrix product states. It is obtained by choosing site-
independent bond dimensions Dn = D and site-independent matrices As (n) = As , meaning
that the state is effectively characterized by the same matrix on each site. By exploiting
translation invariance in either a matrix product state with periodic boundary conditions
or in the bulk region of a matrix product state with open boundary conditions, uniform
matrix product states can be defined directly in the thermodynamic limit [2]. Note that the
class of states defined by the N →∞ limit of uniform matrix product states were already
known in the mathematical literature under the name of finitely correlated states, as a way of
systematically constructing translation invariant states [56].

This section is concluded with two complementary viewpoints on matrix product states,
which help to clarify their interpretation and provide insight as to how to generalize matrix
product states beyond the one-dimensional lattice.

6Periodic boundary conditions require to keep track of additional variables as there is an extra bond to be
contracted, which leads to an increased computational complexity.
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Matrix product states as valence bond solids

The entanglement content of matrix product states can be highlighted by their interpretation
as valence bond solids. The idea is to generalize the approach to the solution of the AKLT
spin-1 quantum spin chain by Affleck, Kennedy, Lieb and Tasaki, where each spin-1 variable
of the chain is thought of as resulting from the projection of a singlet state of a pair of two
virtual spin-1/2 variables [57]. Consider a one-dimensional lattice spin chainL and associate
two D-dimensional ancilla systems ln and rn to each physical d -dimensional lattice site n,
where the boundary site n = 1 (n = N ) only has a single ancilla r1 (lN ). Valence bonds are
then constructed between sites by placing ancillas of different sites in a maximally entangled
state as

�

�Φn−1

�

=
∑D

α=1 |α〉rn−1
⊗ |α〉ln

. After creating all valence bonds, the joint state of the
ancillas of a site n can be projected onto its physical spin with P (n) :CD ⊗CD →Hn,

P (n) =
d
∑

si=1

D
∑

α,β=1

Asi

α,β
(n) |si〉n

�

〈α|rn−1
⊗〈β|ln

�

. (4.5)

Locally projecting to the physical dimension d for all sites n ∈L leads to states of the form

|Ψ〉= P (1)⊗ . . .⊗ P (N ) |Φ0)⊗ . . .
�

�ΦN−1

�

, (4.6)

=
d
∑

s1,s2,...sN

Tr (As1(1)As2(2) . . .AsN (N )) |s1 s2 . . . sN 〉 , (4.7)

which coincides with the matrix product state definition (4.2) for a one-dimensional lattice
with periodic boundary conditions. The trace makes sure that site n = 1 and n = N share
a bond between them. Any block of spins is only entangled to the rest of the system by at
most two auxiliary entangled pairs, which leads to the entanglement entropy of any block
being bounded by 2 log D. This is due to the fact that the projection operators (4.5) cannot
increase the rank of the reduced density matrix, meaning that the bound in ancilla space
gets transferred to physical space. Note that this model can be immediately generalized by
increasing the dimension of the lattice, which leads to higher-dimensional versions of matrix
product states, such as the projected entangled-pair states of Section 4.1.3. It can be intuitively
understood that the computational complexity of evaluating expectation values increases
as the number of loops of valence bonds increases [2]. For instance, the matrix product
state description with open boundary conditions (zero loops) is more efficient than the one
with periodic boundary conditions (one loop). The presence of a vast number of loops in a
projected entangled-pair state reveals that this tensor network cannot be efficiently contracted
and requires approximation methods [47].

Sequential generation of matrix product states

As was anticipated in Section 3.3, matrix product states can also be interpreted as states which
emerge from a sequential generation scheme through interaction with a D -dimensional ancilla
system [58]. Assume that the auxiliary system is prepared in a state vR ∈Hancilla

∼= CD and
the physical system is initially in the state |1〉= |1〉1⊗ |1〉2⊗ . . .⊗ |1〉N ∈HL . Then consider a
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unitary operation between the ancilla and the physical system at spin n, given by

U n =
d
∑

si=1

D
∑

α,β=1

Asi

α,β
(n)
�

|si〉⊗ |α〉
�

〈β| (4.8)

with
∑

si
Asi †(n)Asi (n) = 1D , ∀n = 1, . . .N . By letting the ancilla interact with the physical

system successively from the first spin to the last spin, with possibly different matrices As (n)
at each site, the physical system ends up in the state

|Ψ〉=
d
∑

s1,s2,...,sN=1

v†
LAs1(1)As2(2) . . .AsN (N )vR |s1 s2 . . . sN 〉 , (4.9)

where it was assumed that the ancilla gets completely disentangled from the physical system
in the last step by projecting it onto vL. The one-dimensional physical system described
by the matrix product state (4.9), with open boundary conditions specified by vL and vR,
is effectively encoded by an ancilla system in zero spatial dimensions. The built-in area law
resulting from this construction prevents an efficient matrix product state description of
critical systems for a fixed bond dimension D if the system size is increased.

4.1.3 Projected entangled-pair states

Earlier attempts to model two-dimensional systems essentially boiled down to using MPS
to approximate two-dimensional lattices, which break down as soon as the system cannot
be regarded as effectively one-dimensional. For instance, nearest-neighbor interactions in a
two-dimensional lattice are seen to give rise to long-range interactions in a curled-up MPS
representation. Another intuition is provided by the area law, which states that the entan-
glement entropy of a two-dimensional region is expected to increase proportional to the
number of spins at the border. For MPS, it is straightforward to construct blocks of spins
in two dimensions for which the entropy will not scale at all and is bounded by a constant
instead. However, the one-dimensional MPS formalism of the previous section can be natu-
rally generalized to two and higher spatial dimensions through the introduction of projected
entangled-pair states (PEPS) [59]. These states can be understood in terms of pairs of maximally
entangled virtual states of some auxiliary systems that are locally projected to low-dimensional
subspaces containing the physical spins, similar in spirit to the valence bond construction
of MPS. Extending this one-dimensional picture to higher dimensions suggests to distribute
virtual maximally entangled states between all neighboring sites, which leads to variational
ansätze like PEPS that have the area law property built into their ancilla construction.

Following [59], let us sketch the construction of a two-dimensional PEPS by replacing each
physical spin with four auxiliary ones that are maximally entangled with their respective
nearest-neighbors, as shown in Fig 4.3. As before, a projection map can be defined from the
state of the auxiliary spins to the physical spin at each site n,

P (n) =
d
∑

si=1

D
∑

α,β,γ ,δ=1

Asi

α,β,γ ,δ
(n) |si〉n 〈α,β,γ ,δ| . (4.10)



4.2. Entanglement renormalization on the lattice 67

Figure 4.3: Graphical representation of a 4x4 projected entangled-pair state. The bonds
between the four auxiliary systems at each lattice site lead to the emergence of a physical spin.

The state of the physical system then emerges from tensor contractions of the As
α,β,γ ,δ

(n) =
〈s |P (n)|α,β,γ ,δ〉 associated to each site n, which leads to a PEPS of the form

|Ψ〉=
d
∑

s1,...,sN=1

F
�

{Asi
i }
�

|s1, . . . , sN 〉 . (4.11)

Here the function F (·) performs the tensor contraction, which can be readily generalized
to arbitrary lattice shape or dimension. Similar to MPS, it can be shown that any state can
be writen as a PEPS, if the bond dimension is allowed to grow arbitrarily large. Calculating
expectation values of product operators is done by defining a D2×D2×D2×D2-dimensional
tensor, similar to (4.4) for MPS, given by [59]

�

EOn
(n)
�(γγ ′)(δδ ′)

(αα′)(ββ′)
=
∑

s ,s ′
〈s |On|s

′〉
�

A∗s
′
(n)
�

α,β,γ ,δ
[As (n)]α′,β′,γ ′,δ ′ , (4.12)

so that 〈Ψ|O|Ψ〉=F
�

EO1
(1)EO2

(2) . . . EON
(N )
�

. The complicated contraction of all tensors
EOn
(n) requires a number of steps scaling exponentially with N , which is the reason why

approximate methods are required. The PEPS tensor network can be contracted by regarding
the top and bottom rows as matrix product states and the rows in between as matrix product
state operators. Then by successively contracting from top to bottom—and approximating
the intermediate states with an MPS at each step—very good results can be obtained [47] [59].
Additionally, note that PEPS has not been connected to a known renormalization scheme yet
and follows purely from area law and entanglement considerations, in contrast to other tensor
network states [48].

4.2 Entanglement renormalization on the lattice

Entanglement renormalization is a real space renormalization group transformation that acts
directly on quantum states and is capable of describing ground states of critical quantum
models in d spatial dimensions. It was introduced in 2005 by Vidal and emerged from attempts
to construct a coarse-graining procedure capable of consistently reducing the amount of
entanglement of a block of lattice sites [60] [61]. From a tensor network perspective, the multi-
scale entanglement renormalization ansatz (MERA) emerges as a variational ansatz encoding
the underlying structure of entanglement renormalization. Both from entanglement and
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numerical considerations, it can be shown that the MERA supports algebraically decaying
correlation functions and is able to capture logarithmic violations of the area law in one spatial
dimension, which allows it to represent ground states7 of gapless systems more faithfully than
matrix product states. Albeit being part of the family of tensor network states, the MERA
substantially differs from other tensor networks due to its (d + 1)-dimensional geometric
structure, which results from the intrinsic scale-by-scale treatment of entanglement and short-
range degrees of freedom. This difference between holographic and physical geometry will
be further explained in Section 4.4, where it will become clear that the additional dimension
can be holographically interpreted in the sense of a renormalization group scale. Although
the construction of efficient algorithms is of crucial importance to the actual numerical
implementation of the MERA, the focus of this section lies on the underlying concepts and
ideas instead [2] [50] [63].

4.2.1 Coarse-graining and entanglement

Consider again a latticeL with a local Hilbert space Hsite at each of its |L | sites and a total
Hilbert space HL =H

⊗|L |
site

. The state |Ψ〉 is assumed to be the ground state corresponding to
a local Hamiltonian H describing the lattice system. Let us define a renormalization group
transformation |Ψ〉 7→ |Ψ′〉 = R (|Ψ〉) that acts directly on quantum states |Ψ〉 and removes
short-distance degrees of freedom from (L , H ) in order to create an effective description
(L ′, H ′) of the lattice model. The renormalized ground state |Ψ′〉 lives in a lower-dimensional
Hilbert space HL ′ so that R constitutes a real space transformation R :HL →HL ′ . Using
the transformation on the state vector, expectation values of observables O ∈ L(HL ) can be
evaluated by defining an associated linear map O ′ = ROR†. In this way, the transformation
R on state vectors induces a renormalization group flow H ′ = RH R† for the Hamiltonian
as well. Requiring the identity operator in HL to map to the one in HL ′ , it follows that
RR† = 1′, implying that R ought to be an isometry. The transformation R is thus a projection
from HL onto HL ′ and the requirement

〈Ψ′|O ′|Ψ′〉= 〈Ψ|R†ROR†R|Ψ〉 ≈ 〈Ψ|O|Ψ〉 , (4.13)

leads to the condition R†R |Ψ〉 ≈ |Ψ〉. This means that |Ψ〉 should be (approximately) contained
in the support of the orthogonal projection operator R†R to be able to restore the high-energy
degrees of freedom. Iterating the renormalization group transformation gives 〈Ψ|O|Ψ〉 ≈
〈Ψ′|O ′|Ψ′〉 ≈ 〈Ψ′′|O ′′|Ψ′′〉= . . . until |Ψ′′′〉= R′′′ . . . R′R |Ψ〉 becomes trivial since the coarse-
grained finite lattice will only have a few sites left. In principle, the resulting renormalized
Hamiltonian H ′′′ = R′′′ . . . R′RH R†R′† . . . R′′′† can then be exactly diagonalized, where |Ψ′′′〉 ≡
|0〉 refers to a fixed ground state obtained by an appropriate choice of the last transformation
R′′′. Reversing the reasoning behind (4.13) gives

〈Ψ|O|Ψ〉 ≈ 〈0|O ′′′|0〉= 〈0|R′′′ . . . R′ROR†R′† . . . R′′′†|0〉 , (4.14)

so that R†R′† . . . R′′′† |0〉 can be interpreted as a class of variational ansätze by variationally
optimizing over the R, R′, . . . while keeping |0〉 fixed.

7To go beyond ground states with the MERA, it would be interesting study to what extent the results of
recent tangent space studies of matrix product states [62] can be extended to the MERA, even though translation
invariance cannot be as easily enforced in the MERA as in MPS.
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Note that this general idea is just what is achieved by White’s density matrix renormalization
group of Section 4.1.1, where the physical lattice—the system—gets absorbed into an ancilla
space—the environment—and all physical observables are transferred to the virtual level. As we
have seen before, this leads to the class of matrix product states defined through the sequential
generation picture. The density matrix renormalization group however lacks the properties of
a good renormalization scheme as fixed points do not correspond to ground states of critical
models. Indeed, at every step of the iteration, the degrees of freedom that are projected out
are not degrees of freedom living at the shortest length scale of the coarse-grained lattice, but
rather those living on the next lattice site in real space. Each iteration is felt by the physics
at all length scales, which explains why matrix product states encounter difficulties when
approaching critical points.

Following the seminal work of Kadanoff [64] and others in real-space renormalization group
methods, an explicit expression for the transformation R can be implemented by coarse-
graining the lattice. In d spatial dimensions, this procedure maps blocks of b d sites to
an effective site with Hilbert space Hsite′ so that dimHsite′ = q ′ ≤ dimH⊗b d

site
= q b d with

q = dimHsite. Choosing q ′ = q replaces b d spins by one effective spin and removes short-
range fluctuations within the block of b d spins. Let us define an isometry w† by

w† :H⊗b d

site →Hsite′ , w†w = 1′, (4.15)

where 1′ is the identity operator inHsite′ and ww† is a projector onto the subspace ofH⊗b d

site
that

is preserved by the coarse-graining operation. The support of local operators may shrink under
coarse-graining, but it will never expand. By grouping all sites n ∈ L into |L |/b d blocks
of b d sites, the transformation R can then be defined by R =

⊗

n′∈L ′ w
†
n′

. For translation
invariant states, the isometries wn′ can be chosen equal for all lattice sites. Preserving the
ground state properties R†R |Ψ〉 ≈ |Ψ〉 requires an isometry w to retain the whole support
of the ground state reduced density matrix ρ on the block of b d spins, which boils down to
choosing w such that the projector ww† approximately8 equals the eigenvalue decomposition
of ρ. This renormalization scheme is referred to as a local projection transformation and
is shown in Fig. 4.4(a). Iterating this blocking transformation, a sequence of increasingly
coarse-grained lattice models is obtained,

(L (0), H (0)) R(0)−→ (L (1), H (1)) R(1)−→ (L (2), H (2))−→ . . . , (4.16)

which are labeled by a scale parameter s relating one site ofL (s) to (b d )s sites ofL ≡L (0).
The local dimension q (s) of a lattice site ofL (s) may depend on the layer s , but is in practice
often given by a single bond dimension q , which, analogous to matrix product states, provides
a measure for the computational complexity of algorithms. The resulting variational class can
be related to the class of tree tensor network states, which allows for an efficient computation
of expectation values if the effective dimensions q (s) can be chosen small [48]. The use of small
values for q (s) is justified for one-dimensional gapped systems, but is seen to quickly break
down for one-dimensional critical systems and higher-dimensional models.

8In practice, the contributions to the eigenvalue decomposition of ρ from the eigenvectors with smallest
weights are often neglected, so that it is more appropriate to speak of approximate coarse-graining transformations,
as was already signified by the approximate equalities in (4.13) and (4.14).



70 Chapter 4: Variational real space renormalization group methods

Let us return to a single iteration of the above coarse-graining transformation to study how
entanglement between short-range degrees of freedom spoils the naive blocking scheme
described above. The rank of the ground state reduced density matrix ρ of a block of l = b d

sites depends on the amount of entanglement between that block and the rest of the lattice. As
known from Section 2.3.3, this is quantified by the Schmidt decomposition, which expands |Ψ〉
in terms of eigenvectors |Ψα〉 of the reduced density matrix ρ of the block and an orthonormal
set of states |Φα〉 for the rest of the lattice,

|Ψ〉=
q l
∑

α=1

λα |Ψα〉⊗ |Φα〉 . (4.17)

However, the block is strongly entangled with the rest of the lattice, and in particular with
its nearest-neighbours due to the locality of physical interactions, which results in many
non-zero Schmidt coefficients λα 6= 0 for α= 1, . . . , q ′. Recall from Section 2.3.4 that we can
lower bound q ′ by exp(S), where S denotes the entanglement entropy of a block of b d sites.
For one-dimensional critical models, the logarithmic scaling behavior of the entanglement
entropy implies that q ′ ¦ exp(log b ) and thus q ′′ ¦ exp(log b 2) ≈ q ′2, which continues to
grow rapidly for a block of given length as the lattice is coarse-grained. In fact, the effective
dimension q (s) scales exponentially in the scale parameter s for one-dimensional critical
systems. For two-dimensional systems satisfying the area law, the situation is even worse
with q (s) scaling as a double exponential. Short-range quantum fluctuations thus rapidly
accumulate and require a fast increase in the Schmidt dimension, which leads to unattainable
bond dimensions for numerical simulations. The problem lies in the arbitrary grouping of the
lattice in blocks, which leaves the short-range fluctuations that exist across the boundaries of
the blocks untouched. Furthermore, by treating short-distance degrees of freedom differently
depending on whether they are entangled within a block or across the boundary between
blocks, a proper9 renormalization group flow cannot be established.

4.2.2 Multi-scale entanglement renormalization ansatz

The accumulation of short-distance fluctuations can be countered by a disentangling operation,
which is achieved by including an additional unitary operator in the renormalization step R,

u† :H⊗2
site→H

⊗2
site, u†u = 1⊗2, u u† = 1⊗2, (4.18)

acting on two neighboring sites across the boundary of different blocks. As such, short-
range entanglement can be eliminated and the b d -site subsystems can be compressed into
effective sites with fixed local bond dimension. Note that each block does not become
completely disentangled from the rest of the lattice, since only the entanglement localized
near its boundary is discarded and long-range correlations are preserved. This improved
renormalization scheme defines the process of entanglement renormalization, which is capable
of removing entanglement at increasingly larger length scales through each successive iteration,

9Two Hamiltonians in the same phase—but which differ in their short-distance descriptions—will remain
different due to the persistence of short-distance details the under coarse-graining, leading to two different fixed
points of the renormalization group flow [63].
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see Fig. 4.4(b). Reversing the interpretation of entanglement renormalization defines the multi-
scale entanglement renormalization ansatz (MERA), which is a variational class for pure states
|Ψ〉 ∈HL . The tensor network contains all disentanglers u and isometries w needed to arrive
at the sequence of coarse-grained lattices resulting from the entanglement renormalization
procedure. It has been shown that the dimensions q (s) of the effective sites need not increase
with s in order to approximately—but accurately—retain the ground state properties, in
contrast to the previously defined coarse-graining transformation (4.15) [63]. In practice,
an approximation of the true groundstate is obtained by starting from random tensors u
and w and variationally optimizing them so as to minimize the energy expectation value
〈Ψ|H |Ψ〉. Note that, even though translation invariance can be computationally exploited in
the MERA by taking all tensors u and w in each layer to be identical, it can not be enforced
as entanglement renormalization acts differently on even and odd sites. On the other hand,
enforcing scale invariance in the MERA is straightforward by choosing all tensors u and w to
be copies of a single pair (u, w) [50].

|Ψ〉

|Ψ′〉

=

|Ψ〉

|Ψ′〉

=

R

(a)

R

(b)

w† w† w† w†

w† w† w† w†

u† u† u†

Figure 4.4: (a) A coarse-graining transformation step in the local projection scheme of
Section 4.2.1. (b) An entanglement renormalization step with b = 2 for one-dimensional
quantum states with periodic boundary conditions.

In the language of the previous section, the MERA can be interpreted as a state |Ψ〉 ∈ L (0)
obtained from reversing a sequence of entanglement renormalization steps R0, R1, . . . , Rsξ−1,
where sξ denotes the scale of the maximally coarse-grained lattice L (sξ ). By iterating the
relation |Ψsξ−1〉= R†(sξ−1) |Ψsξ 〉, one finds |Ψ〉= R†(0)R†(1) . . . R†(sξ−1) |Ψsξ 〉, which defines the
MERA class of states |Ψ〉. Expectation values of local operators can be efficiently evaluated
due to the existence of the causal cone of a lattice site in L (s), which is defined as the set of
tensors that are able to affect the state of that site. By construction, the causal cone of any
site inL (s) has bounded width, which means that it involves just a constant number of sites,
independent of N , for any other coarse-grained lattice L (s ′) with s ′ > s . Starting from the
original lattice L (0), the support of local observables quickly reduces to a number of sites
characteristic to the MERA scheme under successive coarse-graining steps. This behaviour
follows from of the competing effects of disentanglers, which tend to extend the support by
adding sites at the boundary, and isometries, which tend to reduce it by coarse-graining. For
example, the characteristic local support is three contiguous sites for a one-dimensional binary
MERA (b=2) and two contiguous sites for a one-dimensional ternary MERA (b=3).
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The causal cone structure implies that local operators can be coarse-grained by the ascending
superoperator and, dually, local reduced density matrices can be fine-grained by the descending
superoperator. Together, these superoperators allow for the efficient evaluation of expectation
values in the original (ultraviolet) latticeL (0). In a finite system, the lattice is coarse-grained
until the effective Hamiltonian can be numerically diagonalized. In an infinite system, the
coarse-graining transformation is iterated until the renormalization group flows approaches
a fixed point and all irrelevant perturbations to the Hamiltonian have been washed out. As
will be further explained in Section 4.2.3, local operators can then be expanded in terms of
the scaling operators of the theory. In a symmetry-breaking phase, the trivial fixed point
corresponds to an unentangled ground state, allowing for an evaluation of expectation values.
In a critical phase, the non-trivial fixed point corresponds to a strongly correlated ground
state, but a scale-invariant MERA is still able to accurately capture the low-energy physics.

In [60] and [61], it is shown both numerically and analytically how the MERA supports
algebraically decaying correlations and obeys an area law for the entanglement entropy10. The
argument for the power law decay will be given for the continuous MERA in Section 4.3.3,
from a geometric perspective in Section 4.4.1 and from a holographic perspective in Sec-
tion 6.2.3. Essentially, it boils down to the causal cone structure of the MERA tensor network
allowing two lattice sites, which are a distance r apart inL (0), to merge after O(log r ) itera-
tions. In a scale invariant setting, each transformation reduces correlations with a constant
factor z, leading to an approximate correlator of the form z log r ∼ r−α, for some constant
α > 0. The entropy area law can be deduced by letting ρ be the density matrix of a large
block of nd sites in the original lattice L . The linear size n(s) of the coarse-grained density
matrix ρ(s) decreases to some constant value n = n(s) after s ≈ logb n iterations. In the most
extreme case, ρ(s) turns out to be a completely mixed state, so that S(ρ(s)) = nd log q , with
q = q ′ = . . . = q (s) = dimHsite, resulting from the maximal contribution of each effective
lattice site. Fine-graining involves isometries—which do not increase the entropy—and tracing
out approximately 2d

�

n(s)
�d−1 boundary sites at each layer, where tracing out a single site

increases the entropy by at most log q . In total, the entanglement entropy is estimated to be

S(ρ)≤ nd log q +
s
∑

s=0

2d
�

n(s)
�d−1

log q . (4.19)

For d = 1, this reduces to a logarithmic violation of the area law proportional to log n, due
to the summation introducing the contribution s ≈ logb n, which dominates the estimate for
large blocks. For d > 1, an area law behavior proportional to nd−1 is obtained since the linear
size n(s) gets coarse-grained as (n(s))d−1 = nd−1b−s(d−1). Note that violations of the area law
for d > 1 are not supported, which we will briefly come back to in Section 4.4.3.

It is instructive to consider the action of entanglement renormalization in terms of reduced
density matrices [2]. Again taking the same q for all layers, the isometries w can be rewritten
as b d -site unitary operators w̃† :H⊗b d

site
→H⊗b d

site
with b d − 1 of the input sites in a fiducial fixed

state |0〉. The isometry w† appearing in R can then be rewritten as w̃† followed by a projection
of b d − 1 of the b d sites onto the reference state |0〉, as depicted in Fig. 4.5(a). By taking u†

10The disentanglers of the MERA are able to reduce the entanglement entropy scaling to an s -independent
constant for critical models and to zero for non-critical models, assuming the absence of topological order.
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|0〉 |0〉 |0〉 |0〉 |0〉|0〉|0〉|0〉

w̃ ′′

w̃ ′ w̃ ′

w̃ w̃ w̃ w̃

u

u

u u

s

R̃′′†

R̃′†

R̃†
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Figure 4.5: (a) The isometry w can be rewritten as a unitary operator w̃, taking the fixed
state |0〉 as input for one site. Similarly, w† projects one output onto the fixed state |0〉. (b) The
multi-scale entanglement renormalization ansatz for b = 2 can be interpreted as a quantum
circuit acting on |0〉⊗|L |.

and w̃† together as R̃, the old transformation R can be interpreted as the unitary quantum
circuit R̃ followed by a projection onto |0〉. Although this might seem like unnecessary
hassle, the quantum circuit viewpoint on the MERA provides great insight. In the ideal
case, R̃ is able to disentangle all |L \L ′| = |L |(b d − 1)/b d degrees of freedom, leading to
R̃ |Ψ〉= |Ψ′〉⊗ |0〉⊗|L\L

′| and a reduced density matrix

ρ′ =TrL\L ′
�

R̃ρR̃†
�

= |Ψ′〉 〈Ψ′| (Tr (|0〉 〈0|))|L \L
′| = |Ψ′〉 〈Ψ′| , (4.20)

where Tr(A⊗ B) = Tr(A)Tr(B) was used. Generally, a complete disentanglement is not
possible and the projection PL\L ′ = (|0〉 〈0|)

⊗|L\L ′| should be included explicitly to arrive at

ρ′ = RρR† =TrL\L ′
�

PL\L ′ R̃ρR̃†
�

= |Ψ′〉 〈Ψ′| . (4.21)

The intuitive renormalization process of tracing out degrees of freedom has been generalized
by first acting with a unitary quantum circuit on the density matrix ρ. The projection ensures
that the resulting density matrix ρ′ is pure even when the disentanglement was not completed.
The disentangled degrees of freedom can be equivalently projected at the very end of the
procedure, as they do not interact any longer at the remaining renormalization steps. The
MERA can thus be dually interpreted as either an active renormalization process applied to a
strongly correlated quantum state or as the output of a specific quantum circuit applied to a
simple fiducial state |0〉⊗N , which is shown in Fig. 4.5(b) for b = 2 and d = 1. The quantum
circuit interpretation highlights the reversible nature of the coarse-graining transformation,
as all information on the short-distance degrees of freedom is stored in the disentanglers and
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isometries, which is of course implicitly implied by the existence of ascending and descending
superoperators. Note that the quantum circuit interpretation is not in violation with the
irreversibility of the renormalization (pseudo)group, since only the ground state is affected and
not the whole Hilbert space and Hamiltonian acting upon it [65]. The structural similarities
between most ground states of local Hamiltonians are remarkable, as two different phases with
the same correlation length ξc become both disentangled after O(logξc ) coarse-graining steps.
This means that they both can be prepared from the same unentangled degrees of freedom
using the same quantum circuit of O(logξc ) layers but with different disentanglers u and
isometries w encoding the ground state [63].

4.2.3 Renormalization group, fixed points and quantum phases

Once the MERA has been variationally optimized by minimizing the energy expectation value
〈Ψ|H |Ψ〉, its properties can be studied in light of the renormalization group. As entanglement
renormalization maps local operators to local operators, local Hamiltonians get mapped
to local Hamiltonians, which yields a sequence of effective Hamiltonians constituting a
proper discrete renormalization group flow. When starting from a short-ranged Hamiltonian,
entanglement renormalization thus does not generate long-range interactions and reduces
arbitrary short-range interactions to nearest-neighbour interactions after a few iterations. For
instance, consider a one-dimensional lattice with a Hamiltonian characterized by a two-site
operator h acting on nearest-neighbour sites. As depicted in Fig. 4.6 , successive iterations
lead to a sequence of two-site interactions h (0)→ h (1)→ h (2)→ . . ., with the map11 h ′ = R(h)
defining a proper renormalization group flow in the q4-dimensional parameter space of
possible two-site interactions [63].

h (0)

h (1) h (2) h (∞)

R R

stable

stable

Figure 4.6: A schematic example of a renormalization group flow of two-site interactions
with two stable fixed points separated by an unstable fixed point in the center. This is to be
compard with the renormalization group ideas of Section 2.4.2.

11Technically, the map R is an averaged ascending superoperator A
h
, which takes into account the inequivalent

ways in which an operator can be coarse-grained, depending on the MERA scheme that is used.
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In the above two-site interaction model, fixed points of the renormalization group flow
generated by R are characterized by

R(h∗) = λh∗, (4.22)

where λ= b−∆h∗ , with ∆h∗ the scaling dimension of the operator h∗. These fixed points allow
a MERA description in terms of a single disentangler u and isometry w for all layers, leading
to the scale-invariant MERA that was already mentioned in the previous section. Since a finite
correlation length ξc shrinks under coarse-graining, scale invariance requires the fixed points
ground states to have either ξc = 0 or ξc =∞. Non-critical fixed point ground states (ξc = 0)
correspond to unentangled ground states and can be represented by a trivial scale-invariant
MERA. Indeed, it is observed in numerical simulations that the tensors u and w become
trivial after a number of layers s for which ξc/b s � 1, with ξc = ξc/a the dimensionless
correlation length in terms of the lattice spacing a. This can be interpreted as the ground state
becoming completely disentangled after s renormalization steps. Even though critical fixed
point ground states (ξc =∞) are always strongly entangled, the tensors u and w can be chosen
equal after a number of transitional layers. The low-energy behavior becomes scale invariant
and can be well captured by a scale-invariant MERA with a finite value of q . Additionally,
the MERA is able to describe quantum phases with topological order in two dimensions [66]
[67]. Although these models are non-critical, the fixed point ground state is not completely
disentangled after a finite number of layers. For finite systems, the top tensor of the MERA
contains remnant global entanglement that lives at the scale of the system size, giving rise to
topological entanglement entropy. In all of the above cases, the amount of entanglement in
the ground state is seen to naturally characterize the renormalization group fixed points and is
reflected in the MERA representation.

To further characterize fixed points, note that entanglement renormalization allows to calculate
scaling dimensions and corresponding scaling operators by linearizing R near a critical point,
which is usually done by considering the derivative R with respect to a small perturbation. This
leads to a scaling superoperator S at the fixed point, from which all the relevant perturbations
and hence its stability can be deduced. For example, the scale-invariant MERA has been
applied to the one-dimensional critical quantum Ising chain 2.51, where an explicit comparison
with the Ising conformal field theory is possible. It is seen that the scaling dimensions of the
primary fields, as obtained from S(O (α)) = λ(α)O (α) with ∆(α) =− logλ(α)/ log b , are in very
good agreement with the exact results from conformal field theory [63]. Additionally, the
central charge and the coefficients of the operator product expansion of the primary fields can
be obtained, allowing for a complete characterization of the conformal field theory.

4.3 Entanglement renormalization in the continuum

Apart from considering lattice systems with entanglement renormalization, it would be bene-
ficial to work directly in the continuum to enable the study of quantum field theories without
the need for an additional discretization procedure. This would provide a continuous real space
construction for the renormalization group flows of quantum field theories, as opposed to the
more common Wilsonian momentum space approach discussed in Section 2.4. Furthermore, a
continuum formulation of the MERA variational class allows to impose translation invariance
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and the infinitesimal nature of the renormalization group transformations does away with the
fact that a large fraction of (b d − 1)/b d of degrees of freedom needs to be removed in the first
layers. A natural continuum generalization of the MERA variational class has been introduced
by Haegeman et al. and will be described in detail in the remainder of this section [2] [65].

Let us first demonstrate how the transition from the lattice to the continuum can be under-
stood, as this was crucial to formulating the continuum ansatz. In Section 4.2, the MERA was
introduced as an active renormalization process and, dually, as the result of an unitary quan-
tum circuit applied to a fiducial state |0〉⊗L . In the former interpretation, the problem with
taking the continuum limit of the entanglement renormalization scheme can be understood
by noticing that there is an asymmetry in the definition of the process. Looking at Fig. 4.5(b)
from bottom to top, entanglement between even and odd nearest-neighbor sites is removed
using a unitary operator u† while entanglement between an odd and even nearest-neighbor
site is removed by a unitary operator w̃†. This scheme can be made symmetric by trivially
redefining w̃† = w̃†

0 v†, where v† entangles odd-even pairs and w̃†
0 is a fixed unitary operator

projecting onto |0〉, as depicted in Fig. 4.7. Then the double layers of entanglers u and v can
be interpreted as a first order Lie-Trotter-Suzuki decomposition12 of an evolution operator
exp(i∆sK), where ∆s is the renormalization time and K denotes a local Hamiltonian. Since
the lattice spacing provided a shortest length scale for short-range entanglement between
degrees of freedom on the lattice, a cutoff a = Λ−1 should be manually introduced in the
definition of the operator K , which is similar in spirit to Wilson’s renormalization group.

|Ψ〉

|Ψ′〉

=

u† u† u†

v† v† v† v†

≈ ei∆sK

w̃†
0 w̃†

0 w̃†
0 w̃†

0
≈ ei∆s L

|0〉 |0〉 |0〉 |0〉

Figure 4.7: The MERA can be reinterpreted by redefining w̃† = w̃†
0 v† and regarding the

layers respectively as representing a Hamiltonian evolution ei∆sK and a dilatation ei∆s L.

In the quantum circuit interpretation, the coarse-graining operation is run in reverse so that
the lattice spacing shrinks with each layer as a = a′/b . The operator K ′ naturally entangles
degrees of freedom living at a = a′/b compared to the previous layer which entangled at the
length scale a′. In the continuum however, it is no longer true that all distances are naturally

12The Lie-Trotter-Suzuki decomposition states that for two operators A and B , the relation etAetB =
limN→∞

�

e
t
N Ae

t
N B
�N
= et (A+B)+O( t 2

N ) holds.
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measured in terms of the lattice spacing. To bring unentangled degrees of freedom living at
momentum scale bΛ back to the cutoff scale Λ, we either need to redefine the explicit cutoff
in K ′ at each step or apply a scale transformation exp(−i∆s L), where L is the appropriate
generator of scaling transformations. The unitary operator w̃†

0 can thus be interpreted as a
scale transformation in the continuum. By letting ∆s → 0, a infinitesimal renormalization
step ds at a renormalization scale s can be defined, leading to a continuous variational ansatz
whose interpretation and properties will be discussed below.

4.3.1 Continuous entanglement renormalization ansatz

From the above construction of infinitesimal entanglement renormalization, the following
variational ansatz naturally emerges

|Ψ[K]〉=T exp

 

−i
∫ sa

sξ

ds (K(s)+ L)

!

|Ω〉 ≡U (sa, sξ ) |Ω〉 , (4.23)

which is referred to as the continuous entanglement renormalization ansatz with U (sa, sξ )
denoting the corresponding unitary quantum circuit acting on a reference13 state |Ω〉. The
T exp operator is a time-ordered exponential, which orders the integrand for decreasing
values of s from left to right, with the integration limits sa and sξ corresponding respectively
to the ultraviolet and infrared cutoff scales14. Alternatively, the continuous entanglement
renormalization ansatz can be defined using the scale-ordered exponential S exp, which
orders the integrand for increasing values of s from left to right. Upon changing variables
u =−s and defining ua =−sa and uξ =−sξ , one obtains the equivalent expression |Ψ[K]〉=
S exp−i

∫ uξ
ua

du (K(−u)+ L) |Ω〉. The variational parameters of the ansatz reside in the
coefficients of the local interactions inside the Hermitian operator K , given by

K(s) =
∫

dd x k(x; s), ∀s ∈ [sa, sξ ], (4.24)

where k(x; s) is a local combination of field operators, their adjoints and their derivatives,
having support in a small region around the point x. For ease of discussion and calculation,
the shortest distance scale in the continuum will always be implemented by introducing a
sharp cutoff Λ in momentum space, which is related to a characteristic length scale a =Λ−1.
Note that the real space formulation of the cMERA allows us to implement the cutoff however
we deem it appropriate. An equally valid strategy is to use smoothed field operators such
as ψa(x) =

∫

dy χa(x − y)φ(y), where χa(x) is a smooth envelope function which peaks in a
small region of width a around x = 0, but this leads to more complicated integral equations
when calculating with the cMERA. Unless explicitly stated otherwise, all considerations in
this section apply to non-relativistic local field theories.

13Throughout this chapter, we do not consider topologically ordered systems as these would require the
presence of remnant entanglement even in the infrared state, corresponding to the top tensor.

14In contrast to previous sections, the cMERA scale s is chosen to run from s = 0 (ultraviolet) to s = −∞
(infrared) according to the convention of (4.23).
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Quantum circuit interpretation

The description of Eq. (4.23) makes use of the quantum circuit interpretation, which turns a
simple fiducial state |Ω〉 into a strongly correlated quantum state |Ψ[K]〉. As only the total
integration interval sa − sξ physically matters, it is convenient to fix sa = 0 and take sa − sξ =
O (log(ξ /a)) to allow the ansatz to reproduce long-range entanglement in a gapped system
with correlation length ξ . To further clarify the concepts, let sξ =−O (log(ξ /a))→−∞ with
the UV state |Ψ(sa)〉 ≡ |Ψ〉 and IR state |Ψ(sξ )〉 ≡ |Ω〉 defined at the respective renormalization
scales sa and sξ . The ground state of a given Hamiltonian is then described by the ultraviolet
|Ψ〉 state, whereas |Ω〉 is seen as a factorized reference state with vanishing entanglement
entropy SA for each subsystem A defined in real space [68]. In between these limits, the state
|Ψ(s)〉 = U (s , sξ ) |Ω〉 contains fluctuations from length scales aesa−sξ ' ξ up to aesa−s with
sξ < s < sa. The physical picture of the continuous entanglement renormalization process
should now be clear, see Fig. 4.8(a). The first layer (s = sξ ) adds fluctuations to a completely
unentangled reference state |Ω〉, which are initially introduced at a length scale O(a). The state
is then dilated during a renormalization time ds , which introduces new unentangled degrees
of freedom that were previously living at higher momenta or, equivalently, shorter length
scales. This process is iterated until the last layer (s = sa), which creates fluctuations at the
ultraviolet cutoff scale a−1 =Λ such that no fluctuations at a shorter range exist in the final
state |Ψ[K]〉. As fluctuations created by layer s live at lengthscale aesa−s in the final state, the
fluctuations introduced by the first layer eventually end up at the infrared cutoff momentum
scale ξ −1 due to subsequent scaling at every renormalization step.

0 ∞
ξa

0∞

ξ −1Λ

0 ∞
ξ

0

ξ −1Λ

∞

length
scale

momentum
scale

a

Quantum circuit Renormalization group

(a) (b)

Figure 4.8: Sketches of the two dual interpretations of the cMERA. (a) In the quantum circuit
interpretation, unentangled short-distance degrees of freedom from above the cutoff Λ are
entangled at the cutoff. The scaling operation sends entangled degrees of freedom to longer
distances, eventually yielding a strongly correlated quantum state. (b) In the renormalization
group interpretation, entangled degrees of freedom are disentangled at the cutoff Λ, after
which they are sent beyond the cutoff until a trivial fiducial state is obtained.

Renormalization group interpretation

As in the case of the MERA, there also exists a dual description in terms of an active renor-
malization process, which may provide additional insight into the cMERA and allows for a
comparison to the usual Wilsonian momentum-shell renormalization group of Section 2.4.
The latter works by iteratively integrating out the all the modes in an infinitesimal momentum
shell Λ− dΛ< |k|<Λ followed by a rescaling operation which brings modes at Λ− dΛ back
to Λ. The finite momentum cutoff Λ, which has to be introduced to define this operation,
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can be sent to infinity at the end. On the other hand, the cMERA defines a renormalization
process which is a real-space implementation of Wilson’s momentum-shell renormalization
group in a Hamiltonian framework. Rather than the fixed operation of merely integrating out
high-frequency modes around the cutoff Λ, the operator K first disentangles these modes from
the state so that they can be projected onto a reference state |Ω〉, which is always chosen to be
translation invariant so that L |Ω〉= 0. After disentangling, the operator L performs a scale
transformation to send the disentangled modes beyond the cutoff—where they are cannot
interact anymore via K—and introduces new entangled modes to the cutoff scale Λ, as shown
in Fig. 4.8(b). The differences between both renormalization processes lie in at least two
observations. Firstly, while Wilson’s renormalization group is a fixed integration procedure,
the cMERA renormalization process is governed by K(s)which can be variationally optimized
so as to approximate the state of the system as closely as possible. Secondly, although K(s)
can be formulated in momentum space to implement the cutoff, it is defined by the principle
of real space locality, which has already proven to be a correct assumption for both free and
interacting theories with the MERA and is supported by the locality of physical interactions.

As an example, consider fluctuations over a length l living at the ultraviolet cutoff length scale a,
which will get disentangled by K(s) until l es < a. For scales s <− log(l/a), these fluctuations
live below the ultraviolet cutoff length scale a of K(s) and are thus only susceptible to further
rescaling by L before being projected onto |Ω〉 at s = sξ . But as L |Ω〉= 0, fluctuations below
the minimal length scale a can be just as well immediately projected onto |Ω〉, as in case of
the MERA in Fig. 4.5. For fluctuations above the ultraviolet cutoff length scale a = Λ−1,
only the combined operation K(s)+ L is well-defined and the artificial decomposition into
K(s) and L is based on entanglement considerations. All entanglement creation has been put
into K(s), which operates at the renormalization scale s during a renormalization step ds
by disentangling degrees of freedom living at momentum scale [e−dsΛ,Λ]. After taking the
scaling part L into consideration, this scale is seen to correspond to the physical momentum
scale [es−dsΛ, esΛ]. Note that there is considerable freedom in choosing the operator L as long
as it neither increases nor reduces entanglement and maps factorized states to factorized states.

In principle, the condition sa − sξ →∞ should be imposed, but the beauty of the variational
principle is that it should be powerful enough to provide arbitrarily good approximations
for a finite range of renormalization scales. For ground states of gapped systems, K(s) is
assumed to converge to zero for s →−∞ under application of the variational principle as it is
expected that there exists a scale s ∗ such that the entanglement renormalization has brought
the system arbitrarily close to the completely disentangled state |Ω〉. On the other hand, for
critical systems, the operator K(s) ought to variationally approach a non-zero horizontal
asymptote for the low-energy behavior of the theory, becoming effectively constant after a
possible transient regime.

Symmetries

Translation invariance can be easily imposed as the continuum introduces a great flexibility by
allowing the use of a smooth ultraviolet cutoff and continuous scaling transformations. In
contrast, the cutoff in the MERA is dictated by the lattice spacing which limits the form of the
possible scale transformations to act on an integral number of sites. A translation invariant
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choice of K(s) leads to a translation invariant state as a dilatation of a translation invariant
state is again a translation invariant state. For example, for a one-dimensional non-relativistic
theory defined by creation and annihilation operators ψ†(x) and ψ(x), the generator L takes
on the form

L=−
i

2

∫

dx
�

ψ†(x)
�

x
∂

∂ x
ψ(x)

�

−
�

x
∂

∂ x
ψ†(x)

�

ψ(x)
�

. (4.25)

By using the associated momentum operator P =−i
∫

dxψ†(x)dψ(x)dx , the action of a translation
on the scaling operator gives e−ixP LeixP = L− ix [P, L] = L− xP . The second term does
not contribute when acting on a translation invariant state, so that the translation invariance
imposed by K is retained after the dilatation. A more general argument can be made by
starting from the commutation relations of the scaling operator in the relativistic conformal
group or non-relativistic Schrödinger group, but the conclusion remains the same. Note
that the pragmatic viewpoint mentioned in Section 2.2.3 justifies the use of continuous scale
transformations, as the potential mathematical complications have been ignored by manually
introducing a cutoff a−1 =Λ in the definition of K .

Gauge invariance

For a fixed choice of L, there remain many different choices of K that result in same physical
state |Ψ[K]〉. To clarify this gauge invariance of the cMERA, consider infinitesimal layers

U (s , s − ds) = exp (−ids (K(s)+ L))≈ exp (−idsK(s))exp (−ids L) , (4.26)

where the first order Lie-Trotter-Suzuki expansion has been used to arrive at the last approx-
imation. Next, insert the product G(s)G†(s) of a unitary gauge transformation G(s) and
its inverse G†(s) in between every two layers U (s + ds , s)U (s , s − ds) and absorb G(s) into
U (s + ds , s) and G†(s) into U (s , s − ds) respectively. By calculating the gauge transformed
operator U ′(s , s − ds), the gauge transformed operator K ′(s) can be determined up to first
order in ds as

U ′(s , s − ds)
=G†(s)exp (−idsK(s))exp (−ids L)G(s − ds)

= exp
�

−idsG†(s)K(s)G(s)
�

G†(s)exp (−ids L)G(s − ds)exp (ids L)exp (−ids L)

= exp
�

−idsG†(s)K(s)G(s)
�

G†(s)
�

G(s)− ds
d

ds
G(s)− ids [L,G(s)]

�

exp (−ids L)

= exp

 

− ids
�

G†(s)K(s)G(s)− iG†(s)
d

ds
G(s)+G†(s) [L,G(s)]

�

︸ ︷︷ ︸

K ′(s)

!

exp (−ids L) .

The operator G(s − ds) on the first line is part of the previous layer. To first order in ds , the
expressions on the first and second line are the same, with the identity inserted at the end of
the second line. On the third line, both G(s − ds) and the scaling exponentials surrounding
G(s − ds) are expanded up to first order in ds . The fourth line gathers all factors together
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into one exponential, from which K ′(s) follows. Under a gauge transformation G(s), the
variational parameters K(s) of the cMERA ansatz |Ψ[K]〉 are thus seen to transform as

K ′(s) =G†(s)K(s)G(s)− iG†(s)
d

ds
G(s)+G†(s) [L,G(s)] (4.27)

=G†(s)K(s)G(s)− iG†(s)
d

ds
G(s)+G†(s)LG(s)− L (4.28)

The gauge transformation G(s) is an s -dependent unitary operator, where we require G(sa) = 1.
At s = sξ , the reference state |Ω〉 then either has to transform as |Ω〉→ |Ω′〉=G†(sξ ) |Ω〉 under
a gauge transformation or G†(sξ ) should be restricted to choices which leave the reference
state invariant. As an example, the infinitesimal gauge transformation G(s) = exp(iεT (s)),
generated by T , leads to a corresponding transformation15

K ′ =K + ε
�

d

ds
T (s)+ i[K(s)+ L,T (s)]

�

. (4.29)

4.3.2 Renormalization group flow

Consider a physical or bare operator O defined at the ultraviolet cutoff scale s = sa, with
expectation value

〈Ψ[K]|O|Ψ[K]〉= 〈Ω|U †(sa, sξ )OU (sa, sξ )|Ω〉= 〈Ψ(s)|OR(s)|Ψ(s)〉 , (4.30)

where a renormalized operator OR(s) was defined as

OR(s) =U †(sa, s)OU (sa, s), (4.31)

together with a renormalized state

|Ψ(s)〉=U †(sa, s) |Ψ[K]〉=U (s , sξ ) |Ω〉 , (4.32)

at a particular renormalization scale s ∈ [sa, sξ ]. However, as |Ψ(sξ )〉 = |Ω〉, the evaluation
of the expectation value 〈Ψ[K]|O|Ψ[K]〉 at the ultraviolet cutoff scale sa essentially boils
down to evaluating 〈Ω|OR(sξ )|Ω〉 at the infrared cutoff scale sξ . The renormalized operator
OR(s) at a renormalization scale s is thus obtained from the bare operator O by integrating
out all quantum fluctuations between momentum scales es−saΛ and Λ. Note that it is still
defined with respect to an effective cutoff Λ due to the scaling transformation L in the unitary
operation U . The renormalization group equation for OR(s) is

dOR(s)

ds
=−i[K(s)+ L,OR(s)] , (4.33)

which defines the renormalization group flow for the renormalized operator OR(s). Integrating
this flow from s = sa down to s = sξ , with the initial condition OR(sa) = O, allows the
evaluation of 〈O〉= 〈Ω|OR(sξ )|Ω〉. Although Eq. (4.33) is similar in form to the Heisenberg

15Note that this transformation behavior is of the same form as the renormalization group equation (4.33) for
the generator T (s).
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equations of motion of an operator in the Heisenberg picture with respect to an s -dependent
Hamiltonian K(s) + L, the differentiation of U (sa, s) takes place with respect to the lower
limit of the evolution operator U (sa, s), which introduces a crucial minus sign. Moreover, the
operators K(s)+ L in the commutator are still considered to be bare operators and should not
be naively renormalized as U †(sa, s)(K(s)+ L)U (sa, s). Of course, the difference between bare
and renormalized operators disappears when K(s)+ L does not depend on s .

Pure scaling

Let us now investigate the pure scaling case K(s) = 0 of bare field operators by considering a
one-dimensional theory formulated in terms of bosonic or fermionic creation and annihilation
operators ψ†(x) and ψ(x), satisfying {ψ(x),ψ†(y)}∓ = δ(x − y) with the commutator (−) for
bosons and the anticommutator (+) for fermions. Setting sa = 0 for this paragraph, we have
that L(s) =U †(0, s)LU (0, s) for pure scaling so that the scaling operator (4.25) can be written
in terms of creation and annihilation operators as

L=−
i

2

∫

dx
�

ψ†(x, s)
�

x
∂

∂ x
ψ(x, s)

�

−
�

x
∂

∂ x
ψ†(x, s)

�

ψ(x, s)
�

, (4.34)

where ψ(x, s) ≡ U †(0, s)ψ(x)U (0, s) was introduced. For the field operator ψ(x, s), the
renormalization group equation (4.33) then leads to

∂ ψ(x, s)

∂ s
=
∫

dy {ψ(x),ψ†(y)}∓

�

y
∂

∂ y
ψ(y, s)+

1

2
ψ(y, s)

�

= x
∂

∂ x
ψ(x, s)+

1

2
ψ(x, s), (4.35)

which has the solution ψ(x, s) = es/2ψ (es x). The physical field operator on position x acts on
position es x when brought down to the scale s < sa = 0. Defining

ψ(k) =
1
p

2π

∫ ∞

∞
dx e−ik xψ(x), (4.36)

the scaling operator in momentum space becomes

L=
i

2

∫

dk
�

ψ†(k)
�

k
∂

∂ k
ψ(k)

�

−
�

k
∂

∂ k
ψ†(k)

�

ψ(k)
�

, (4.37)

so that we analogously find ψ(k , s) = e−s/2ψ(e−s k). As proof of principle, the action of e−is L

on single particle states |φ〉=
∫

dxφ(x)ψ†(x) |Ω〉 leads to

|φ′〉= e−is L |φ〉=
∫

dxφ(x)e−is Lψ†(x)eis L |Ω〉=
∫

dxφ(x)e−s/2ψ†(e−s x) |Ω〉

=
∫

dx ′ es/2φ(es x ′)ψ†(x ′) |Ω〉 , (4.38)

where we have used that the reference state |Ω〉, taken to be the empty non-relativistic vacuum
ψ(x) |Ω〉= 0, ∀x ∈R, is scale invariant. It is seen that the operator e−is L indeed maps single
particle states φ(x) to φ′(x) = es/2φ(es x) and thus corresponds to a dilatation.
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Criticality

For critical systems, K(s) is assumed to become s -independent. In that case, the eigenoperators
O (α) and corresponding eigenvalues λ(α) of the operator −i[K + L, ·] can be extracted from

−i
�

K + L,O (α)
�

= λ(α)O (α), (4.39)

where the operator O (α) is a scaling operator and λ(α) is the corresponding scaling exponent
such that O (α)R (s) = esλ(α)O (α). In one spatial dimension, any local operator O(x) which is a
homogeneous polynomial of degree n in the field operators ψ(x) and ψ†(x) satisfies

−i[L,O(x)] = x
d

dx
O(x)+

n

2
O(x), (4.40)

where n/2 is the canonical scaling dimension of O(x). If O(x) further satisfies

−i[K + L,O(x)] = x
d

dx
O(x)+λO(x), (4.41)

then O(x) is a local scaling operator with scaling dimension λ such that OR(x, s) = esλO(es x),
which allows to identify λ − n/2 as the anomalous scaling dimension generated by the
contribution of K .

Alternative definition of the cMERA

Another perspective on the cMERA, which is more complementary to the interaction picture
in quantum mechanics, can be defined by treating L as a free Hamiltonian and K as the
interactive part. Consider the the expectation value

〈Ψ[K]|O|Ψ[K]〉= 〈ΨP (s)|OP (s)|ΨP (s)〉 , (4.42)

where the physically renormalized operator is defined as

OP (s) = e−i(sa−s)LOR(s)e
i(sa−s)L = e−i(sa−s)LU †(sa, s)OU (sa, s)ei(sa−s)L, (4.43)

and the physically renormalized state is given by

|ΨP (s)〉= e−i(sa−s)L |ΨR(s)〉= e−i(sa−s)LU (s , sξ ) |Ω〉 . (4.44)

The physically renormalized operator OP (s) is equal to the renormalized operator OR(s)
but with the scaling removed. This implies that it is defined with respect to a physical
momentum cutoff es−saΛ and arises from the bare operator O by disentangling all modes
living at momentum scales [es−saΛ,Λ]. These modes have been disentangled, but are not yet
projected out, as it is this very scaling operation—which takes care of projection onto |Ω〉 and
defines the operator with respect to the momentum cutoff Λ—that has been compensated.
Differentiating the physically renormalized state with respect to s yields

d

ds
|ΨP (s)〉=−ie−i(sa−s)LK(s)U (s , sξ ) |Ω〉 ≡ −iK ′(s) |ΨP (s)〉 , (4.45)
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where we defined the operator K ′(s) = e−i(sa−s)LK(s)ei(sa−s)L. This operator disentangles modes
at a scale-dependent physical cutoff es−saΛ. It is clear that |ΨP (sξ )〉 = |Ω〉 due to the scale
invariance of the reference state |Ω〉, so that we can further state

|ΨP[K
′]〉=T exp

 

−i
∫ sa

sξ

ds K ′(s)

!

|Ω〉 (4.46)

as an alternative definition for the continuous entanglement renormalization ansantz. The
quantum circuit interpretation of K ′(s) is that it immediately entangles degrees of freedom at
the correct scale es−saΛ and no additional scaling operation is needed to bring these entangled
degrees of freedom to the correct scale. Due to the explicit s -dependence of the physical cutoff
es−saΛ, it follows that K ′(s) is s -dependent even if K(s) is not. From a renormalization group
perspective, the additional scale transformation in the original definition (4.23) allows for an
easier detection of a critical point, as K(s) develops a horizontal asymptote when approaching
criticality. Note that the scale invariance of |Ω〉 has been crucial in the above derivations, as
it implies that degrees of freedom at all scales are on equal footing in |Ω〉. In the quantum
circuit interpretation of the cMERA, new unentangled degrees of freedom can come from
all scales since they are all supposed to be identical. This is the same assumption underlying
the quantum circuit interpretation of the MERA, where the |0〉 states in Fig. 4.5(b) were
considered identical across all scales.

4.3.3 Correlations and entanglement entropy

As for the MERA in Section 4.2, it can be shown that the cMERA intrinsically supports
algebraically decaying correlations and a logarithmic violation of the area law for d = 1
spatial dimensions. It is sufficient to demonstrate the correlations at criticality by looking at a
translation invariant state |Ψ[K]〉 with K(s) being s -independent. Let O (α)(x) and O (α′)(x ′)
be two local scaling operators as defined in (4.39). The correlation function follows from the
expectation value of the operator C (α,α′) =O (α)(x)O (α′)(x ′), which renormalizes as

C (α,α′)
R (x, x ′, s) = es(λ(α)+λ(α

′))O (α)(es x)O (α
′)(es x ′), (4.47)

as long as es |x − x ′| � a =Λ−1. For a scale s̄ ≈− log (|x − x ′|Λ), the expectation value

〈ΨR( s̄)|O
(α)(e s̄ x)O (α

′)(e s̄ x ′)|ΨR( s̄)〉 (4.48)

approaches a constant value c , so that we can write

〈Ψ[K]|C (α,α′)(x, x ′)|Ψ[K]〉 ≈ e s̄(λ(α)+λ(α
′))c ∼ |x − x ′|−(λ(α)+λ(α

′)). (4.49)

This is to be compared with the scale invariant MERA, where the causal cones of two
spatially separated local operators eventually merge along the renormalization group flow.
The entanglement entropy of a subsystem A can be estimated by heuristically applying the
result (2.56) on the growth of entanglement entropy under time evolution to the continuum
setting. Using the alternative cMERA formulation (4.46), consider states of the form

|ΨP (s)〉=T exp

 

−i
∫ s

sξ

ds K ′(s)

!

|Ω〉 , (4.50)
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where K ′(s) represents a local Hamiltonian with physical momentum cutoff es−saΛ. As
mentioned before, the entanglement entropy of a region A in the unentangled reference state
|Ω〉 is zero by definition and it remains very small as long as esa−s a � L, with L the linear
size of the subsystem A. Indeed, for these scales, the subsystem A is much smaller than the
minimal length on which K ′(s) acts, according to its physical momentum cutoff es−saΛ, and
hence very little entanglement is created. Let s̄ ≈ sa− log(L/a) = sa− log(LΛ) denote the scale
for which entanglement creation becomes relevant and let the entropy of the subsystem A in
|ΨP ( s̄)〉 be given by some small constant k. The area of the boundary |∂ A| can be measured
in terms of the physical momentum cutoff so that

d

ds
SA(s)≤ c |∂ A|(Λes−sa )d−1, (4.51)

for some constant c , which is assumed to be of order one. Note that the use of the naive
continuum generalization of (2.56) is heuristic at best since there is no a priori reason to
believe that the boundary dependence of the entanglement growth in spin systems transfers to
the continuum in general. Integrating (4.51) yields the entanglement entropy of the ground
state at the ultraviolet cutoff

SA≡ SA(sa)≤ k + c
∫ sa

s̄
ds |∂ A|Λd−1e(s−sa)(d−1), (4.52)

which leads to

SA≤ k + 2c
∫ sa

s̄
ds = 2c log L/a+ k , (4.53)

for d = 1, and to

SA≤ k + c |∂ A|
∫ sa

s̄
ds Λd−1e(s−sa)(d−1) =

c

d − 1
|∂ A|Λd−1

�

1−
1

(LΛ)(d−1)

�

+ k , (4.54)

for d > 1. The factor 2 in the case d = 1 arises from the cardinality of the boundary set, which
is just the number of points |∂ A| in the set and the zero-dimensional analogue of volume. The
logarithmic scaling violation for d = 1 is retrieved and an area law is found for d > 1 as the
entanglement entropy is bounded by a term ∼ |∂ A|Λd−1. Note that the cMERA also does not
support logarithmic corrections to the area law for d > 1, which we will briefly come back to
in Section 4.4.3.

4.3.4 Example: free scalar field theory

Although the cMERA provides a very attractive framework from a theoretical point of view,
it should be stressed that it is a highly analytical framework in comparison to the MERA.
Intimately related to its analytical nature, is the difficulty of incorporating interactions into
the cMERA framework, which has not been formulated in the literature yet16. Hence, the

16According to [65], a possible strategy to treat interacting theories variationally is by adding interaction terms
to K , which introduces additional variational parameters. Expectation values could then be computed by solving
(4.33) variationally using an optimally truncated expansion of OR(s) in terms of a power series of local operators.
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applications of the cMERA are currently limited to the realm of analytically solvable problems,
where it has already been successfully applied to solve for the Gaussian ground states of free
field theories. The cMERA formalism for relativistic free bosons with mass m in (d + 1)
dimensions will be described below to illustrate some of the properties that were introduced
in this section. Note that, although a momentum space cutoff Λ is used throughout the
calculations, the procedure of continuous entanglement renormalization is assumed to be
well-defined in real space as well, and the full power of the cMERA is expected to emerge in
the case of interacting theories.

Let us begin with introducing the Klein-Gordon Hamiltonian, which is given in real space
and in momentum space by the expressions

H =
1

2

∫

dd x
�

π(~x)2+
�

~∇φ(~x)
�2
+m2φ(~x)2

�

, (4.55)

=
1

2

∫

dd k
�

π̂(~k)π̂(−~k)+
�

|~k|2+m2
�

φ̂(~k)φ̂(−~k)
�

. (4.56)

The field operator φ(~x) and its conjugate momentum π(~x) are Hermitian operators satisfying
[φ(~x),π(~x ′)] = iδ(~x − ~x ′), and the momentum space operators satisfy φ̂†(~k) = φ̂(−~k),
π̂†(~k) = π̂(−~k), and [φ̂(~k), π̂(−~k ′)] = iδ(~k − ~k ′). To fully specify the Gaussian ansatz
|Ψ[K]〉, we need to define a general factorized Gaussian state |Ω〉 with width ∆−1 for the
unitary quantum circuit to act upon,







È

∆

2
φ(~x)+ i

È

1

2∆
π(~x)






|Ω〉= 0. (4.57)

Note that the operator between brackets can be regarded as a particular choice of an annihila-
tion operator, depending on an energy scale∆, and that the entanglement entropy SA is indeed
vanishing for any subsystem A as all modes are decoupled for any x. Using the commutation
relations of the momentum space operators, the reference state |Ω〉 is seen to satisfy

〈Ω|φ̂(~k)φ̂(~k ′)|Ω〉=
1

2∆
δ(~k +~k ′), 〈Ω|π̂(~k)π̂(~k ′)|Ω〉=

∆

2
δ(~k +~k ′). (4.58)

As we are considering a relativistic model, it seems appropriate to introduce a relativistic
scaling operator of the form

L′ =−
1

2

∫

dd x
�

π(~x)~x · ~∇φ(~x)+~x · ~∇φ(~x)π(~x)+
d − 1

2
φ(~x)π(~x)+

d − 1

2
π(~x)φ(~x)

�

(4.59)

which, after an analysis similar to the pure scaling case for the non-relativistic scaling operator
in Section 4.3.2, is seen to yield the correct relativistic scaling dimensions for the fields,

φ(~x, s) = es d−1
2 φ(es~x), π(~x, s) = es d+1

2 φ(es~x), (4.60)

φ̂(~k, s) = e−s d+1
2 φ(e−s~k), π(~k, s) = e−s d−1

2 π(e−s~k). (4.61)
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However, the reference state (4.57) is not invariant under the above relativistic scaling trans-
formation. Indeed, |Ω′〉 = e−is L′ |Ω〉 is an equivalent factorized Gaussian state with inverse
width 1/∆′ = es/∆, which follows from similar reasoning that led to (4.38), so that |Ω〉 is left
invariant only for the singular values ∆= 0 and ∆=∞. For any width ∆−1, the state defined
by (4.57) does remain invariant under the action of the non-relativistic scaling transformation,

L=−
1

2

∫

dd x
�

π(~x)~x · ~∇φ(~x)+~x · ~∇φ(~x)π(~x)+
d

2
φ(~x)π(~x)+

d

2
π(~x)φ(~x)

�

, (4.62)

which is a generalized version of (4.25) in terms of the fields φ(~x) and π(~x). This scaling
operator leads to the erroneous non-relativistic scaling dimensions of the fields,

φ(~x, s) = es d
2φ(es~x), π(~x, s) = es d

2φ(es~x), (4.63)

φ̂(~k, s) = e−s d
2φ(e−s~k), π(~k, s) = e−s d

2π(e−s~k). (4.64)

Nonetheless, the non-relativistic scaling operator L is used in combination with K(s) in order
to preserve |Ω〉. As mentioned before, only the combined effect of K(s) + L= K ′(s) + L′ is
uniquely defined below the cutoff and the relativistic corrections to the scaling dimensions
will be automatically absorbed in K(s). Furthermore, the scaling of the modes is irrelevant
above the cutoff as long as L |Ω〉= 0 holds. Having dealt with the scaling part L, let us now
choose an explicit form for the disentangler K(s), able to describe free quadratic theories in
momentum space with cutoff Λ,

K(s) =
1

2

∫

dd k
�

g (~k/Λ, s)φ̂(~k)π̂(−~k)+ g (~k/Λ, s)π̂(−~k)φ̂(~k)
�

. (4.65)

We can always choose the dimensionless function g (~k/Λ, s) to be real-valued, satisfying
g (−~k/Λ, s) = g (~k/Λ, s) due to parity invariance, so that

K(s) =
1

2

∫

dd k g (~k/Λ, s)
�

φ̂(~k)π̂(−~k)+ π̂(−~k)φ̂(~k)
�

. (4.66)

By combining the results of the flow equations without scaling,

∂

∂ s
φ̂(~k, s) =−i

h

K(s), φ̂(~k, s)
i

,
∂

∂ s
π̂(~k, s) =−i

h

K(s), π̂(~k, s)
i

, (4.67)

together with the effect of the non-relativistic scaling operator (4.62), the following general
solution of the renormalization group flow of the field operators is obtained,

φ̂(~k, s) = e− f (~k,s)e−s d
2 φ̂(e−s~k), π̂(~k, s) = e f (~k,s)e−s d

2 π̂(e−s~k). (4.68)

Substituting these in the renormalization group equations

∂

∂ s
φ̂(~k, s) =−i

h

K(s)+ L, φ̂(~k, s)
i

,
∂

∂ s
π̂(~k, s) =−i

h

K(s)+ L, π̂(~k, s)
i

, (4.69)

allows to read off the relation

∂

∂ s
f (~k, s) = g (e−s~k/Λ, s), (4.70)
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so that the function f (~k, s) is given by the integral equation

f (~k, s) =
∫ s

0
du g (e−u~k/Λ, u). (4.71)

The function g (~k/Λ, s) is parametrized for bosons as γ (~k/Λ, s)Γ(|~k|/Λ), where γ (~k/Λ, s) is
an even polynomial in ~k/Λ with s -dependent coefficients and Γ(|~k|/Λ) some constant cutoff
function with natural cutoff one. These s -dependent coefficients play the role of the variational
parameters in the optimization problem. The cutoff function makes sure that K(s) acts locally
in a region with size of the order of the real space cutoff a = Λ−1. It turns out that taking
the lowest order s-wave approximation γ (~k/Λ, s) = χ (s) is already sufficient to retrieve the
solution for this particular problem and a sharp momentum cutoff Γ(|~k|/Λ) = θ(1− |~k|/Λ)
can be employed for ease of computation. The operator K(s) could be alternatively defined
using localized smoothed field operators instead of resorting to a cutoff function, but this
leads to more complicated equations.

Before variationally optimizing the energy functional, we need an expression for the renor-
malized Hamiltonian HR(s),

HR(s) =
1

2

∫

dd k
�

e2 f (~k,s)e−s d π̂(e−s~k)π̂(−e−s~k)+
�

|~k|2+m2
�

e−2 f (~k,s)e−s d φ̂(e−s~k)φ̂(−e−s~k)
�

,

(4.72)

where (4.56) and (4.68) were used. Using the expectation values (4.58), the regularized energy
functional E[χ ] = 〈Ω|HR(sξ )|Ω〉− 〈Ω|H |Ω〉 is found to be

E[χ ] =
1

4

∫

dd k






(e2 f (~k)− 1)∆+

|~k|2+m2

∆
(e−2 f (~k)− 1)






e−sξδ

�

e−sξ~k − e−sξ~k
�

=
1

4

∫

dd x
∫ dd k

(2π)d






(e2 f (~k)− 1)∆+

|~k|2+m2

∆
(e−2 f (~k)− 1)






, (4.73)

where f (~k) = f (~k, sξ ) and e−sξδ
�

e−sξ~k − e−sξ~k
�

= δ(0) =V /(2π)d . Note that the ultravio-
let part 〈Ω|H |Ω〉 of the reference vacuum has been subtracted, so that the integral yields zero
for |~k| > Λ. This is necessary because f (~k) = 0 for |~k| > Λ due to the cutoff, which would
otherwise lead to a divergent contribution for |~k|>Λ of the integral over all momenta. The
variational optimization of the energy density then becomes

δe[χ ]

δχ (s)
=

1

2

∫ dd k

(2π)d






e2 f (~k)∆−

|~k|2+m2

∆
e−2 f (~k)






Γ(e−s |~k|/Λ) = 0. (4.74)

Note that the variation with respect to χ (s) at scale s is not influenced by modes |~k|> esΛ.
With the hard cutoff, the variational principle tries to set f (~k) equal to the exact solution

fexact(~k) =
1

2
log









q

|~k|2+m2

∆









, (4.75)
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up to the cutoff |~k| ≤Λ. By letting sξ →−∞, we can compare this expression with

f (~k) =−
∫ ∞

1

dz

z
χ (− ln z)θ(1− z |~k|/Λ) =−

∫ Λ/|~k|

1

dz

z
χ (− ln z) =

∫ − log(Λ/|~k|)

0
du χ (u),

(4.76)

so that differentiating both sides of f (~k) = fexact(~k) with respect to |~k| leads to17

χ (s) =
e2s

2(e2s +(m/Λ)2)
=

1

2(1+(e−s m/Λ)2)
, (4.77)

which can be referred to as the disentangling strength. Because we are considering an exactly
solvable free theory, the inverse width can be tuned to∆=

p

m2+Λ2, so that f (~k) = fexact = 0
for any ~k if |~k|=Λ, which verifies f (~k) = fexact(~k) for a single point. In principle, the cutoff
Λ needs to be sent to infinity to obtain a correct description of the relativistic ground state for
arbitrary k, as f (~k) = 0 for any ~k with |~k|>Λ while fexact(~k) grows to arbitrary large values
for |~k|>Λ, i.e. f (~k) = fexact(~k) only holds for |~k| ≤Λ.

Physically, the critical case m = 0 leads to a constant value χ (s) = 1/2 and implies that we have
to integrate all the way down to sξ →−∞. For m 6= 0, the integration of the renormalization
group flow can be stopped at a finite value sξ if χ (sξ )≈ 0, which happens for sξ � log(m/Λ).
At the massive fixed point, the non-relativistic scaling operator then generates the correct
scaling dimensions. Alternatively, for s � log(m/Λ), which reduces to all values of s in the
massless case, the disentangling strength χ (s) is approximately equal to χ (s)≈ 1/2 and the
relativistic scaling dimensions are restored. From (4.41), it could be argued that the relativistic
contribution to the scaling dimension is contained in the s -independent operator K , with the
solution for K in the massless case being such that K + L= L′.

4.4 Physical and holographic geometry

This chapter on tensor network states is concluded by qualitatively comparing the structural
properties of the MPS, PEPS and MERA variational ansätze on the lattice from a geometrical
perspective. As discussed in [69], the nature of the discrete geometry of a quantum circuit
is seen to determine the structural properties of the resulting quantum many-body states,
largely irrespective of the variational parameters. The focus lies on the asymptotic behavior
of generic properties of homogeneous tensor networks on an infinite latticeL , such as the
decay of correlations at large distances and the scaling of of entanglement entropy for large
blocks of lattice sites. As the reader might notice in this section, the robust properties of the
holographic geometry are suggestive of a connection between holography and entanglement
renormalization, which will be further explored in Chapter 6.

Using tensor network states to efficiently approximate the ground state |Ψ〉 of a local Hamilto-
nian on a d -dimensional lattice leads to two relevant geometries. On the one hand, there is the

17If the sharp cutoff is explicitly taken into account when differentiating with respect to |~k|, an additional
δ-function term appears, which however vanishes when setting ∆=

p

m2+Λ2 [2].
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physical geometry which arises from the pattern of interactions in the Hamiltonian. As these
interactions are assumed to be short-ranged, the physical geometry can be identified with the
latticeL itself. An infinite MPS can be interpreted as reproducing the physical geometry of a
spin chain in d = 1 and an infinite PEPS as reproducing the d -dimensional physical geometry
of lattice models in d > 1. On the other hand, the holographic geometry is determined by
the pattern of entanglement in the ground state |Ψ〉. A natural description of this pattern is
provided by incorporating an additional dimension into the d -dimensional physical geometry.
In spirit of the holographic principle of Chapter 3, this additional dimension is associated to a
length scale in the renormalization group sense and is labeled by a scale parameter s = logb d λ,
where λ is a length scale18 with s = 0 corresponding to the ultraviolet lattice. The MERA
ground state of a one-dimensional system thus describes a discrete, two-dimensional holo-
graphic geometry, where the tensors in the network are labeled by a space coordinate x and a
scale parameter s . More generally, the MERA for the ground state of a d -dimensional system
produces a discrete (d + 1)-dimensional geometry. As known from Section 4.2, the MERA
defines a real-space renormalization group transformation with the scale parameter s labeling
subsequent coarse-grained latticesL (s), which provide an effective description of the system
at length scales λ= (b d )s . Due to its construction, the MERA has the inherent ability to store
the information encoding the ground state across different length scales.

In contrast to the physical geometry, the holographic geometry does depend on certain
structural properties of the ground state such as whether a finite correlation length ξc exists or
not. In the scale invariant case ξc →∞, the one-dimensional scale invariant MERA describes
the ground state of a quantum spin chain at criticality where all length scales are equivalent.
For a finite correlation length, the MERA eventually reaches a scale s ∗ for which the gapped
ground state is well approximated by a product state. This finite range MERA, which contains
only a finite number of inhomogeneous layers of tensors, is truncated in the renormalization
group scale direction s of the (d + 1)-dimensional holographic geometry, which reflects the
gapped nature of the system [49]. The existence of a finite correlation length ξc and a boundary
of the geometry imply that the finite MERA interpolates between critical and non-critical
behavior, depending on the spatial length of the region under consideration. For correlation
lengths of the order of the lattice spacing, the holographic geometry of the finite MERA even
reduces to the physical geometry. In that case, the finite MERA becomes a narrow strip which
can be mapped to an MPS with a bond dimension growing exponentially with the number of
layers in the MERA. As the quantum critical point ξc →∞ is approached, the holographic
geometry grows without limit. Even though the mapping is still possible, it is no longer
efficient due to the diverging bond dimension. Notwithstanding this fact, a homogeneous MPS
with finite bond dimension can be used to model critical systems. By considering intermediate
values away from the asymptotic behavior, an MPS can approximate the polynomial decay of
correlation functions and the logarithmic growth of entanglement entropy. Together with
the use of finite size scaling techniques, this explains the success of DMRG-based methods for
critical systems. The point is that all ground states have a holographic geometry associated to
them and both the MERA and MPS can approximate gapless and gapped systems in d = 1 [69].

18For the cMERA, a length l = aesa−s at scale s with respect to the ultraviolet cutoff a defines a scale λ= l/a,
so that s =− logλ with the scale parameter convention sξ < s ≤ sa = 0.
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However, in order to highlight the difference between holographic and physical geometry
most clearly, the scale invariant MERA is used to demonstrate the holographic geometry of a
critical, scale invariant ground state while MPS or PEPS are chosen to represent the physical
geometry of the ground state of a gapped system.

4.4.1 Correlations and geodesics

The exponential and polynomial behavior of the asymptotic decay of correlations in tensor
network states can be traced back to the nature of well-defined geodesics in their respective
geometries. To define a notion of distance between to lattice sites at positions x1 and x2, note
from Fig. 4.9 that two sites can be connected by paths in the graphical representation of the
network, where each path consists of a series of tensors and links connecting the tensors. A
length can be associated to this path by counting the number of tensors—or links—in the
path, which leads to the definition of the geodesic distance D(x1, x2) between two sites as
the length of the shortest path connecting them. Assuming that correlations between two
sites are mostly carried along the geodesic path, the decay of the two-point correlator can be
approximately expressed as

C (x1, x2)≈ e−αD(x1,x2), (4.78)

for some positive constant α. This assumption follows from the fact that the correlation
function, both in the MPS [56] [70] [71] and the scale invariant MERA [49] [72] [73], is
obtained by evaluating an expression involving the D(x1, x2)-th power of a transfer matrix.
The eigenvalues of the transfer matrix give rise to the possible correlations lengths ξc for the
MPS and the possible power law exponents for the scale invariant MERA.

(a)
x1 x2

|x1−x2|

(b)

x1 x2|x1−x2|

O
(lo

g(
|x

1−
x 2
|))

Figure 4.9: Geodesics within tensor networks. (a) For matrix product states, the geodesic
distance coincides with the physical distance |x1− x2| in the lattice. (b) For the multi-scale
entanglement renormalization ansatz, the distance of the shortest path between two sites is
provided by the holographic distance O(log(|x1− x2|)), which extends into the bulk.
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For the MPS, the geodesic distance between two sites x1 and x2 is simply the physical distance

Dphys(x1, x2)≈ |x1− x2|, (4.79)

which is proportional to the number of lattice sites between positions x1 and x2. Substituting
this physical distance into (4.78) leads to the asymptotic expression for the correlators

C (x1, x2)≈ e−αDphys(x1,x2) ≈ e−|x1−x2|/ξc , (4.80)

for some correlation length ξc . Similar considerations hold for PEPS in d > 1 dimensions,
with exception of critical PEPS where (4.78) does not hold as correlations between two sites
are no longer obtained from a geodesic path but involve the contributions of many different
paths connecting the two sites in the d -dimensional network [69].

In the binary scale invariant MERA, the shortest path between two sites x1 and x2 only has a
length O(log2(|x1− x2|)), which gives rise to the holographic distance

Dhol(x1, x2)≈ log2(|x1− x2|). (4.81)

Holographically, this path can be interpreted as extending into the bulk of the higher-
dimensional geometry, which leads to a considerably shorter path length than a path chosen
along the boundary. Substituting the holographic distance into (4.78) yields the following
asymptotic expression for the correlators

C (x1, x2)≈ e−αDhol(x1,x2) ≈ e−q log2(x1−x2) ≈ |x1− x2|
−q , (4.82)

for some exponent q . The scale invariant MERA in d > 1 dimensions leads to similar results.

4.4.2 Entanglement entropy and area laws

The scaling of the entanglement entropy SA associated with a region A can be expressed
as a boundary law for a well-chosen minimally connected region ΩA in the corresponding
geometry. To see this, divide the tensor network into two parts ΩA and ΩB , where ΩA contains
all physical indices of region A and ΩB those of the complementary region B =L \A. The
number of bond indices n(A) connecting ΩA and ΩB can contribute at most log D to the
entropy, where D denotes the bond dimension, so that

SA≤ n(A) log D . (4.83)

The choice of division in the tensor network which minimizes n(A) provides the tightest upper
bound for SA. From now on, ΩA and ΩB refer to this partition and n(A) is the corresponding
minimal number of bond indices. The minimal upper bound of (4.83) is saturated for MPS,
PEPS and MERA in the sense that numerous numerical evidence shows that the entanglement
entropy in a homogeneous tensor network with generic coefficients scales as SA≈ n(A). In
the discrete geometries of tensor networks of Fig 4.10 and Fig. 4.11, the number of bonds
n(A) can be interpreted as a measure of the size |∂ ΩA| of the boundary ∂ ΩA of the minimally
connected region ΩA. In this sense, the heuristic approximation

SA≈ |∂ ΩA| (4.84)
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is equally valid for MPS, PEPS and MERA and is referred to as an area law in the appropriate
geometry. By looking at the physical and holographic geometrical realizations of |∂ ΩA|, the
qualitative scaling of the entanglement entropy can be obtained.

For the physical geometry, consider a hypercubic region A containing Ld sites. As MPS and
PEPS both reproduce the physical geometry, ΩA can be identified with the hypercubic region
A itself. In particular, |∂ ΩA| ≈ |∂ A|, so that ΩA is connected to the rest of the tensor network
through a number of bond indices n(A) proportional to the size of the boundary |∂ A| of A
and thus n(A)≈ |∂ A| ≈ Ld−1. For MPS in d = 1 dimensions, it follows that SA≈ S0, with S0 a
constant, and for PEPS in d > 1 dimensions one finds SA≈ Ld−1, which qualitatively agrees
with the area law results of Section 2.3.6.

(a)

L

(b)

L

L

Figure 4.10: Minimally connected regions ΩA for the physical geometries of (a) matrix
product states and (b) projected entangled-pair states.

For the holographic geometry, a d -dimensional hypercubic region A has an associated (d + 1)-
dimensional minimally connected region ΩA. In the binary scale invariant MERA, the number
n(A) of bond indices connecting ΩA with the rest of the tensor network is the sum of O(log2 L)
different contributions ns (A) from each length scale, so that

n(A)≈
log2 L
∑

s=0

ns (A), (4.85)

The contribution ns (A) is proportional to the size of the boundary of region As , obtained
from performing s coarse-graining steps on A, where each step approximately divides the
linear size of the region by two and where the size of the boundary is measured by the number
of boundary sites. In d = 1 spatial dimensions, the region As of a region A of L sites contains
two sites at its boundary ∂ As with each contribution ns (A)≈ |∂ As |= 2 being constant. Then
the number of bonds n(A) is made up of approximately log2 L constant contributions so that

n(A)≈ 2 log2 L≈ log L, (4.86)

which leads to the entanglement entropy SA≈ log L, agreeing with the logarithmic area law
violation of Section 2.3.6. In d > 1 spatial dimensions, each region As is a hypercubic block of
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approximate size L/2s and therefore the size of the boundary |∂ As | scales with L as

|∂ As | ≈
� L

2s

�d−1

(4.87)

The contributions ns (A) now depend on L and the sum (4.85) leads to

n(A)≈ Ld−1
log2 L
∑

s=0

2−(d−1)s ≈ Ld−1, (4.88)

so that the entanglement entropy scales as SA ≈ Ld−1. The above derivations for the scale
invariant MERA are qualitatively similar to the derivations in Section 4.2 and Section 4.3.3.

L

O
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g(
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1−
x 2
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Figure 4.11: Minimally connected region ΩA for the holographic geometry of the multi-scale
entanglement renormalization ansatz.

Note that the above results are of course no surprise in the context of actual ground states of
physical theories, as known from the area laws mentioned in Section 2.3.6. But it is interesting
to note that the same qualitative scaling behavior of entanglement entropy can be found purely
from the geometry of the variational ansätze which attempt to approximate these ground
states as close as possible.

4.4.3 Holographic branching

It is clear that the PEPS and MERA tensor networks in d > 1 spatial dimensions are con-
strained to obey an area law for the entanglement entropy. However, there exist important
gapless physical systems such as Fermi liquids and spin Bose-metals—with associated Fermi
and Bose surfaces—whose ground states show a logarithmic violation of the area law. Inspired
by the holographic geometry of the MERA, a tensor network description of these systems
might involve a more elaborate (d + 1)-dimensional holographic geometry, leading to an area
law with logarithmic violations in d > 1. Hereto, Evenbly and Vidal recently introduced
the branching MERA [74], which describes a single (d + 1)-dimensional geometry at small
length scales (large energies) splitting up into two independent (d +1)-dimensional geometries
at large length scales (lower energies). Physically, a single theory is seen to decouple into
two non-interacting theories at a certain decoupling length. As this branching may continue
indefinitely, the pattern of branching may provide an even more general classification of the
entanglement in ground state phases of quantum matter.



Chapter 5

Holographic entanglement entropy

In this dissertation, entanglement entropy has so far only been considered in the context of
quantum information theory and strongly correlated quantum systems. However, a parallel
and complementary development of entanglement entropy has taken place in high-energy
physics, following attempts to understand the Bekenstein-Hawking formula for black hole
entropy (3.11). One of the latest proposals is the holographic entanglement entropy, which is
situated in the framework of the AdS/CFT correspondence of Section 3.2 and conjectures
that the entanglement entropy of a conformal field theory, defined on the (d + 1)-dimensional
boundary of an AdS spacetime, can be found from the area of a well-chosen minimal surface in
the (d + 2)-dimensional bulk of that spacetime. In the first section, a brief historical overview
is given of the developments that led up to the concept of holographic entanglement entropy.
The next section defines entanglement entropy in quantum field theories and elaborates on
an elegant path integral method to calculate the entanglement entropy. For two-dimensional
conformal field theories, this computation can be done analytically due to the extraordinary
richness of the conformal symmetry in two dimensions. Next, the Ryu-Takayanagi formula for
holographic entanglement entropy is motived and its properties and applications are illustrated.
After this chapter, all pieces will be in place to appreciate the conjectured connection between
holography and entanglement renormalization in Chapter 6.

5.1 Black holes, entanglement and the area law

As known from Chapter 3, black holes thermally radiate and the corresponding Bekenstein-
Hawking entropy has the remarkable feature of being proportional to the area of the black
hole horizon. In 1985, ’t Hooft calculated the entropy of a thermal gas of Hawking particles,
propagating just outside the black hole horizon [75] and indeed found the entropy to be
proportional to the area of the horizon. But in order to regularize the density of states near
the horizon, it was necessary to introduce a brick wall boundary, which had to be a small
distance away from the actual horizon and acted as a regulator in the calculations. One
year later, Bombelli, Koul, Lee, and Sorkin considered the use of the concept of a reduced
density matrix to understand black hole entropy [76] . The procedure of tracing out degrees
of freedom of a quantum field inside the black hole horizon is very natural in this context,
since the horizon acts as a causal boundary restricting access to events on the inside.
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In 1993, Srednicki calculated the reduced density matrix of the ground state for a massless
free field by tracing over the degrees of freedom residing inside an imaginary sphere [77].
The corresponding entropy was shown to be proportional to the area of the entangling
sphere, whose degrees of freedom were inaccessible in the sense that by tracing them out, the
information contained inside the imaginary sphere was ignored. Initially, this entropy was
called the geometric entropy due to its dependence on the area—and thus the geometry—of the
configuration, but it is now referred to as the entanglement entropy. What is truly profound
about Srednicki’s calculation, is that the entanglement entropy of a quantum field theory
in flat spacetime already gives rise to the area law. Hence, no black hole with an actual
horizon is needed and an imaginary distinction between what is known and unknown proves
to be enough. In retrospect, this can be understood due to the fact that the spacetime near
a black hole horizon is approximated by a flat space metric to leading order. The area law
can then be explained by noticing that the entanglement entropy is non-vanishing due to
short-distance correlations in the system, as only modes located in a small region close to the
entangling surface contribute to the entanglement entropy. Naturally, the size of this small
region acts as an ultraviolet regulator so that the entanglement entropy contains ultraviolet
divergences, which is very similar to ’t Hooft’s earlier brick wall calculations. It was suggested
by Callan and Wilczek that the entanglement entropy of a black hole can be interpreted as the
first-order quantum correction to the classical Bekenstein-Hawking entropy in the presence
of matter fields, where all particles in Nature contribute to the entanglement entropy [78].
In this interpretation, the entropy can be made finite by renormalizing Newton’s constant,
as was shown by Susskind and Uglum [79]. This however does not clarify whether the
Bekenstein-Hawking entropy itself can be considered as an entropy of entanglement. In spite
of this fundamental progress, entanglement entropy fell out of flavor due to the success of the
D-brane based string theory approach to black hole entropy.

In 2003, entanglement entropy reemerged thanks to the quantum information theoretic ap-
proach to condensed matter physics and lattice models, since the pattern of entanglement
in many-body wave functions of ground states proves to be a crucial ingredient in character-
izing quantum phases of matter. As was discussed in Chapter 4, these insights have greatly
contributed to the development of tensor network states. At the same time, Calabrese and
Cardy used the power of two-dimensional conformal field theories to analytically calculate
entanglement entropies of (1+ 1)-dimensional critical systems, complementing the univer-
sality resulting from analytical and numerical studies of gapless one-dimensional spin chains.
High-energy physics and black holes were brought back into the picture in 2006, when Ryu
and Takayanagi conjectured a natural holographic interpretation of entanglement entropy in
the framework of the AdS/CFT correspondence. Their proposal relates the entanglement
entropy of a conformal field theory living on the boundary of an anti-de Sitter spacetime
to the area of a minimal surface defined in the bulk of that spacetime. The Ryu-Takayanagi
formula thus provides a new way to investigate the Bekenstein-Hawking entropy, holographic
dualities and even the AdS/CFT correspondence itself. It is intuitively expected that the
Bekenstein-Hawking entropy and the holographic entanglement entropy ought to be related
somehow. But while the entanglement entropy is an ultraviolet divergent quantity propor-
tional to the number of different field species in a theory, the Bekenstein-Hawking entropy is
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finite and exhibits no such dependence on the number of fields. There are also inconsistencies
regarding differences between minimally and non-minimally coupled fields, which should
make clear that the exact relation between the two entropies is not fully understood in general
as of yet. The interested reader is referred to [80] for an extensive review on the relationship
between black holes and entanglement entropy.

5.2 Entanglement entropy in quantum field theories

Consider a quantum field theory defined on a (d+1)-dimensional manifold R×M , with R the
time direction and M a spacelike manifold. At a fixed time t = t0, the subsystem A is defined
by a d -dimensional spacelike manifold A⊂M . The boundary ∂ A of A divides the manifold M
into A and its complement B . The entanglement entropy of subsystem A is then defined as the
usual von Neumann entropy of the reduced density matrix. Note that the the submanifold A
is by construction defined at a fixed time t = t0, which clearly reflects the non-local nature of
the entanglement entropy, in contrast to correlations functions or other more common field
theory probes. As the entanglement entropy is always a divergent quantity in field theories
due to the infinite amount of degrees of freedom, it has to be regulated by introducing a small
but finite ultraviolet cutoff length a. The leading divergent term of the entanglement entropy
for d > 1 then takes on the form [76] [77] [80]

SA= γ ·
Area(∂ A)

ad−1
+ . . . , (5.1)

where γ is constant depending on the system under consideration and Area(∂ A) denotes the
area of the boundary ∂ A of the subsystem A. To illustrate (5.1) with an explicit example,
consider the general expression for the leading term of the entanglement entropy of a quantum
field, massive or massless1, in flat (d + 1)-dimensional Minkowski spacetime [80]

S (s ,d+1)
A =

Ds (d + 1)

6(d − 1)(4π)
d−1

2

Area(∂ A)

ad−1
+ . . . , (5.2)

where Ds (d + 1) is the number of physical on-shell degrees of freedom of a particle of spin s
in (d + 1) spacetime dimensions, with weight 1/2 for fermionic fields. In particular, one finds
respectively D1/2(d+1) = 2[(d+1)/2]/2 for Dirac fermions, D1(d+1) = (d−1) ·dimG for gauge
vector fields with dimG the dimension of the gauge group, D3/2(d + 1) = (d − 1) · 2[(d+1)/2]/2
for Rarita-Schwinger particles of spin-3/2 with gauge symmetry (gravitinos), and D2(d + 1) =
(d + 1)(d − 2)/2 for massless spin-2 particles (gravitons).

As mentioned in the previous section and in Section 2.3.6, the area law can be intuitively
understood by noticing that the entanglement between A and B ought to be strongest at
the boundary ∂ A connecting the two subsystems. Although the area law has only been
proven for free field theories, it is expected to continue to hold for interacting field theories
with ultraviolet fixed points. It should however be stressed that the area law (5.1) does not
always describe the scaling of entanglement entropy for any generic system. As known from

1The effect of a mass term only shows up in subleading infinite and finite terms [80].
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Chapter 2 and Chapter 4, the most notable exceptions to this scaling behavior are (1+ 1)-
dimensional conformal field theories, which violate the area law in a logarithmic way. The
remainder of this chapter will focus on two-dimensional conformal field theories and systems
that do satisfy the area law.

5.2.1 The replica trick

An elegant path integral method to calculate the entanglement entropy in quantum field
theories was first mentioned in [78] [81] and further developed in [82] [83]. Let us first consider
a discrete lattice model with a finite number of degrees of freedom, so that the entanglement
entropy equals SA = −

∑

i λi logλi . The continuum limit can be taken afterwards. All
eigenvalues λi of the reduced density matrix lie in the interval [0,1] and satisfy

∑

i λi = 1.
For any n ≥ 1, which does not necessarily have to be an integer, the sum Trρn

A =
∑

i λ
n
i

absolutely converges and is therefore analytic for all Re n > 1. The derivative of Trρn
A with

respect to n thus also exists and is analytic as well. Moreover, if the entanglement entropy
SA=−

∑

i λi logλi is finite, then the limit as n→ 1+ of the first derivative converges to this
finite value. Taking all these considerations together, the entanglement entropy can then be
found by calculating Trρn

A for any n ≥ 1 as

SA= lim
n→1

Sn
A = lim

n→1

1

1− n
log
�

Trρn
A

�

=− lim
n→1

∂

∂ n
Trρn

A, (5.3)

where Sn
A denotes the Rényi entropy (2.41) and Trρ= 1 is assumed. Rewriting the entangle-

ment entropy in this way reduces the problem to evaluating Trρn
A, which is still extremely

difficult to calculate for n ∈ R in a general quantum field theory. A solution is provided
by the replica trick, according to which Trρn

A should only be calculated for positive integer
values of n and then analytically continued to a general complex value. This process reduces
the calculation of Trρn

A to that of a partition function on a non-trivial Riemann surface,
which is analytically feasible. The problem is then shifted to the existence and the uniqueness
of a proper analytic continuation to be able to extract the entanglement entropy, which is
straightforward in some cases and beyond current knowledge in others.

5.2.2 Path integrals and Riemann surfaces

Consider a (1+ 1)-dimensional quantum field theory at zero temperature in flat Euclidean
space (τ, x) ∈ R2 describing a field φ(τ, x). In the Euclidean formalism, the ground state
wave functional Ψ[φ0] can be found by integrating from τ = −∞ to τ = 0, which can be
intuitively interpreted as the matrix element 〈φ0|0〉 resulting from the path integral over all
configurations in semi-infinite spacetime,

Ψ[φ0(x)] =
∫ φ0(x)=φ(x,τ=0)

τ=−∞
[dφ]e−SE [φ]. (5.4)

In this expression, SE[φ] =
∫∞
−∞ dτLE[φ], with LE[φ] the Euclidean Lagrangian, and the

values of the field at the boundary φ0 depend on the spatial coordinate x. The density matrix
is constructed by taking two copies of the wave functional together so that

[ρ]φ+φ− = Ψ̄[φ+]Ψ[φ−], (5.5)
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τ

x

φ+

φ−

0+
0−

+∞

−∞

u v

A BB

Figure 5.1: Graphical representation of the reduced density matrix path integral (5.6). The
path integral effectively sews together all points except for x ∈ A, whose field values differ
depending on whether τ = 0 is approached from above or below.

where the complex conjugate Ψ̄ is obtained by integrating from τ =∞ down to τ = 0. The
subsystem A is defined by the points x in the interval (u, v). The reduced density matrix ρA

is then obtained by assuming that the boundary fields satisfy φ+(x) = φ−(x) for all x ∈ B ,
where B is the complement of A,

[ρA]φ+φ− = Z−1
∫ τ=∞

τ=−∞
[dφ]e−SE [φ]

∏

x∈A

δ
�

φ(x, 0+)−φ+(x)
�

δ
�

φ(x, 0−)−φ−(x)
�

, (5.6)

which is depicted in Fig. 5.1. The normalization constant ensures proper normalization
Tr[ρA]φ+φ− = 1, which can be geometrically interpreted by noting that the path integral
effectively sews the edges along τ = 0+ and τ = 0− together for φ+(x) =φ−(x), resulting in
the partition function Z . Recalling the ideas of Section 2.4.1, it is clear that the same procedure
for finite temperatures leads to the partition function Z being represented by a cylinder of
circumference β, as a result of sewing together the edges along τ =−β/2 and τ =β/2. The
reduced density matrix in (5.6) is thus obtained by sewing together only the points which
are not in A, leaving an open cut for the interval (u, v) along τ = 0, where the boundary
fields differ depending on whether τ = 0 is approached from above or below. For any positive
integer n, we can calculate Trρn

A by taking n copies of the above construction as

[ρA]φ1+φ1−
[ρA]φ2+φ2−

. . .[ρA]φn+φn−
, (5.7)

and take the trace cyclically by gluing the {φi±(x)} in such a way that φi−(x) = φ(i+1)+(x),
with 1 ≤ i ≤ n and φn−(x) = φ1+(x), for all x ∈ A. The result of this procedure is a path
integral defined on an n-sheeted Riemann surfaceRn, as shown in Fig. (5.2) for n = 3, with
branch points u and v,

Trρn
A= (Z)

−n
∫

Rn

[dφ]e−SE [φ] ≡
Zn(A)

(Z)n
. (5.8)
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If the right-hand side has a unique analytic continuation to Re n > 1, this leads to the
entanglement entropy

SA=− lim
n→1

∂

∂ n

Zn(A)

Z n . (5.9)

The reason for highlighting the two-dimensional case in the above derivation, is the possibility
to analytically calculate (5.8) in two-dimensional conformal field theories. In string theory,
the coordinates (x,τ) can be interpreted as making up the world-sheet of a string, describing
its embedding in spacetime. By moving from the replicated world-sheet where the coordinates
(x,τ) live, to the replicated target-space where the fields live, the calculation of a partition
function on a Riemann surface can be translated into a correlation function of twist fields2, as
will be explained below. This will allow us to explicitly calculate the entanglement entropy
for (1+ 1)-dimensional conformal field theories in a variety of cases.

τ

x

φ1

φ2

φ3

Figure 5.2: The n-sheeted Riemann surfaceRn for n = 3.

5.2.3 Twist fields and correlation functions

Up to a normalization constant, the partition function of a two-dimensional quantum field
theory with local Lagrangian densityL [φ](x,τ) on an Euclidean-signature Riemann surface
Rn is formally given by [83]

ZRn
=
∫

Rn

[dφ]exp



−
∫

Rn

dxdτL [φ](x,τ)



 . (5.10)

To circumvent a direct calculation of the partition function on the Riemann surface, it is
important to notice that the surface introduced in the previous section has zero curvature
everywhere except at a finite number of points (u, v), which describe the boundary between

2As previously mentioned in Section 2.5.2, the term field is used here in its most general sense as an object of
which correlation functions can be evaluated and which locally depends on a position in spacetime.
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the subsystems A and B . Moreover, as the Lagrangian density does not explicitly depend on
the Riemannian surface due to its locality, it is expected that the partition function (5.10)
can be reformulated in terms of an object derived from a model on the flat complex plane C
instead. The structure of the Riemann surface is then restored by encoding it in fields which
implement appropriate boundary conditions around the points with non-zero curvature. It is
thus expected that the partition function can be expressed on the complex plane z = x + iτ in
terms of certain fields at z = u and z = v . These fields are essentially defined by (5.10), as the
partition function allows us to—at least formally—calculate the correlation functions involving
those fields, but such a definition can be shown to lead to non-local fields [84]. To recover
locality, consider a larger model formed by n independent copies of the original model,

ZRn
=
∫

C (u,v)
[dφ1 . . . dφn]exp

�

−
∫

C
dxdτ

�

L [φ1](x,τ)+ . . .+L [φn](x,τ)
�

�

, (5.11)

where
∫

C (u,v) encapsulates conditions on the fields φ1, . . . ,φn, restricting the path integral as

φi (x, 0−) =φi+1(x, 0+), x ∈ [u, v], i = 1, . . . , n, (5.12)

where the identification n+ i ≡ i is understood. The Lagrangian density of the replicated
model is

L (n)[φ1, . . . ,φn](x,τ) =L [φ1](x,τ)+ . . .+L [φn](x,τ), (5.13)

so that the energy density is the sum of the energy densities of the n individual copies and the
fields defined at (u, 0) and (v, 0) are indeed local. The clue to this trick is that the complicated
topology of the world-sheet, where the coordinates live, has been moved to the target space,
where the fields live. The local fields defined in (5.11) are examples of more general twist
fields3, which exist whenever there is global internal symmetry σ associated to a quantum field
theory such that

∫

dxdτL [σφ](x,τ) =
∫

dxdτL [φ](x,τ). Their correlation functions can
be formally defined through the path integral

〈Tσ (a, b ) . . .〉
L ,C
∝
∫

Cσ (a,b )
[dφ] . . . exp

�

−
∫

C
dxdτL [φ](x,τ)

�

, (5.14)

where the dots denote possible insertions of other local fields at different positions and the
path integral conditions Cσ (a, b ) are

φ(x, b−) = σφ(x, b+), x ∈ [a,∞). (5.15)

In theL (n) model discussed above, there is global symmetry under exchange of the n identical
copies. The twist fields defined by (5.11) are called branch-point twist fields and are associated
to the two opposite cyclic permutation symmetries i 7→ i+1 and i+1 7→ i , where i = 1, . . . , n
and n+ 1≡ 1. Denoting these by Tn and T̃n, we have

Tn ≡Tσ , σ : i 7→ i + 1 mod n, (5.16)

T̃n ≡Tσ−1 , σ−1 : i + 1 7→ i mod n. (5.17)

3The reader familiar with conformal field theory and string theory might recognize the ideas of this section
as originating from orbifold theory.
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For the n-sheeted Riemann surfaceRn with an interval [u, v], we thus have

ZRn
∝ 〈Tn(u, 0)T̃n(v, 0)〉L (n),C , (5.18)

which can be understood by observing that for x ∈ [u, v], consecutive copies of φ are
connected through τ = 0 due to Tn(u, 0), whereas for x ∈ B , the copies are connected to
themselves as the conditions from Tn(u, 0) and T̃n(v, 0) cancel each other for x > v and are
trivially connected to themselves for x < u. More generally, the following identification holds
for the correlation functions in theL model of (5.10)

〈O(x,τ; i) . . .〉L ,Rn
=
〈Tn(u, 0)T̃n(v, 0)Oi (x,τ) . . .〉L (n),C

〈Tn(u, 0)T̃n(v, 0)〉L (n),C
, (5.19)

where Oi is a field operator in theL (n) model of (5.11) coming from the i -th copy ofL and
the ratio takes into account all proportionality constants.

5.2.4 Entanglement entropy in CFT2

Throughout the next derivations, the powerful machinery of conformal field theory will
be employed to arrive at several analytical expressions for the entanglement entropy in the
case of (1+ 1)-dimensional conformal field theories. The scaling dimension under conformal
transformations of the branch-point twist fields Tn and T̃n will prove to be crucial.

Scaling dimension of branch-point twist fields

To apply the tools that were developed in the previous section, consider the (5.10)L -model to
be a conformal field theory, so that the (5.11) replicatedL (n)-model is a conformal field theory
as well. With c the central charge of the L -model, the central charge of the L (n)-model is
nc . Similarly, the n fields T j (z) correspond to the energy-momentum tensors of the n copies
of theL -model, with the sum T (n)(z) =

∑n
j=1 T j (z) being the energy-momentum tensor of

the L (n)-model. Consider a single interval [u, v] of length l = |u − v | and let us introduce
holomorphic and anti-holomorphic complex coordinates w and w̄. The conformal mapping
w→ ζ = (w − u)/(w − v) maps the branch points u and v to 0 and∞ respectively, which
can be made uniform by a subsequent mapping ζ → z = ζ 1/n = ((w − u)/(w − v))1/n. The
conformal map w → z essentially maps the whole n-sheeted Riemann surface Rn to the
z-plane C. The holomorphic component T (w) of the energy-momentum tensor of L is
related to the transformed energy-momentum tensor T (z) by (2.83),

T (w) =
�

dz

dw

�2

T (z)+
c

12
{z, w}, (5.20)

where {z, w} = (z ′′′z ′− 3
2 z ′′2)/z ′2 is the Schwartzian derivative. By taking the expectation

value, the one-point function becomes

〈T (w)〉L ,Rn
=
�

dz

dw

�2

〈T (z)〉L ,C+
c

12
{z, w}, (5.21)
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which, upon using translational and rotational invariance 〈T (z)〉L ,C = 0, leads to

〈T (w)〉L ,Rn
=

c

12
{z, w}=

c(1− n−2)

24

(v − u)2

(w − u)2(w − v)2
. (5.22)

But (5.19) tells us that

〈T (w)〉L ,Rn
=
〈Tn(u, 0)T̃n(v, 0)T j (w)〉L (n),C
〈Tn(u, 0)T̃n(v, 0)〉L (n),C

, (5.23)

so that, after multiplying both sides with n, the correlation function involving the energy-
momentum tensor ofL (n) is obtained as

〈Tn(u, 0)T̃n(v, 0)T (n)(w)(w)〉L (n),C
〈Tn(u, 0)T̃n(v, 0)〉L (n),C

=
c(n2− 1)

24n

(v − u)2

(w − u)2(w − v)2
. (5.24)

Comparing this result with the conformal Ward identity (2.78),

〈Tn(u, 0)T̃n(v, 0)T (n)(w)(w)〉L (n),C

=

 

1

w − u

∂

∂ u
+

hTn

(w − u)2
+

1

w − v

∂

∂ v
+

hT̃n

(w − v)2

!

〈Tn(u, 0)T̃n(v, 0)〉L (n),C , (5.25)

allows to identify the scaling dimension ∆n of the (primary) fields Tn and T̃n using the
normalized two-point correlation function

〈Tn(u, 0)T̃n(v, 0)〉L (n),C = (u − v)−2h(u − v)−2h̄ = |u − v |−2∆n , (5.26)

where hTn
= hT̃n

≡ h, h̄Tn
= h̄T̃n

≡ h̄ and h + h̄ = ∆n, as both fields have the same scaling
dimension. Note that, in general, the correlation function can be evaluated at arbitrary
complex positions, but as our twist fields are inserted on the real line we make use of the
notation Tn(z, z̄)|τ=0 = Tn(x + iτ, x − iτ)|τ=0 ≡ Tn(x, 0). Comparing (5.24) and (5.25) then
yields the scaling dimension

∆n =
c

12

�

n−
1

n

�

. (5.27)

Many fields with the properties of branch-point twist fields might exist, with different scaling
dimensions. However, the dimension above should be the lowest possible dimension. Further-
more, if the field associated to this lowest scaling dimension is invariant under all symmetries
of the theory that commute with the cylic permutation symmetries σ of (5.16) and (5.17), it
should be unique [84].

Infinite size and zero temperature

Due to the fact that (5.27) determines all properties of the twist fields under conformal trans-
formations, the results derived above can be immediately used to calculate the entanglement
entropy of a single interval [u, v] of length l = |u − v | in an infinite one-dimensional system
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at zero temperature. Indeed, according to (5.18) and (5.26), Zn(A)/Z n ∝Trρn
A behaves in the

same way under conformal transformations as the two-point function of a primary operator
with scaling dimension ∆n, so that

Trρn
A= cn

�

l

a

�−c(n−1/n)/6

, (5.28)

where a power of the regularization cutoff length a has been introduced to render the result
dimensionless. The constants cn are undetermined, but c1 ought to be unity due to TrρA= 1.
Following (5.9), the von Neumann entropy is found by differentiating with respect to n and
letting n→ 1, so that

SA=
c

3
log

l

a
+ c ′1, (5.29)

where c ′1 is minus the derivative of cn at n = 1. The non-universal constants cn are often
ignored in practice as they do not directly depend on any variables of the system. Note that
the logarithmic scaling behavior that we have encountered in Chapter 2 and Chapter 4 for
critical one-dimensional quantum systems, naturally emerges from conformal field theory.

Finite size or finite temperature

Because Trρn
A transforms as a two-point function of primary operators Tn and T̃n under

general conformal transformations, the computation of the entanglement entropy in other
geometries is remarkably straightforward, as long as they are related by a conformal mapping
w→ z = z(w). Indeed, for the correlation functions we have in general that

¬

Tn(z1, z̄1)T̃n(z2, z̄2)
¶

=
�

�w ′(z1)w
′(z2)

�

�

∆n
¬

Tn(w1, w̄1)T̃n(w2, w̄2)
¶

. (5.30)

To derive an expression for Trρn
A in a thermal mixed state at finite inverse temperature β from

the previous result (5.28), consider the transformation w → z = (β/2π) log w which maps
each sheet in the w-plane onto an infinitely long cylinder of circumference β. The sheets
are now glued together along a branch cut joining the images of the points u = exp2πr/β
and v = exp2πs/β, thus effectively mapping the n-sheeted Riemann surface to an n-sheeted
cylinder. If the branch cut is arranged to lie parallel to the axis of the cylinder, the Euclidean
time τ gets compactified. According to (5.30), the conformal map leads to an extra factor

�

β

2π
e−

π
β
(r+s)

�−c(n−1/n)/6

−→ Trρn
A= cn

�

β

πa
sinh

πl

β

�−c(n−1/n)/6

, (5.31)

which leads to the entanglement entropy

SA=
c

3
log

�

β

πa
sinh

πl

β

�

+ c ′1 =







c
3 log l

a + c ′1 l �β,
πc
3β l + c ′1 l �β.

(5.32)

This formula interpolates nicely between the zero temperature result for l � β and the
extensive behaviour in the opposite limit l �β, where the von Neumann entropy reduces to
the thermal entropy and quantum entanglement vanishes.
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If the branch cut is oriented perpendicular to the axis of the cylinder, the entanglement
entropy of a subsystem of length l in a finite system of length L with periodic boundary
conditions can be obtained. In this case, the spatial dimension is compactified and we can
immediately find the correct result by substituting β→−iL and using sinh ix = i sin x, so that

SA=
c

3
log

�

L

πa
sin
πl

L

�

+ c ′1. (5.33)

Systems with finite size and finite temperature require periodic boundary conditions on both
space and Euclidean time. The result of this procedure is the calculation of two-point functions
of twist operators on a torus, which is a lot harder due to the non-trivial topology.

Systems with open boundaries

Looking back at the numerical approaches to quantum many-body systems of Chapter 4, it
would be beneficial to have an expression for the entanglement entropy of physical systems
with open instead of periodic boundary conditions. The boundary effect on correlation
functions of local operators can of course always be reduced by measuring them far from
the boundary, but sometimes the influence of the boundary needs to be accounted for. To
this end, Cardy developed boundary conformal field theory [85] to describe conformal field
theories defined on a domain containing a boundary.

Consider a one-dimensional system at zero temperature defined on the semi-infinite line [0,∞)
with the subsystem A being the finite interval [0, l ). The n-sheeted Riemann surface then
consists of n copies of the half-plane x ≥ 0 which are glued together along 0≤ x < l for τ = 0.
The analysis which led to the scaling dimension of the twist operators (5.27), can be redone in
the context of boundary conformal field theory to arrive at [83]

Trρn
A= c̃n

�

2l

a

�−c(n−1/n)/12

−→ SA=
c

6
log

2l

a
+ c̃ ′1. (5.34)

There is no reason for the constants c̃n to be the same as the previous constants cn, will
be exploited soon. Note that the coefficient in front of the logarithm is one-half of the
corresponding formula with periodic boundary conditions. This can be interpreted as a
one-dimensional area law, as there is only one boundary point on the semi-infinite line while
there are two boundary points separating A and its complement in case of periodic boundary
conditions. Just as in the previous case, the entanglement entropy (5.34) can be conformally
transformed into other cases. At finite inverse temperature β, one finds [83]

SA=
c

6
log

�

β

πa
sinh

2πl

β

�

+ c̃ ′1 =







c
6 log 2l

a + c̃ ′1 l �β,
πc
3β l + c̃ ′1 l �β.

(5.35)

The limit l �β is the same extensive entropy as in the periodic case (5.32), so that c̃ ′1− c ′1/2≡
log g can be identified, where log g is the boundary entropy, as first discussed in [86]. The
boundary entropy effectively encodes the presence of the boundary in the system and its value
depends only on the boundary conformal field theory. Numerical simulations have confirmed
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the relation c̃ ′1− c ′1/2= log g with high precision [87]. For completeness, the entanglement
entropy for a finite system of length L at zero temperature, which is divided into two regions
of length l and L− l , is given by [83]

SA=
c

6
log

�

2L

πa
sin
πl

L

�

+ c̃ ′1, (5.36)

which is to be compared with (5.33).

On an interesting higher-dimensional sidenote, the entanglement entropy has also been
applied to classify topological phases in ground states of gapped (2+1)-dimensional condensed
matter systems, whose low-energy behavior can be described by topological Chern-Simons
field theories [88]. As already mentioned in Section 2.3.5, these topological phases exhibit
many exotic features such as fractionalization of quantum numbers, non-abelian statistics
of quasi-particles and topological degeneracy. The topological entanglement entropy is seen
to be a finite part of the entanglement entropy and is invariant under smooth deformations
of the subsystem, which is to be expected from a topological quantity. Such systems may
prove to be useful for applications in fault-tolerant quantum computation [89], as encoding
information in global topological properties of a system will make it robust against the effects
of decoherence and local interactions with the environment. Furthermore, it is interesting
to note that topologically ordered systems contain a precise connection between physics in
the bulk and the boundary. In Chern-Simons gauge theories for example, information in the
(2+ 1)-dimensional bulk, such as fractional charge or statistics of quasi-particle excitations,
can be mapped to a chiral conformal field theory living at the (1+ 1)-dimensional edge of
the system. According to this correspondence, the topological entanglement entropy can be
shown to be equal to the aforementioned boundary entropy log g of the boundary conformal
field theory [68].

Massive deformation

As mentioned in Chapter 2 and Chapter 4, the entanglement entropy of a gapped one-
dimensional system saturates to a finite value. When the system is close to a conformal
quantum critical point, with a small mass gap m and large correlation length ξc ∼ m−1, it
is possible to derive an entanglement entropy scaling relation for an infinite non-critical
one-dimensional system in the scaling limit where a → 0 while the correlation length ξc

is kept fixed. The subsystem A is defined to be the semi-infinite negative real axis as more
general regions are analytically challenging. An argument parallel to that of Zamolodchikov’s
c -theorem of Section 2.5.3 is used in [83] to arrive at

SA=
c

6
log

�

ξc

a

�

, (5.37)

which gives the entanglement entropy for a small massive deformation close to a conformal
quantum critical point in the scaling limit ξc � a.
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5.3 The Ryu-Takayanagi conjecture

5.3.1 Motivation and definition

The Bekenstein-Hawking formula (3.11) relates the area of the horizon to the entropy of a
black hole, thereby introducing a correspondence between geometry and microscopic infor-
mation. Generalizing this key concept of holography in the setting of the AdSd+2/CFTd+1

correspondence would provide useful clues as to how spacetime and gravity emerge from
degrees of freedom of the field theory living on the boundary. Additionally, it is not yet
understood how information in the conformal field theory on the boundary is dually encoded
in the corresponding gravitational theory in the bulk. Rather than probing the AdS spacetime
with observables which depend on specific details of the boundary field theory, it would be
beneficial to use the entanglement entropy, which is a truly universal observable as it can be
defined in any quantum mechanical system. A holographic interpretation of the entanglement
entropy would thus allow to calculate the holographic dual of the entanglement entropy
as a geometrical quantity in the higher-dimensional AdS space, measuring the amount of
information in a region of the conformal field theory living on the boundary.

Another motivation for the holographic approach to entanglement entropy stems from quan-
tum many-body physics. As should be clear by now from the previous chapters, entanglement
entropy goes beyond the Landau-Ginzburg-Wilson paradigm of symmetry breaking in an
attempt to classify inherently quantum phases of matter. Furthermore, it is a powerful concept
to efficiently simulate quantum states on classical computers, as it provides a measure for
the amount of information needed to accurately represent a quantum state. Reversing this
reasoning, quantum phases of matter can be distinguished by their computational complexity
and the scaling of their respective entanglement entropies. Thinking further ahead, holo-
graphic entanglement entropy may provide us with the possibility to relate AdS/CFT with the
previously considered condensed matter systems, which can lead to new insights in both fields.
In anticipation of Chapter 6, we can already expect there to be at least a qualitative connection
between holographic entanglement entropy and the emergent holographic dimension of the
(continuous) multi-scale renormalization ansatz described in Chapter 4.

Inspired by the above considerations and the developments listed in the introduction of
this chapter, Ryu and Takayanagi conjectured a formula for the holographic entanglement
entropy in a static spacetime background [90]. To understand its construction in the AdS/CFT
framework, recall from Section 3.2.4 that the conformal field theory lives on the AdS boundary
given by z = a→ 0 in Poincaré coordinates (3.73), where the z-coordinate is interpreted as
the renormalization group scale in the dual field theory. The cutoff a was introduced to
regulate the divergence of the AdS metric and was also seen to correspond to the regulating
ultraviolet cutoff of the conformal field theory. Let us start from the general quantum
field theory definition of entanglement entropy given in the beginning of Section 5.2. The
(d + 1)-dimensional quantum field theory can be identified here with the (d + 1)-dimensional
conformal field theory living on the AdS boundary at z = a→ 0. Observe that the cutoff
length a in the area law (5.1) was previously introduced in a rather ad hoc way to regulate
the diverging entanglement entropy, while it now appears more naturally due to the presence
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z

CFTd+1

AdSd+2

B

A γA

z > a

Figure 5.3: The Ryu-Takayanagi conjecture for static asymptotically AdS spacetimes relates
the entanglement entropy of a region A in the conformal field theory on the boundary to a
minimal surface γA in the bulk. Note that the time direction has been omitted in this picture.

of the AdS boundary. The dual gravity picture of the entanglement entropy is obtained
by extending the d -dimensional spacelike manifold M = A∪B at fixed time t = t0 into the
additional dimension provided by AdS to yield the (d+1)-dimensional time slice N of the bulk
spacetime at fixed time t = t0. In particular, we would like to extend the (d − 1)-dimensional
manifold ∂ A on the boundary to a d -dimensional surface γA in the bulk N . Under the
restriction that the boundaries of the surfaces satisfy ∂ γA = ∂ A, this still leaves infinitely
many choices for the extended surface γA. The Ryu-Takayanagi conjecture then claims4 that the
correct surface corresponds to the one for which the area functional vanishes and states that
the entanglement entropy is related to this static minimal area surface by

SA=min
γA

Area(γA)

4G(d+2)
N

, (5.38)

which is sketched in Fig. 5.3. The minimization procedure runs over all codimension-2 surfaces
homologous to A and filters out the minimal area surface γA whose boundary coincides with
∂ γA, which is well-defined in the static case due to the Euclidean signature of the bulk spacelike
slice. If there are multiple solutions, the one with the minimum area is chosen. The (d + 2)-
dimensional Newton constant G(d+2)

N is the gravitational constant of the AdSd+2 gravity, which
indicates that (5.38) looks like a generalized version of the Bekenstein-Hawking formula

SBH =
Area(Σ)

4G(d+2)
N

, (5.39)

where Σ denotes the black hole horizon. This correspondence was indeed the original
motivation for the holographic entanglement entropy. Intuitively, the entanglement entropy

4Although no counterexamples have been found as of yet, a rigorous proof of the holographic entanglement
entropy is still lacking except for the special case of a spherical entangling surface, which was proven by Casini,
Huerta and Myers in [91]. A heuristic proof had been given by Fursaev in [92] using the Euclidean gravity
functional, but it was later shown to be incorrect by Headrick in [8]. At the end of Section 6.1, a very recent
related proposal due to Lewkowycz and Maldacena is mentioned for the static case.
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SA of a region A is defined by tracing out the complementary region B of A, so that SA can
be related to an observer in A who has no access to B . It is tempting to associate γA to an
imaginary horizon in the higher-dimensional AdS space, hiding a part of the bulk space by
covering the traced out region B so that ∂ γA= ∂ B = ∂ A. However, as mentioned at the end
of Section 5.1, the exact relation between entanglement entropy and black hole entropy is not
so obvious. There are results for a limited number of cases, such as in particular brane-world
setups with induced gravity, where the entanglement entropy is found to be equal to the
Bekenstein-Hawking formula up to subleading quantum corrections, or in very peculiar
cases like AdS2/CFT1, where the entanglement between two CFT1 copies, living on the two
timelike boundaries of AdS2, is fully responsible for the black hole entropy [68].

By relaxing the strong coupling limit of AdS/CFT, the effect of stringy corrections in the
classical bulk gravitational action is conjectured to be reflected in (5.38) as

SA=min
γA

A [γA]

4G(d+2)
N

. (5.40)

where the area functional A now contains higher-derivative corrections besides the usual
area Area(γA). Note that no general formula has been proposed as of yet, but specific cases
such as Lovelock gravities have been studied. An even stronger conjecture [93] states that
the generalized Ryu-Takayanagi formula (5.40) ought to hold even when there is no Einstein-
Hilbert term present, as is the case with topological or conformal theories of gravity. Then the
bulk does not even have to be geometrical, in the sense that it is equipped with a Riemannian
metric. It could be enough for the bulk to be a topological space on which regions and their
boundaries can be defined.

The holographic entanglement entropy formula can be straightforwardly extended to static
spacetimes which are asymptotically AdS, as long as the holographic dual field theory is known.
Perhaps more interesting from a dynamical perspective are time-dependent spacetimes, for
which the covariant holographic entanglement entropy has been proposed [94]. In Lorentzian
spacetime, the notion of minimal surface breaks down if the surface extends in the lightlike
direction, where it is trivially zero. To that end, Bousso’s covariant entropy bound (3.24) is
employed to find a minimum of the area, which corresponds to the most strict bound for a
given choice of the subsystem A. The explicit construction then results in an extremal surface
γA as the saddle point of an area functional in Lorentzian spacetime [94].

5.3.2 Area law and properties

The holographic entanglement entropy satisfies the area law as long as the gravity theory lives
in an asymptotic AdS space which is dual to a field theory with an ultraviolet fixed point.
This is due to the fact that the AdS metric diverges near the boundary, causing the area of the
minimal surface γA to be dominated by the near-boundary contribution

Area(γA)∼
Area(∂ γA)

ad−1
. (5.41)

As the boundaries ∂ γA and ∂ A coincide by construction, the leading contribution to the area
law (5.1) is retrieved.
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Figure 5.4: Graphical holographic proofs of (a) strong subadditivity SA+B + SB+C ≥ SB +
SA+B+C and SA+B + SB+C ≥ SA+ SC and (b) monogamy of tripartite mutual information
SAB + SBC + SAC ≥ SA+ SB + SC + SABC . Note that the reasoning behind (b) is a little more
involved than the picture indicates [93].

The basic properties SA = SB (non-extensiveness) and SA1
+ SA2

≥ SA1∪A2
(subadditivity) are

surely satisfied by the holographic entanglement entropy. The strong subadditivity property
is less trivial but has a remarkably clear holographic interpretation when stated in terms
of Ryu-Takayanagi entropies. To show this, consider three non-overlapping regions A, B
and C on a time slice of a given conformal field theory. In the holographic description, the
entanglement entropies SA+B and SB+C are given by the minimal area surfaces γA+B and γB+C

with ∂ γA+B = ∂ (A+B) and γB+C = ∂ (B +C ) respectively. As is clear from Fig. 5.4(a), these
two minimal surfaces can be divided and recombined into either γ̃B and γ̃A+B+C or γ̃A and γ̃C .
Even though ∂ γ̃X = ∂ X , these γ̃X surfaces are not minimal area surfaces in general, so that
Area(γ̃X )≥Area(γX ) and

Area(γ̃B)+Area(γ̃A+B+C )≥Area(γB)+Area(γA+B+C ), (5.42)
Area(γ̃A)+Area(γ̃C )≥Area(γA)+Area(γC ), (5.43)

from which

SA+B + SB+C ≥ SB + SA+B+C , (5.44)
SA+B + SB+C ≥ SA+ SC . (5.45)

Furthermore, it is proven in [93] that, assuming the validity of Ryu-Takayanagi conjecture,
the following inequality holds for the tripartite mutual information

I3(A : B : C ) = I (A : B)+ I (A : C )− I (A : BC ) (5.46)
= SA+ SB + SC − SAB − SBC − SAC + SABC ≤ 0, (5.47)

which is graphically depicted in Fig. 5.4(b). This is equivalent to stating that holographic
mutual information is monogamous, implying that quantum entanglement dominates over
classical correlations in holographic theories. From a quantum information perspective,
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the authors also show that the holographic entanglement entropy obeys all known general
properties of the entanglement entropy, including some subtle ones like the Cadney-Linden-
Winter inequalities, which provides very convincing additional evidence in favor of the
conjecture. Assuming that the Ryu-Takayanagi proposal is correct, (5.47) can be interpreted as
a necessary condition for a field theory to have a classical holographic dual [93].

5.3.3 Holographic entanglement entropy in AdS3/CFT2

A strong proof of principle of the holographic entanglement entropy is given by the perfect
agreement in the case of AdS3/CFT2. As known from Section 5.2.4, the entanglement entropy
calculation is analytically feasible in two-dimensional conformal field theories, which allows
for an explicit comparison. The relation between the central charge c and the radius of AdS3

is given by [95]

c =
3R

2G(3)N

, (5.48)

where G(3)N denotes the Newton constant in three-dimensional gravity. It is curious to remark
that this equation was derived in the context of asymptotic symmetries and global charges of
gauge theories, more than ten years before the discovery of the AdS/CFT correspondence.

Infinite size and zero temperature

The Poincaré metric of AdS3 with radius R is given by

ds 2 = R2 dz2− dt 2+ dx2

z2
, (5.49)

with the CFT2 living in the space spanned by t and x. The subsystem A is chosen to be the
interval |x|< l/2 in the infinitely long space −∞< x <∞. According to AdS3/CFT2, the
minimal surface γA is then given by a geodesic in AdS3 at constant t , which is is given by the
half circle with radius l/2. The geodesic can be parametrized by x =

�

l 2/4− z2
�1/2, so that

the induced metric is

ds 2
ind =

R2 l 2dz2

4z2 �l 2/4− z2�
. (5.50)

As the area of the minimal surface reduces to its length in this case, the holographic entangle-
ment entropy is given by

SA=
R

2G(3)N

∫ l/2

a
dz

l

2z
Æ

l 2/4− z2
=

R

2G(3)N

∫ π/2

2a/l

du

sin u
=

R

2G(3)N

log
l

a
, (5.51)

up to terms O(1), where we have introduced an infinitesimal ultraviolet cutoff length a, did
a change of variables z = (l/2) sin u and let sin−1(2a/l ) ≈ 2a/l . After using (5.48), perfect
agreement is found with the result (5.29) on the conformal field theory side,

SA=
c

3
log

l

a
. (5.52)
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Figure 5.5: Using global coordinates on AdS3, the (1 + 1)-dimensional conformal field
theory is said to live on the regularized boundary ρ = ρ0, with the subsystem A given by
0≤ θ≤ 2πl/L.

The same result can be obtained using a metric for global coordinates on AdS3

ds 2 = R2
�

−cosh2ρdt 2+ dρ2+ sinh2ρdθ2
�

, (5.53)

which is divergent at the boundary ρ→∞ and is regulated by introducing a cutoff ρ0, thus
restricting the space to ρ≤ ρ0. As shown in Fig. 5.5, the (1+ 1)-dimensional spacetime of the
CFT2 is identified with the cylinder (t ,θ) at the regularized boundary ρ= ρ0→∞, where
the subsystem A is defined by 0≤ θ≤ 2πl/L. From Section 3.2.4, it is known that the cutoff
ρ0 in AdS space corresponds to an ultraviolet cutoff a in the dual conformal field theory so
that eρ0 ∼ L/a with L the length of the system with both ends identified. The length of the
geodesic line connecting θ= 0 and θ= 2πl/L at fixed t is implicitly given by [90]

cosh

�

Length(γA)

R

�

= 1+ 2sinh2ρ0 sin2 πl

L
, (5.54)

so that, for a large cutoff eρ0 � 1, the entanglement entropy becomes

SA=
R

4G(3)N

log

�

e2ρ0 sin2 πl

L

�

=
c

3
log

�

eρ0 sin
πl

L

�

, (5.55)

which coincides with (5.33) after using eρ0 ∼ L/a and reduces to (5.29) for l � L.

Finite temperature

Let us now consider the entanglement entropy in an infinite system at finite inverse tempera-
ture β. In the high-temperature limit β/L� 1, the gravity dual of the conformal field theory
is given by the Euclidean BTZ black hole with metric [68] [96]

ds 2 = (r 2− r 2
+)dτ

2+
R2

r 2− r 2
+

dr 2+ r 2dφ2, (5.56)
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where the Euclidean time is compactified as τ ∼ τ+ 2πR/r+ and the periodicity φ∼φ+ 2π
is imposed as well. Recall from Section 3.2.5 that (5.56) is asymptotically AdS, so that the
Ryu-Takayanagi proposal continues to hold. The subsystem A for which we consider the
entanglement entropy is given by 0≤φ≤ 2πl/L at the boundary. The length of the spacelike
geodesic fromφ= 0 toφ= 2πl/L at the boundary for a fixed time can be found by noting that
the Euclidean BTZ black hole at temperature T is equivalent to thermal AdS at temperature
1/T . On the conformal field theory side, this boils down to a modular transformation5, which
can be appreciated by introducing the new coordinates

r = r+ coshρ, r+τ = Rθ, r+φ= Rt . (5.57)

The metric (5.56) then reduces to Euclidean AdS3 global coordinates (5.53), where t was
replaced by it . With the ultraviolet cutoff now interpreted as eρ0 ∼ β/a, it can be shown
that the computation of the geodesic is similar to the zero temperature case, leading to the
entanglement entropy [68] [90]

SA=
R

4G(3)N

log

�

e2ρ0 sinh2 πl

β

�

=
c

3
log

�

eρ0 sinh
πl

β

�

, (5.58)

which coincides with (5.32) after using eρ0 ∼β/a and reduces to (5.29) for l �β.

(a)

BH

(b)

BHA B

γA

γB

Figure 5.6: Eternal BTZ black hole with the outer circle representing the AdS boundary. (a)
Various spacelike geodesics for different sizes of the subsystem A (see also [97] for a compre-
hensive treatment of geodesics as extremal probes of the bulk spacetime). (b) Topological
obstruction caused by the presence of the black hole.

It is interesting to interpret the finite temperature case geometrically, as depicted in Fig. 5.6.
When the size of the subsystem A is small, the corresponding geodesic is barely indistin-
guishable from the one in pure AdS3. As the region grows larger, the minimal surface begins
to wrap around the black hole horizon, which explains the thermal extensive behaviour of
the entropy for l/β� 1 in (5.32), since the thermal entropy in a conformal field theory is
dual to the black hole entropy in the dual gravitation description according to the AdS/CFT
correspondence [68]. The topological obstruction caused by the black hole horizon leads

5In general, modular transformations capture the invariance of partition functions of a two-dimensional
conformal field theory defined on the complex torus under transformations τ→ aτ+ b/(cτ+d ) of the modular
group PSL(2,Z). Here, a, b , c , d are integers satisfying ad − b c = 1 and τ =ω2/ω1 is the modular parameter
of the torus with ω1, ω2 denoting the respective periods of the torus.
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to the entanglement entropy SA is no longer being equal to SB of its complement B , as the
total system A∪B is no longer a pure state but a mixed state. Geometrically, this translates
into the the fact that the corresponding geodesics wrap different parts of the horizon. If the
minimal surface associated to A covers the whole horizon, it is assumed that the thermal
Bekenstein-Hawking black hole entropy is recovered, which justifies the normalization factor
of the holographic entanglement entropy (5.38).

Massive deformation

As seen in Section 5.2.4, massive quantum field theories can be obtained by perturbing
two-dimensional conformal field theories by relevant perturbations. Holographically, this
corresponds to an infrared deformation in AdS3 space, which caps off the infrared region
z < zI R, for some scale value zI R. The infrared cutoff zI R in AdS space can be identified with
the correlation length ξc in the massive field theory. Let us consider an infinite system divided
into two semi-infinite pieces with the subsystem A being one of them. The entanglement
entropy SA can be estimated under the assumption that l � ξc by using a similar geodesic
as in (5.51), starting at the ultraviolet cutoff z = a and ending at the infrared cutoff z = ξc .
Basically, this boils down to assuming that both ξ and a are very small relative to length of
the subsystem, which allows to approximate sin−1(x)≈ x in both integration limits, so that

SA=
R

4G(3)N

∫ 2ξc/l

2a/l

du

sin u
=

c

6
log

ξc

a
, (5.59)

which agrees with the estimation given in (5.37).

5.3.4 Holographic entanglement entropy in AdSd+2/CFTd+1

Although the holographic entanglement entropy can be calculated in higher dimensions,
comparing both sides of the duality is limited due to the lack of general analytical results of
higher-dimensional conformal field theories. Below, we describe the AdSd+2 results for the
two particular geometries displayed in Fig. 5.7, which allow an analytical calculation of the
minimal surface [68].

Infinite strip AS

The subsystem AS is given by a d -dimensional infinite strip with width l in one direction and
width L→∞ in the remaining d − 1 directions. The holographic entanglement entropy is
found to be [98]

SAS
=

1

4G(d+2)
N
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. (5.60)

The first divergent term is proportional to the area ∂ AS , in accord with the area law (5.1).
The second term is finite and universal, which allows for a comparison with the field theory
side. In the original work [98], the above result was applied to AdS5/CFT4, yielding the
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entanglement entropy for the four-dimensionalN = 4 SU (N ) super Yang-Mills theory [98]

SAS
=

N 2L2

2πa2
− 2
p
π







Γ
�

2
3

�

Γ
�

1
6

�







3
N 2L2

l 2
. (5.61)

which is proportional to N 2 and agrees qualitatively with heuristic estimations.
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Figure 5.7: Higher-dimensional geometries used in AdSd+2/CFTd+1 holographic entangle-
ment entropy calculations: (a) An d -dimensional infinite strip AS with width l . (b) A
d -dimensional disk AD with radius l .

Disk AD

The subsystem AD is given by a d -dimensional disk with radius l . In this case, the holographic
entanglement entropy is found to be [98]

SAD
=

πd/2Rd

2G(d+2)
N Γ(d/2)

∫ 1

a/l
dy
(1− y2)(d−2)/2

yd

= p1(l/a)d−1+ p3(l/a)d−3+ . . .+







pd−1(l/a)+ pd +O (a/l ) d : even,

pd−2(l/a)2+ q log(l/a)+O (1) d : odd.
(5.62)

with the coefficients defined by

p1/C = (d − 1)−1, p3/C =−(d − 2)/ (2(d − 3)) , . . . (5.63)
pd/C = (2

p
π)−1Γ(d/2)Γ((1− d )/2) d : even (5.64)

q/C = (−)(d−1)/2(d − 2)!!/(d − 1)!! d : odd (5.65)

C =
πd/2Rd

2G(d+2)
N Γ(d/2)

(5.66)
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This result incorporates a leading ultraviolet divergent term ∼ a−d+1 with a coefficient pro-
portional to the area of the boundary ∂ AD , which reflects the area law (5.1). The subleading
divergent terms contain information on the specific shape of the boundary ∂ AD . For even d ,
the constant pd is independent of the cutoff and can be used as a measure of degrees of freedom
in even-dimensional conformal field theories where there are no central charges available. It is
also suggested that pd has a similar interpretation to the topological entanglement entropy in
(2+ 1)-dimensional topological field theories. For odd d , the coefficient q is universal, similar
to (1+ 1)-dimensional conformal field theories, and it can be shown to be proportional to
linear combinations of the respective central charges of higher-dimensional conformal field
theories. Note that the result (5.62) might seem restricted to the case when the submanifold is
a circular disk, but in [99] it is shown that the same behaviour ought to hold for any compact
submanifold A, with different coefficients pk and q depending on the shape of A.

5.3.5 Applications in condensed matter and high-energy physics

Apart from the applications already mentioned in this chapter, the holographic entanglement
entropy has been used in a variety of other settings. For instance, in gravity duals of confining
gauge theories such as the AdS soliton, the derivative of the holographic entanglement entropy
SA with respect to the size of A is seen to reflect a confinement-deconfinement phase transition
in the dual field theory due to the competition between two minimal surfaces. This agrees
qualitatively with lattice gauge theory calculations and analytical results, which indicates
that the holographic entanglement entropy might serve as a useful probe in quantifying
confinement in field theories with a known gravity dual [100].

The covariant holographic entanglement entropy proposal has also been applied to the study
of time evolution of entanglement entropy. In particular, black hole formation can be modeled
by employing quantum quenches on the field theory side [100]. In a global quantum quench, a
quantum system is prepared at time t = 0 in the ground state |Ψ0〉 of a Hamiltonian H0. For
times t > 0, the system is made to evolve unitarily according to a different Hamiltonian H ,
which is often related to H0 by varying a parameter such as an external field. If this parameter
is the mass, then a global quantum quench describes the sudden transition from a gapped
Hamiltonian H0 to a massless theory, which boils down to the time evolution of an excited
state in a conformal field theory.

After a quantum quench, the entanglement entropy in a (1 + 1)-dimensional conformal
field theory is seen to increase linearly as a function of time and eventually saturates at a
constant thermal equilibrium value for t �∆t , where ∆t is the thermalization time. This
characteristic time scale is found to be half of the length l of the subsystem A, which is
explained by assuming that information propagates at a speed of light of the system [83]. The
holographically obtained results for (1+ 1)-dimensional conformal field theories agree with
earlier studies on the time evolution of entanglement entropy by Calabrese and Cardy [101].
Note that their initial study of quantum quenches was partly motivated by the experimental
realization of cold atomic systems and optical lattices that allow controlled and accurate
tuning of parameters with minimal dissipation, thus enabling the experimental study of
non-equilibrium phenomena in low-dimensional quantum systems.
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Recently, Hartman and Maldacena studied the time evolution of the entanglement entropy of
initial states in conformal field theories from black hole interiors6, providing a holographic
interpretation of the linear growth of the entanglement entropy with time in two explicit
examples [102]. They combined the ideas and results of Calabrese-Cabry and Ryu-Takayanagi
in a new context to study thermofield double states, dual to eternal black holes, and a well-
chosen pure state, dual to a black hole formed by gravitational collapse. Through a careful
analysis of the Lorentzian and analytically continued Euclidean spacetimes and the use of
the replica trick and twist fields as in Section 5.2, a perfect agreement with the holographic
entanglement entropies resulting from the extremal surfaces on the gravity side is obtained.
Their main conclusion is that the growth of the certain well-defined slices, which probe the
spacelike direction in the interior at a fixed special value of the interior time, is responsible for
the linear growth of entanglement entropy during thermalization. Furthermore, the authors
provide a natural interpretation of the spreading of initial short-range entanglement over
larger distances during thermalization in terms of the tensor network formalism of Chapter 4.
It is curious to note how the study of holography and entanglement, through application of
the AdS/CFT correspondence, is seen to connect the experimental realization of quantum
quenches in condensed matter physics with the properties of black hole spacetimes.

6Extremal surfaces are able to penetrate the interior of black holes in time-dependent spacetimes, in contrast
to the static case [97].





Chapter 6

Holography and entanglement
renormalization

As a prelude to the rest of this chapter, the interplay between quantum entanglement and
spacetime will be studied in Section 6.1 based on the clear representation given in [103]. The
connection between entanglement renormalization and the emergent higher-dimensional
holographic geometry in the multi-scale entanglement renormalization ansatz of Section 4.2
was first pointed out by Swingle in 2009 and will be the subject of Section 6.2. Although the
connection looks promising, it will become clear that it is difficult to go beyond qualitative
considerations. In Section 6.3, some of the problems with the correspondence are identified
and possible directions for future research are presented.

6.1 Entanglement and spacetime

As known from Chapter 3, the gauge/gravity duality provides a non-perturbative approach
to quantum gravity via (conformal) quantum field theory. One particularly interesting
perspective is provided by looking at the role of entanglement in the emergence of gravity
and spacetime from the degrees of freedom of the field theory living on the boundary. In will
become clear in the thought experiments below that classically connected spacetimes can arise
by entangling degrees of freedom of two systems that correspond to disconnected spacetimes
when viewed separately. Conversely, disentangling the degrees of freedom associated to two
regions of a connected spacetime results in these two regions moving further apart, until they
eventually break apart and become disconnected entities.

Consider two non-interacting copies of a conformal field theory defined on Sd in order to
build a larger quantum system to which the tensor product Hilbert space H = HA⊗HB is
associated, where HA and HB denote the respective Hilbert spaces of the subsystems. In the
larger system, product states are given by

|Ψ〉= |ΨA〉⊗ |ΨB〉 , (6.1)

which contain no entanglement between the two subsystems. Since the degrees of freedom of
the field theories do not interact in any way and are not entangled, the gravity interpretation
of such states hints at two completely separate physical entities. Put differently, if both |ΨA〉
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and |ΨB〉 are dual to an asympotically AdS spacetime, then it is reasonable to assume that the
product state is dual to the disconnected pair of these spacetimes. Let us now entangle the two
field theories by introducing a state1

|Ψ(β)〉=
1

p

Z(β)

∑

i

e−
βEi

2 |Ei〉A⊗ |Ei〉B , (6.2)

which is a sum of product states |Ei〉A⊗ |Ei〉B with |Ei〉 representing the i -th energy eigenstate
and Z(β) the partition function of a single field theory. Since product states were interpreted
as a pair of disconnected spacetimes above, the naive gravity dual interpretation of the state
|Ψ(β)〉 is a quantum superposition of disconnected spacetimes. However, it has been argued
in the literature that the state |Ψ(β)〉 precisely corresponds to the connected eternal AdS
black hole spacetime [104]. As depicted in Fig. 6.1, this spacetime contains two equivalent
asymptotically AdS regions, suggesting that the field theory dual should contain two copies of
a conformal field theory. An observer in either asymptotic region perceives a Schwarzschild
AdS black hole spacetime, which is known from Section 3.2.5 to be dual to the thermal state
of a conformal field theory. This can be further appreciated by noticing that by taking the
partial trace over the degrees of freedom of either conformal field theory, the density matrix
of the remaining field theory becomes

TrB (|Ψ(β)〉 〈Ψ(β)|) =
∑

i

e−βEi |Ei〉A 〈Ei |A , (6.3)

which is a thermal density matrix arising from entanglement. Furthermore, the presence of
horizons in the black hole spacetime blocks any communication between the two asymptotic
regions, reflecting the absence of interactions between the two conformal field theories. Under
the assumption that the above considerations are correct in this example, classical connectivity
is seen to arise from entangling degrees of freedom of two initially disconnected subsystems.

III

III

IV

Figure 6.1: Penrose diagram of the extended AdS-Schwarzschild geometry, which is under-
stood to be the gravity dual of the entangled state (6.2). Region I spans the region that is
outside of the horizon for an observer on the right boundary. Region II is an identical copy
and includes a second boundary. Regions III and IV contain spacelike singularities denoted by
dotted lines.

1States of this form are sometimes called Hartle-Hawking states and have been used, for example, in
conjunction with analytical continuation methods and the thermofield double formalism to probe the interior of
eternal AdS Schwarzschild black holes [102] [104] [105].
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Let us now return to the case of a single conformal field theory on Sd and consider what
happens to the dual geometry when the vacuum state of the conformal field theory, which
is dual to a pure AdS spacetime, is gradually changed by disentangling degrees of freedom.
Because specific degrees of freedom correspond to specific spatial regions on the field theory
side due to locality, the total Hilbert space can be decomposed as H=HA⊗HB , where the
region B is the complement of region A. To quantitatively measure the entanglement between
region A and B , the entanglement entropy (2.47) can be used,

SA=−Tr (ρA logρA) . (6.4)

We now want to study how the dual geometry varies as the quantum state is altered in such
a way that SA decreases. An important clue is given by the Ryu-Takayanagi conjecture of
Section 5.3, which states that the minimal surface γA in the dual spacetime, separating A
and B such that ∂ γA = ∂ A = ∂ B , decreases proportionally to the entanglement entropy.
As the entanglement entropy is reduced to zero, the minimal surface γA, which separates
two higher-dimensional spacetime regions in the dual space, will shrink until both regions
eventually break apart. Note that the geometric notion of spacetime most likely breaks down
before the entanglement entropy actually reaches zero due to quantum gravity effects.

A AB B

Figure 6.2: As the entanglement between two regions A and B is decreased, the area of the
minimal surface which separates these regions shrinks as well and the proper distance between
the corresponding spacetime regions has to go to infinity. The two regions in spacetime
are torn apart and until they eventually separate and become disconnected. Note that the
boundary geometry is assumed to remain fixed, despite the apparent stretching in the diagram.

A similar disentangling experiment involves the mutual information between two subsystems
C ⊂A and D ⊂ B , which was defined in Section 2.3.4 as

I (C : D) = S(C )+ S(D)− S(C ∪D)≥ 0. (6.5)

As all correlations between A and B decrease to zero, the mutual information between any
two regions C and D goes to zero as well because the density matrix of C ∪D reduces to
the tensor product of the density matrices for C and D. The mutual information is zero
if and only if there is neither entanglement nor any classical correlations between the two
subsystems. To show that a decrease in mutual information between C and D implies an
increase in the proper distance between the corresponding regions near the boundary of the
spacetime, recall from (2.50) that

I (C : D)≥
�

〈OC ⊗OD〉− 〈OC 〉 〈OD〉
�2

2|OC |2|OD |2
, (6.6)
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which provides an upper bound on correlations in a system. First of all, if a state is varied
such that the mutual information between C and D goes to zero, then all correlations ought
to vanish as well. Secondly, following the dictionary of AdS/CFT, the two-point connected
correlators of high-dimensional local operators, which are dual to very massive scalar particles
in the dual spacetime according to (3.52), provide a direct measure of the proper distance,

〈OC (xC )OD(xD)〉c ∼ e−mL. (6.7)

Indeed, in the geometric optics limit mR� 1, for which m2R2 =∆(∆− (d + 1)) ≈∆2� 1,
the sum over all paths in the bulk propagator is dominated by the contribution of the
shortest geodesic connecting xC and xD with regularized length L. Explicitly, one can
calculate the action S = m

∫

Σ ds , where the geodesic curve Σ is a semi-circle, to find a similar
log(l/a) behavior for the regularized length L as for the entanglement entropy (5.51) [41].
The dependency on the distance l = |xC − xD | in the result reflects the fact that the scale
transformation is anomalous, since the presence of two length scales—the distance l and the
ultraviolet cutoff a—in the system breaks the naively expected scale invariance [32].

Upon combining (6.6) and (6.7), it is seen that the length L of the shortest path through
the bulk between xC and xD has to tend to infinity when the mutual information I (C , D)
is decreased to zero. The following suggestive picture thus emerges: if the entanglement
between two regions of degrees of freedom in a non-perturbative description of quantum
gravity goes to zero, the area of the minimal surface which seperates these regions vanishes
as well and the proper distance between the corresponding spacetime regions has to go to
infinity. Geometrically, the two regions in spacetime are torn apart and stretched until they
eventually separate and become disconnected, as depicted in Fig. 6.2. Building up spacetime
via entanglement may prove to be a useful approach to quantum gravity [103].

On an interesting sidenote, Lewkowycz and Maldacena have very recently2 proposed a
generalization of the concept of Euclidean gravitational entropy to more general situations
than the ones associated to thermal equilibrium (Section 3.1.3) [106]. In absence of the U(1)
symmetry of the Euclidean solution, a variation of the replica trick (Section 5.2.1) is used
to show that the minimal area prescription of the Ryu-Takayanagi conjecture (Section 5.3)
actually follows from a more general statement about classical general relativity. Although it
is too early to estimate the impact of this insight, it does add to the evidence in favor of the
Ryu-Takayanagi conjecture for static spacetimes.

6.2 Holographic interpretation of the MERA

The ideas of entanglement renormalization and holography were first connected by Swingle
[107] and further elaborated on by Nozaki, Ryu and Takayanagi [108] and Swingle [109]. A
preliminary connection between entanglement renormalization and holography was already
mentioned in Section 4.4, and lies in the identification of the holographic dimension of
the MERA with the emergent dimension provided by the discrete bulk geometry of the
tensors making up the quantum circuit. Additionally, we have commented in Section 3.2.4
on the duality between radial motion in the bulk and scale transformations in the associated

2Thanks to Benjamin Bollen for pointing out this reference.
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field theory, which allows to think of the holographic dimension of an asymptotically AdS
spacetime as a true renormalization group scale for the field theory on the boundary. The
suggestive holographic dimension of the MERA thus emerges from a higher-dimensional
geometric structure defined by organizing information in a quantum state in terms of effective
descriptions according to a length scale z.

6.2.1 Geometry from entanglement

Before elaborating on the geometry of the MERA, let us consider the following renormaliza-
tion group argument, which provides an estimate for the scaling behavior of the entanglement
entropy by intuitively adding up contributions from entangled degrees of freedom at all
relevant scales. Note that we do not explicitly refer to the MERA, but only assume that
information is stored according to a scale z . Let us focus on a region A with linear size L in d
spatial dimensions, whose degrees of freedom can be entangled with other degrees of freedom
at all scales. If we take the layers of degrees of freedom at each scale z to be equally spaced in
log z, then the appropriate measure for z is d log z = dz/z. The area law then states that the
contribution to the entanglement entropy of A from scale z ought to be proportional to the
size of the boundary ∂ A in units of the coarse grained scale z, which is just the number of
degrees of freedom at scale z local to the boundary ∂ A. Additionally, the entropy should be
proportional to the measure d log z = dz/z. Hence, we obtain the scaling behavior

dS ∼
�L

z

�d−1 dz

z
. (6.8)

The total entanglement entropy follows from integrating the above relation from the ultravio-
let cutoff a to a larger infrared length min(L,ξe), where ξe is defined as the length scale beyond
which there is no entanglement left in the quantum state. This means that the entanglement
entropy is integrated until either the region has been coarse-grained to a point, or until there
is no more entanglement left. The integral gives an area law for d > 1 spatial dimensions
and a logarithmic violation for d = 1 spatial dimensions, where the system size L acts as a
cutoff in case of a diverging entanglement length ξe . The similarities between the above simple
renormalization group argument and both the cMERA entropy estimation (4.52) and the
geometric MERA picture (4.85) are clear.

Following the work of Swingle, and building on the results of Section 4.4, a discrete geometry
can be defined from the entanglement structure of the ground state as follows. Each site in
the tensor network of the MERA can be regarded as a cell filling out a higher-dimensional
bulk, with the size of each cell being proportional to the entanglement entropy of the site
inside the cell. The connectivity of the geometry is then determined by the strength of the
bonds between the tensors in the quantum circuit, such that disentanglers which remove more
entanglement imply stronger geometrical connections between the bonds connecting different
sites. When the coarse-grained state is completely factorized, the bulk geometry ends.

Entanglement entropy and Ryu-Takayanagi conjecture

Calculating the entanglement entropy of a block of sites in the original ultraviolet lattice
requires the knowledge of the reduced density matrix of the block. To this end, the concept
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of the causal cone can be employed, which was introduced in Section 4.2 as the set of sites,
disentanglers and isometries that are able to influence the block of sites under consideration.
Using the quantum circuit interpretation of the MERA, the causal cone takes us from an
infrared coarse-grained state with negligible entanglement entropy to a less coarse-grained
state, until the original strongly correlated ultraviolet state is reached. At each scale, sites that
do not belong to the causal cone of the block of the ultraviolet lattice can be traced out, which
increases the entropy by at most the entropy of the traced out site [61]. The result of this
procedure is a curve of traced-out sites, outside of the boundary of the causal cone in the bulk
geometry, with a length that is by definition the sum of all the entropies of the traced-out
sites. Although this way of calculating entanglement entropy is tedious in practice, it captures
the fact that each scale contributes to the total entanglement entropy, which has already been
encountered in Chapter 4. Also, the higher-dimensional curve can be identified with a discrete
geometric upper bound for the entropy of a block of sites in the ultraviolet lattice. Since the
boundary of the causal cone measures the minimal amount of sites that must be traced out,
it represents a minimal curve and justifies the previously used of the notion of a geodesic in
Section 4.4.1. In a sense, the curve acts as holographic screen by hiding information in the
bulk and the fact that it represents a measure for the entanglement entropy of a region on the
boundary is strongly suggests a connection to the Ryu-Takayanagi conjecture of Section 5.3.

Scale invariant geometries and anti-de Sitter space

For ground states which are product states, each site is in a pure state and both the entanglement
entropy and the geometry of the tensor network vanish. For gapped systems with a finite
correlation length ξc , the initial size of the cells before renormalizing is non-zero due to the
presence of entanglement. Note that, from a holographic perspective, the mass gap implied
by ξc can be interpreted as an infrared deformation in the bulk. After a finite amount of
coarse-graining steps, all short-range entanglement will be removed and the geometry ends
at the scale where the quantum state factorizes. The entanglement entropy of a block of
sites in the ultraviolet lattice receives contributions from a finite number of scales, which
geometrically corresponds to a minimal curve hanging down from the ultraviolet to the
factorization scale. The holographic geometry is more interesting when the ground state
describes a quantum critical point, as scale invariance forces each coarse-grained layer to be
identical causing the geometry to continue ad infinitum. Each coarse-grained layer gives an
equivalent contribution to the entropy of a block of sites in the ultraviolet lattice. This implies
that the entropy is proportional to the length of a minimal curve hanging down from the
ultraviolet to the scale where the block has been coarse-grained to a point.

The discrete scale invariant geometry appearing at the quantum critical point is nothing but
a discrete version of AdS space, as depicted in Fig. 6.3. For the MERA, this is interpreted
as a graph whose connectivity resembles the geometry of AdS. The critical geometry of
the cMERA might actually be identified with the continuous AdS space according to the
qualitative results that will be discussed in Section 6.2.4. The Poincaré metric of AdSd+2 can
be written as

ds 2 = R2 dz2− dt 2+ d~x2

z2
= R2

�

du2+
e2u

a2
(d~x2− dt 2)

�

, (6.9)
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where z = ae−u denotes the length scale of the system with respect to an ultraviolet cutoff a.
In the discrete MERA case, the variable u = 0,1, . . . ,−∞ can be interpreted as a layer index
labeling the number of coarse-graining steps, with an obvious continuous generalization to
the cMERA. The radius R controls how big the geometry is and roughly corresponds to the
amount of local entanglement. To see this, recall that the relation (3.35) states that R∼N 1/4

forN = 4 SU(N) Yang-Mills theory, which implies that the weakly fluctuating geometry in
the large-N limit hosts a large amount of local degrees of freedom on the field theory side
[107]. Alternatively, the Brown-Hennaux relationship (5.48) for AdS3/CFT2 explicitly states
that R is proportional to the central charge c .

z
IR

z = ae−u

UV

γA

AdSd+2

CFTd+1

Figure 6.3: The proposal of Swingle associates a (discrete) holographic spacetime to the
quantum circuit of the multi-scale entanglement renormalization ansatz, which geometrically
encodes the local entanglement structure and hence attempts to provide a bridge between
entanglement renormalization and the AdS/CFT correspondence.

6.2.2 Finite temperature and black holes

To study finite temperature effects, Swingle suggests that the area law inequality (2.54) of the
mutual information allows to continue employing the same ideas at finite temperature, but
using mutual information instead of entanglement entropy. By heuristically generalizing the
MERA quantum circuit to a doubled quantum circuit, the thermal density matrix ρ(T ) is
renormalized as ρ(T ) = U (T )ρ0U †(T ). At the quantum critical point, there initially is a
region of pure AdS geometry for energy scales much greater than the temperature. However,
since a finite temperature acts as a relevant perturbation to the quantum critical point, thermal
effects gradually become more important during the renormalization process, and the size
of the coarse-grained sites has to grow in order to incorporate these thermal degrees of
freedom. Following Section 3.2.5, this can be holographically interpreted as the space being
asymptotically AdS but with a different infrared behavior in the interior of the bulk.

Eventually, the renormalization process can reach a point where any site of the system
is in a maximally mixed state. According to Swingle, this situation can be interpreted as
corresponding to a black hole horizon for three reasons. Firstly, the geometry is seen to end
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from the perspective of an observer hovering at a fixed scale. Secondly, a maximally mixed
state is like an infinite temperature state, which is consistent with the fact that the black hole
horizon is a null surface where the local temperature diverges, as seen by any static observer
outside the horizon who is not freely falling. Thirdly, the final layer of the tensor network has
non-zero size since the coarse-grained sites are in mixed states. In particular, the entanglement
entropy of a large block in the ultraviolet lattice now consists of two contributions. Apart
from the usual boundary piece that was introduced in the previous section, there is now also
an extensive piece due to the presence of the horizon. Note how this picture fits with the
geometric interpretation in Fig 5.6 of the finite temperature Ryu-Takayanagi calculations,
where, for large subsystems, the minimal surface was seen to wrap around the black hole
horizon. The fact that small subsystems do not feel the presence of the horizon in AdS3/CFT2,
is translated to the perspective of the MERA by the fact that the corresponding blocks of sites
are coarse-grained to a point before they even touch the horizon.

6.2.3 Structure of correlation functions

Extending the results of Section 4.4.1, the geometric interpretation of correlation functions
is particularly interesting. An immediate consequence of the causal cone structure of the
MERA is that most tensors are not affected by a localized perturbation. Local correlation
functions may be calculated by moving scaling operators through the quantum circuit by the
coarse-graining procedure, so that the only sites affected are those in the causal cones of the
sites where the operators have support on. Two local primary operators O∆(x) and O∆(y) can
thus only be correlated if the sites at positions x and y have overlapping causal cones. For a
gapped system, distant sites with |x − y| � ξe cannot be correlated as the causal cones end at
the factorization scale before touching. This can be interpreted as a sharp cutoff version of the
exponential decay of correlations in a gapped phase. In case of a critical geometry, the causal
cones of distant sites always touch and are brought together after renormalizing logb (|x−y|/a)
times. According to (4.22), each operator acquires a factor b−∆ after each renormalization
step, so that the resulting correlation function scales like

〈O∆(x)O∆(y)〉 ∼
�

b−2∆�logb (|x−y|/a) ∼
�

|x − y|
a

�−2∆

, (6.10)

which coincides with the constraints imposed by scale invariance. Alternatively, the two-point
function can be interpreted as being proportional to exp(−∆L), with L = 2 log(|x − y|/a)
denoting the length of the minimal curve connecting the insertion points of the operators.
Holographically, this is strongly reminiscent of the geometric optics approximation (6.7),
where a saddle-point approximation links the two-point correlation function to the trajectory
of a massive particle in the bulk. As a quantitative interpretation of the link between
AdS/CFT and MERA has not been established yet, it is not clear how to interpret the fact
that entanglement renormalization can always reproduce correlation functions of the form
(6.10) from a minimal curve in the bulk, regardless of whether m2R2 ≈∆2� 1 holds or not.

The structure of three-point functions is also constrained by conformal invariance, so that
a comparison with entanglement renormalization is possible. The MERA leads to a result
which is slightly more general than the conformal case, as entanglement renormalization
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can represent scale invariant theories which may not necessarily be conformally invariant.
Consider the three-point function of three primary operators Oi of dimensions ∆i , inserted at
x1, x2 and x3 with x1 < x2 < x3 and assume |x1− x2| � |x2− x3|. In that case, the operators O1

and O2 quickly become nearest-neighbors, contribute a factor (|x1− x2|/a)−∆1−∆2 and merge
into a some operator O12. In general, the composite operator O12 is a sum of new scaling
operators with different dimensions, which is related to the operator product expansion
(2.77) from the continuous conformal field theory perspective. However, the dominant
contribution will come from the operator with the lowest scaling dimension ∆12 that has a
non-trivial correlator 〈O12O3〉 with operator O3. Up to the scale where O1 and O2 merge, O3

has contributed a factor (|x1− x2|/a)−∆3 . Further down the quantum circuit, the operator O12

and O3 merge, which yields additional factors of

�

|x3− x2|
|x1− x2|

�−∆12

and

�

|x3− x2|
|x1− x2|

�−∆3

. (6.11)

The extra factors |x1− x2| appear due to the fact that O1 and O2 have merged previously, so
that the separation between x3 and x2 ≈ x1 has been renormalized to |x3− x2|/|x1− x2|. Setting
|x1− x2| ≡ l< and |x3− x2| ≈ |x3− x1| ≡ l>, leads to the scaling

〈O1(x1)O2(x2)O3(x3)〉 ∼
�

a

l<

�∆1+∆2
�

a

l<

�∆3
�

l<
l>

�∆12
�

l<
l>

�∆3

. (6.12)

Conformal invariance implies ∆12 =∆3, resulting in

〈O1(x1)O2(x2)O3(x3)〉 ∼
�

a

l<

�∆1+∆2−∆3
�

a

l>

�2∆3

∼
1

l∆1+∆2−∆3
<

l∆2+∆3−∆1
>

l∆1+∆3−∆2
>

. (6.13)

which agrees with the result (2.70) from conformal field theory.

6.2.4 Heuristic metric proposal for holographic geometry

Since holographic minimal surfaces probe the bulk spacetime [97] and are connected to the
entanglement entropy of a region on the boundary, it can be expected that the metric of the
bulk spacetime is intimately related to entanglement. By reverting the interpretation of the
holographic entanglement entropy, it can be attempted to infer the bulk geometry from the
entanglement entropy in the field theory. A first step towards a proper metric structure for
the holographic tensor network geometry of the MERA was put forward by Nozaki, Ryu
and Takayanagi in [108]. By identifying the minimally connected region ΩA of Section 4.4.2
with the minimal surface γA of Section 5.3, a preliminary relation

n(A)≈
Area(γA)

G(d+2)
N

, (6.14)

is obtained for the minimum number of bond indices n(A) that have to be cut across the
minimal surface, see Fig. 6.3. As in Section 4.4.2, the minimal upper bound SA ≈ n(A) is
assumed to be saturated. Recall that the AdS metric (6.9) with a constant component gu u
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was associated to the holographic geometry of the ground state of a conformally invariant
system, which reflects the fact that the structure of the scale invariant MERA does not change
by moving deeper into the bulk towards the infrared. For quantum field theories which are
not conformally invariant, the holographic geometry can evolve in a more complex way. This
behavior can be captured by introducing the typical number—or strength—of bonds n(u) at
the layer3 specified by the non-positive integer u. Taking the AdS radius to be unity, an ansatz
for the metric of the gravity dual is then [108]

ds 2 = gu udu2+
e2u

a2
d~x2+ gt t dt 2, (6.15)

where the metric component for ~x is fixed because the same coarse-graining procedure is used
at all scales. Note already that the temporal component gt t cannot be determined from the
information of the entanglement entropy, as the latter is defined on a fixed time slice. The
radial metric component gu u can be heuristically related to the density of the disentanglers
n(u) at scale u by estimating the entanglement entropy SA, where the region A is taken to
be half of the equal bipartition of total space. For a (d + 1)-dimensional quantum system
described by a binary MERA, a reasoning similar to the thought process behind (4.88) yields

SA≈ Ld−1
0
∑

u=−∞
n(u)2(d−1)u , (6.16)

where Ld−1 denotes the number of lattice points on the boundary of A and the factor n(u)
accounts for an additional dependence on u due to the lack of scale invariance4. On the other
hand, the Ryu-Takayanagi formula (5.38) leads to an approximate expression

SA≈
1

4G(d+2)
N

|∂ A|
ad−1

∫ ua=0

uξ=−∞
du
p

gu ue(d−1)u , (6.17)

where |∂ A| is the area of the boundary of A satisfying |∂ A|= Ld−1ad−1. The area is effectively
measured with respect to the physical cutoff, similar to the cMERA entropy estimation (4.51)
in Section 4.3.3. Upon comparing (6.16) and (6.17), it is seen that the radial coordinate of the
AdS space and the layer index of the binary MERA are related by uAdS/CFT = uMERA · log2,
and that the disentangler strength n(u) is proportional to

n(u)∼
pgu u

G(d+2)
N

. (6.18)

To arrive at a metric for the cMERA in the continuum, the authors in [108] consider dis-
tance measures between two quantum states in Hilbert space, such as the Hilbert-Schmidt
distance DH S(ψ1,ψ2) = 1− |〈ψ1|ψ2〉 |2 for pure states ψ1 and ψ2. If these pure states |ψ〉
are parametrized by a set of real parameters ξ = (ξ1,ξ2, . . .), an infinitesimal parameter

3This is analogous to the contribution ns (A) coming from each length scale in the scale invariant case, as
introduced in Section 4.4.2, but now using the cMERA scale convention.

4In the scale invariant case of (4.88), a constant equal strength is assumed in all layers, so that the number of
bonds depends on the boundary area alone.
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change dξ introduces a metric through DH S(ψ(ξ ),ψ(ξ + dξ )) = gi j dξi dξ j , with gi j =
Re 〈∂iψ(ξ )|∂ jψ(ξ )〉 − 〈∂iψ(ξ )|ψ〉 〈ψ|∂ jψ(ξ )〉 the quantum metric tensor. The above idea
of a quantum distance measure is applied to the cMERA ansatz by regarding the scale u as a
single real parameter, leading to the following metric proposal gu u for the cMERA [108]

gu u(u)du2 =N−1 �1− |〈ΨP (u)|ΨP (u + du)〉 |2
�

, (6.19)

where ΨP (u) refers to the physically renormalized state (4.50) with the scale transformations
removed and N is a normalization factor chosen to be the volume N =

∫

dd x
∫

|k|≤Λeu dd k of
the effective phase space at length scale u. In this way, only the effect of the disentanglers is
extracted to measure the density of strength of their induced unitary transformations5.

The metric component for the case of free scalar field theory is determined by considering a
class of coherent states, given by [108]

�

Ak(u)ak +Bk(u)a
†
−k

�

|ΦP (u)〉= 0, (6.20)

where Ak(u) and Bk(u) satisfy |Ak(u)|2− |Bk(u)|2 = 1. Essentially, the analysis in [108] boils
down to a slight generalization in terms of bosonic creation and annihilation operators of the
ground state considerations in Section 4.3.4. A scale-dependent Bogoliubov transformation
maps the reference state

�

αkak +βka†
−k

�

|Ω〉 = 0 in the infrared to
�

Akak +Bka†
−k

�

|ΦP 〉 =
0 in the ultraviolet, where the ground state corresponds to Ak = 1 and Bk = 0. This is
captured by (Ak(u),Bk(u)) = (αk ,βk) ·Mk(u), where the matrix Mk(u) ∈ SU(1,1) preserves
the commutation relations between ak and a†

k
. The matrix Mk(u) further satisfies

dMk(u)

du
=−Mk(u)Gk(u), (6.21)

by construction, where Gk(u) is given by

Gk(u) =
�

0 gk(u)
g ∗k (u) 0

�

=Γ(|~k|e−u/Λ)
�

0 g (u)
g ∗(u) 0

�

, (6.22)

with respect to a scale-dependent cutoff, since the alternative definition (4.50) of the cMERA
is employed. For the coherent states (6.20), the quantum metric associated to a momentum
sector k can be shown to coincide with that of two-dimensional hyperbolic space [108]

ds 2
k =

dλdλ∗

(1− |λ|2)2
= (AkdBk −BkdAk)(A

∗
kdB∗k −B∗kdA∗k), (6.23)

where λk = Bk/Ak and |Ak |2− |Bk |2 = 1 were used. This leads to the metric component

gu u(u) =N−1
∫

|~k|≤Λeu
dd k

�

Ak(u)∂uBk(u)−Bk(u)∂uAk(u)
�
�

A∗k(u)∂uB∗k(u)−B∗k(u)∂uA∗k(u)
�

,

=N−1
∫

|~k|≤Λeu
dd k

�

Ak(u)
2 g (u)−Bk(u)

2 g ∗(u)
�
�

A∗k(u)
2 g ∗(u)−B∗k(u)

2 g (u)
�

, (6.24)

5Note that, by expanding |ΨP (u + du)〉 up to second order in du, the metric component gu u (u) can be
equivalently rewritten as gu u (u) = 〈ΨP (u)|K ′(u)2|ΨP (u)〉− 〈ΨP (u)|K ′(u)|ΨP (u)〉

2.
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where (Ak(u),Bk(u)) = (αk ,βk) ·Mk(u), (6.21) and (6.22) were used. For g (u) real, Mk(u),
Ak(u) and Bk(u) are also real and the above expression yields gu u(u) = g (u)2, which, for the
ground state in the free scalar theory is exactly the disentangling strength (4.77),

gu u(u) = χ (u)
2 =

e4u

4(e2u +(m/Λ)2)2
. (6.25)

In the massless case, gu u is found to be a constant independent of u, as expected in case of
conformal invariance. In the massive case, a coordinate transformation

e2u =
1

Λ2z2
−

m2

Λ2
, (6.26)

with 0< z < 1/m, reveals a qualitative metric

ds 2 =
dz2

4z2
+
� 1

z2
−m2

�

d~x2+ gt t dt 2, (6.27)

where the vanishing spatial part at z = 1/m is said to reflect the mass gap of the theory.

It should be stressed that the above proposal for a cMERA bulk metric is heuristic at best
and that its general applicability is questionable. Firstly, as was already mentioned before, the
temporal component gt t of the bulk metric cannot be determined since the metric (6.19) is
defined on a fixed time slice. In time-dependent backgrounds, the choice of the correct time
slice might be related to the appropriate extremal surface of the covariant holographic entropy
instead. Further note that the spatial part of the metric was assumed to be fixed and that
translation invariance has been silently assumed throughout.

Secondly, the use of the Ryu-Takayanagi conjecture is restricted to the strong coupling and
large N limit of the AdS/CFT correspondence. If the strong coupling limit is abandoned,
higher derivative corrections to the Einstein gravity appear. Hence, the above construction
of the dual gravity picture of free scalar field theory and its resulting bulk metric can only
be regarded as a qualitative estimate. New insights with respect to the this issue might come
from a better understanding of the incorporation of interactions into the cMERA framework.

Thirdly, the role of the large N limit in the MERA is not clear as of yet. Although the non-
necessity of the large N limit fact can be thought of as an advantage to define the geometry of
arbitrary quantum states that allow a MERA representation, it would be beneficial to achieve
a deeper understanding. A qualitative argument comes from the identification (6.14), where
all bonds are assumed to be (almost) maximally entangled. If this is not the case, then the
estimation of the entanglement entropy becomes quite complicated as information on bonds
far from the minimal entangling surface γA is needed. In a sense, calculations are then expected
to be highly non-local in the tensor network geometry, which might be a reflection of an
associated non-local bulk gravity. Away from the large N limit, the gravity theory in the
AdS/CFT correspondence is known to receive substantial quantum gravity corrections and
no longer allows a smooth spacetime description.
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6.3 Towards holographic entanglement renormalization

The correspondence between entanglement renormalization and holography certainly seems
plausible, but it remains to be seen whether any of these qualitative ideas can be made
quantitative. Let us conclude this chapter by highlighting a number of possible directions
towards a quantitative interpretation.

Large N and bulk locality

By means of heuristic arguments, Swingle points out in [109] that the strongly coupled large
N behavior of the entanglement renormalization process ought to lead to the emergence of
a classical geometry and implies the largeness of most operator scaling dimensions. Upon
comparison with the AdS/CFT literature on locality of bulk physics at distances below the
length scale set by the AdS radius [110], he then argues that locality in the MERA for small
N should be identified with coarse holography on the scale of the AdS radius, while sharp
holography on scales below the AdS radius only emerges in the strongly coupled large N limit.
These observations suggest that some kind of emergent local space is to be found within
the unitary transformations making up the tensor network. A similar remark was made by
Hartman and Maldacena in [102], claiming that distances smaller than the AdS radius cannot
be resolved within the tensor network structure.

Momentum space versus real space

With the AdS metric being defined in real space, it is not straightforward to see the geometrical
structures of its dual conformal field theories in momentum space, which partly explains the
naturalness of the connection to real space renormalization group methods like the MERA.
Although not immediately applicable to the MERA, an interesting perspective is provided
in [111], where the authors perturbatively study how the degrees of freedom in a weakly
interacting quantum field theory are entangled in momentum space. The Euclidean path
integral representation of the finite temperature density matrix is used to relate the Wilsonian
low-energy effective action of Section 2.4 to a low-energy reduced density matrix ρ|p|<µ. This
low-energy description corresponds to a mixed state with finite entropy obtained by tracing
over the degrees of freedom with momenta in the range |p|<µ<Λ, where Λ is the ultraviolet
cutoff of the theory. Several entanglement measures are studied to probe the strength and
extent of entanglement in momentum space, which reveal the known weak effects of high-
momentum degrees of freedom on the dynamics of low-momentum degrees of freedom. The
decoupling between infrared and ultraviolet physics implies that the Wilsonian effective action
at a low-energy scale µ will be very close to a family of actions parametrized by a small
number of physical parameters, which in turn completely determines the reduced density
matrix ρ|p|<µ. For the ground state of a generic field theory at the cutoff scale Λ, the reduced
density matrix for the degrees of freedom below some much lower scale µ will thus be very
close to a family of density matrices depending on a small number of physical parameters as
well. It would be very fruitful to find a relationship between entanglement renormalization
and more conventional renormalization group methods based on partition functions, path
integrals and holographic generalizations of these methods [112].
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Bulk diffeomorphisms

Another unexplored aspect of the correspondence is related to how bulk diffeomorphisms in
the gravity theory are encoded in the multi-scale entanglement renormalization ansatz. For
example, a change in the argument of the cMERA cutoff function Γ(e−s |k|/Λ) should lead
to an appropriate coordinate transformation in the holographic dimension. More generally,
the gauge invariance (4.28) of the cMERA could be well-suited to relate the diffeomorphism
invariance in the bulk to the apparent freedom in performing entanglement renormaliza-
tion in the cMERA framework6. Yet another interesting perspective is provided by (4.29),
which states that the infinitesimal gauge transformation of the variational parameters K(u)
leads to the renormalization group equation (4.33) of the generator associated to the trans-
formation. Thinking further ahead, it would be beneficial to formulate the procedure of
entanglement renormalization in a more covariant fashion to make closer contact with the
existing holographic literature. Even though entanglement renormalization can be done
on time-dependent quantum states, as shown for example in [108] using the class of states
introduced in Section 6.2.4, time and space are still treated on a very different footing in the
current framework.

Building up spacetime with differential entanglement

As a final perspective, let us return to Swingle’s initial idea of defining local areas in the
bulk in terms of differential entanglement [109]. In principle, evolving for an infinitesimal
renormalization time du in the holographic dimension results in an infinitesimal contribution
to the area of a minimal surface anchored at the boundary of a region A. By invoking the Ryu-
Takayanagi conjecture, this infinitesimal area contribution can be considered proportional to
an infinitesimal change dS(A) of the entanglement entropy associated to this region. The local
operators k(x; s) making up the cMERA disentangling operator (4.24) could be interpreted as
contributing to the generation of entanglement entropy along the renormalization group flow.
In light of the comments in Section 6.1, the holographic geometry of a quantum system could
then be understood as emerging from entanglement.

6Given more time, it would have been interesting to study in what sense the metric proposal of Section 6.2.4
remains invariant under cMERA gauge transformations.



Conclusion

This dissertation has investigated recent developments on the conjectured connection between
holography and entanglement renormalization. By introducing all necessary ingredients along
the way, we have been able to sketch a broad picture of where the connection is situated and
how it might result in a fruitful exchange between different disciplines of physics.

The discussion of quantum correlations in Chapter 2 revealed that the area law scaling relations
of entanglement entropy on the lattice indicate the very special nature of ground states of
short-ranged Hamiltonians. To gain a deeper understanding of area laws and holography in
general, we went on to discuss black hole entropy, the holographic principle and the AdS/CFT
correspondence in Chapter 3, which also provided the required background knowledge for
Chapter 5 and Chapter 6. Tensor network states were reviewed in Chapter 4 and were seen
to originate from a careful study of the entanglement content of quantum states. Their
effectiveness in capturing the low-energy physics of quantum many-body systems could be
traced back to the area laws of entanglement entropy. Generic properties of tensor network
states were found to be firmly encoded in their respective physical or holographic geometries.

Aspects of the high-energy physics perspective on entanglement entropy and area laws were
discussed in Chapter 5, with a special focus on two-dimensional conformal field theories.
The background from Chapter 3 allowed us to introduce the Ryu-Takayanagi conjecture as
a holographic interpretation of entanglement entropy in the framework of the AdS/CFT
correspondence. Although a generally accepted proof is still missing, the evidence for the
Ryu-Takayanagi conjecture was seen to be substantial and numerous applications support its
validity. In Chapter 6, an intriguing connection between entanglement and spacetime was
seen to arise from purely holographic considerations. The interpretation of the multi-scale
entanglement renormalization ansatz as the bulk of an anti-de Sitter spacetime proved to be a
very natural, albeit heuristic, point of view.

Four years after Swingle’s initial proposal, a formal connection between entanglement renor-
malization and holography has not been found yet and a lot of open questions remain.
Although it is certainly worthwhile to pursue the future directions given in Section 6.3, the
current proposal clearly lacks the rigor required to go beyond the level of the qualitative
arguments given in Section 6.2. Its most important shortcoming lies in the intuitive attempt
to extend the idea of entanglement renormalization on the lattice to the technically far more
involved and mature domain of the AdS/CFT correspondence. This considerable gap might
be bridged by an extension of the analytical framework of the continuous multi-scale entan-
glement renormalization ansatz, which could serve as a midpoint between the lattice and



the continuum. It is however more likely that a concept more general than entanglement
renormalization will be needed to account for the complexity of full-blown holographic
theories. Regardless of whether the connection between entanglement renormalization and
the AdS/CFT correspondence turns out to be true or not, the intricate relationship between
entanglement, spacetime and holography surely exhibits the potential to inspire a great many
future developments.



Appendix A

Anti-de Sitter space

A.1 AdSd+2 from pseudo-Euclidean embedding

Anti-de Sitter space is a space of Lorentzian signature (−++ . . .+) and of constant nega-
tive curvature. It is the Lorentzian analog of the Lobachevski space, which is a space of
Euclidean signature with constant negative curvature. In contrast, de Sitter space is the space
of Lorentzian signature and of constant positive curvature and is the Lorentzian analog of the
sphere, which is the Euclidean signature space with constant positive curvature. In (d + 2)
dimensions, anti-de Sitter space is defined by an embedding in the (d + 3)-dimensional pseudo-
Euclidean space with metric ηAB = diag(−++ . . .+−), so that the hyperboloid defining
AdSd+2 is given by the surface

−
�

Y 0�2+
d+1
∑

i=1

�

Y i
�2
−
�

Y d+2
�2
=−R2, (A.1)

where R is called the AdS radius. This quadratic form is invariant under linear transformations
Y ′A=ΛA

BY B of the coordinates if ΛA
B is a matrix of SO(d + 1,2), which is consequently also

the isometry group of AdSd+2. It is useful to note that anti-de Sitter space is a homogeneous
space, which means that any two points on the hyperboloid are related by a SO(d + 1,2)
transformation. This fact can be appreciated by recognizing that the maximal compact
subgroup of SO(d + 1,2) is SO(d + 1)× SO(2), where the first factor rotates the Y i , i =
1, . . . , d + 1 and the second factor rotates in the plane spanned by the 0- and d -direction.

A.2 Vacuum solution Einstein-Hilbert action

Physically, anti-de Sitter spacetime AdSd+2 emerges as the maximally symmetric solution to
the equations of motion of the gravitational action with negative cosmological constant Λ

S =
1

16πG(d+2)
N

∫

dd+2x
p

−g (R −Λ). (A.2)

Varying with respect to the metric gµν leads to the equations of motion,

Rµν −
1

2
gµν (R −Λ) = 0 (A.3)
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from which the Ricci tensor and Ricci scalar follow

Rµν =
Λ

d
gµν , R =

d + 2

d
Λ. (A.4)

As maximally symmetric spacetimes are homogeneous and isotropic at all points, the curvature
tensor satisfies

Rµνρσ =
R

(d + 2)(d + 1)

�

gνσ gµρ− gνρ gµσ
�

(A.5)

and the Ricci tensor

Rµν =
R
(d + 2)

gµν . (A.6)

A metric satisfying the above equation is called an Einstein metric. Any maximally symmetric
spacetime satisfies (A.6), but the converse is not true, with the AdS-Schwarzschild spacetimes
of Section 3.2.5 being an important counterexample. By comparing the above formulas with
the metrics to be introduced in the next section, the cosmological constant Λ is seen to be
related to the AdS radius R by Λ=−d (d + 1)/R2, which indeed signifies a constant negative
curvature.

A.3 Common coordinate systems

Starting from (A.1), a first set of intrinsic global coordinates is defined by

Y i = r x̄ i , with
d+1
∑

i=1

�

x̄ i
�2
= 1,

Y 0 =
p

R2+ r 2 sin(t/R), Y d+2 =
p

R2+ r 2 cos(t/R), (A.7)

which leads to the induced metric

ds 2 =−
�

1+
r 2

R2

�

dt 2+
�

1+
r 2

R2

�−1

dr 2+ r 2dΩ2
d , (A.8)

where dΩ2
d denotes the line element on the unit sphere Sd . The entire hyperboloid is covered

as the radial coordinate r varies between 0≤ r <∞, the angular coordinates cover Sd , and the
time coordinate t ranges between 0≤ t < 2πR. Note that the periodic time coordinate leads to
unphysical causal properties, which is a consequence of the fact that the hyperboloid contains
closed timelike curves. To this end, the time circle is unwrapped to cover−∞< t <∞ and the
covering space of AdS is considered instead, often without explicitly mentioning this transition.
Note that, as AdS is a homogeneous space, meaning that any point on the hyperboloid—or its
covering space—can be made the origin of a global coordinate system, the origin r = 0 is by
no means a special point.

The introduction of a new radial coordinate y by cosh(y/R) =
Æ

1+ r 2/R2 leads to

ds 2 =−cosh2(y/R)dt 2+ dy2+R2 sinh2(y/R)dΩ2
d . (A.9)



A.3. Common coordinate systems 137

Another radial coordinate ρ is given by cosh(y/R) = 1/cosρ, with ρ limited to 0≤ ρ<π/2,
except for AdS2 where −π/2 < ρ < π/2. Together with a time rescaling t = Rτ, the line
element further changes to

ds 2 =
R2

cos2ρ

�

−dτ2+ dρ2+ sin2ρdΩ2
d

�

. (A.10)

Written in these coordinates, the AdS metric is a conformal factor R2/cos2ρ times a metric
describing the direct product R1× Sd+1, i.e. a direct product of the real line −∞ < τ <∞
and a sphere Sd+1. This product spacetime is called the Einstein static universe due to its
historical significance in introducing the cosmological constant in general relativity. As the
range 0 ≤ ρ < π is needed to cover the full Sd+1, the AdS metric includes only the upper
hemisphere and is thus related to half of the Einstein static universe by a Weyl transformation.

Moreover, the metric (A.10) suggests to globally represent AdS spacetime as the interior of
a cylinder. In (d + 2) dimensions, each interior point represents an entire Sd−1 manifold.
Although the cylinder appears to have a finite radius ρ0 = π/2, the invariant length of any
spacelike curve becomes infinite as the boundary of the cylinder is approached due to the
singular behavior of the conformal factor for ρ→ π/2. The boundary is thus an infinite
spatial distance away from any point in the interior. After a Weyl scaling of the metric by
the factor cos2ρ, the limit ρ → π/2 leads to the rescaled metric on the boundary, which
coincides with the usual metric on the cylinder R1× Sd . Fixing the angular coordinates, a
curve satisfying dτ =±dρ is seen to be a null geodesic. This means that light rays propagate
at ±45◦ with respect to the time axis in the cylinder and implies that information can get
from the origin ρ= 0 to spatial infinity ρ=π/2 in a finite global time τ =π/2. Conversely,
information can also reach the origin from spatial infinity in finite global time. Boundary
conditions are thus required at spatial infinity, which is a feature of AdS spacetime that is
crucial to the AdS/CFT correspondence.

A very popular set of coordinates are the Poincaré patch coordinates, which cover a region of
AdS in which the metric is conformal to half of flat Minkowski spacetime. Starting from the
Cartesian coordinates Y A of (A.1), Poincaré coordinates are defined by

Y 0 = Ru t ,

Y i = Ru x i , i = 1, . . . , d ,

Y d+1 =
1

2u

�

−1+ u2 �R2− x2�� ,

Y d+2 =
1

2u

�

1+ u2 �R2+ x2�� ,

x2 =−t 2+
d
∑

i=1

(x i )2. (A.11)

The time coordinate x0 = t and the spatial coordinates x i range from −∞ to∞, while u is
restricted to 0< u <∞ to keep the map single-valued. The resulting induced metric is

ds 2 = R2

 

du2

u2
+ u2

 

−dt 2+
d
∑

i=1

(dx i )2
!!

, (A.12)
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which, after defining z = 1/u translates into

ds 2 =
R2

z2

 

dz2− dt 2+
d
∑

i=1

(dx i )2
!

. (A.13)

The Poincaré metric can be interpreted as describing (d + 1)-dimensional Minkowski space
in coordinates (t , x i ) with a warp factor that depends on the additional coordinate z. From
another perspective, this metric is conformal to the z > 0 region of flat (d + 2)-dimensional
Minkowski space with coordinates (t , x i , z). In the limit z→ 0, the boundary of the Poincaré
patch is reached, which is the conformal compactification of (d + 1)-dimensional Minkowski
spacetime. The latter viewpoint, where z is regarded as just another x i coordinate, allows
to count the total number of (d + 2)(d + 3)/2 independent transformations, which is the
dimension of the isometry group SO(d + 1,2). Note that this isometry group is the same on
both global and patch metrics, but its action is different due to the partial coverage of AdS
by Poincaré coordinates. In the limit z → 0, the isometry group of the Poincaré patch of
AdSd+2 acts as the conformal group of its (d + 1)-dimensional Minkowski boundary. This
identification is another crucial feature for the AdS/CFT correspondence.

A.4 Euclidean anti-de Sitter space

The Euclidean continuation of AdS spacetime is often used in conjunction with Witten’s
explicit Euclidean prescription of the AdS/CFT correspondence and thus deserves special
attention. It is more common to refer to Euclidean AdSd+2 as hyperbolic space Hd+2, which
is given by the upper sheet Y d+3 ≥ R of the two-sheeted hyperboloid

(Y 0)2+
d+2
∑

i=1

(Y i )2− (Y d+3)2 =−R2, (A.14)

embedded in a (d + 3)-dimensional Minkowski spacetime with symmetry group SO(d + 2,1).
Similar to (A.7), Cartesian coordinates z0, z1, . . . , zd+1 with z0 > 0 can be introduced so that
the induced metric reads

ds 2 =
L2

z2
0

 

dz2
0 +

d+1
∑

i=1

dz2
i

!

. (A.15)

Note that this metric also follows from Wick rotating t 7→ −it in (A.13). The hypersurface
z0 = 0 lies at infinite geodesic distance from any point in the interior and constitutes the
conformal boundary of Euclidean AdS. Indeed, except for the single point z0 =∞, the metric
(A.15) can be conformally rescaled to the metric

ds 2 = dz2
0 +

d+1
∑

i=1

dz2
i . (A.16)

The boundary at z0 = 0 is thus seen to be isomorphic to the (d + 1)-dimensional Euclidean
space Rd+1. After adding the point z0 =∞, this construction leads to the conformal com-
pactification of Rd+1, which is the sphere Sd+1. It is required to specify information on
the asymptotic boundary surface to obtain solutions to the field equations in Euclidean
AdS. The resulting boundary value problems are of prime importance in the AdS/CFT
correspondence.
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